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Abstract

In the canonical learning model, the multi—-armed bandit, a decision maker learns
about the different alternatives by his experience only. It is well-known that an op-
timal experimentation strategy for this problem sometimes leads the best alternative
to be dropped altogether, the so—called Rothschild effect. Many situations of interest,
however, involve learning both from individual experience and the experience of others.
This paper shows that learning in society can overcome the Rothschild effect. We con-
sider an economy with a continuum of infinitely lived players where each one of them
faces a multi—armed bandit and in each period a player observes the action choice of
another random player. We obtain two results. First, that social conformity always
happens in the long—run. Second, that if initial beliefs are sufficiently heterogeneous,

then the fraction of players who choose the superior arm always converges to one.
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1 Introduction

In an experimentation problem, actions not only provide rewards, but also information that
is relevant for future decisions. There is then a tradeoff between the maximization of current
rewards and the acquisition of information in such problems. When a decision maker can only
learn from his own experience, this tradeoff implies that an optimal experimentation strategy
sometimes leads the best alternative to be dropped altogether, the so—called “Rothschild
effect” [l Many situations of interest, however, have individuals learning both from their
own experience and the experience of others. Examples include consumers learning about
product quality and doctors learning about different treatments for the same disease. In this
paper, we investigate whether social learning can overturn the Rothschild effect.

We study a discrete time economy populated by a continuum of infinitely lived and
anonymous players where each one of them faces a multi-armed bandit with independent
arms. The players are homogeneous in the sense that the unknown stochastic payoffs to
each of the available actions are the same for all of them. The players, however, may have
heterogeneous prior beliefs about the true stochastic payoffs. We assume that every so often
a player observes the action choices of a finite random sample from the populationﬂ More
precisely, in every period a player observes the current action choice of an individual selected
randomly from the populationﬁ We refer to these observations as the observations in society.

As in a standard multi-armed bandit, the flow payoff of a player depends only on his
action choice. The action choices of the other individuals in the population affect continua-

tion payoffs, though. Indeed, in each period, the likelihood that a player observes someone

'Rothschild (1974) is the first paper in Economics to draw attention to this fact. The term Rothschild
effect was introduced in Kihlstrom et al. (1984).

2Banks and Sundaram (1992) and Brezzi and Lai (2000) show this result for multi-armed bandits with
independent arms. Easley and Kiefer (1988) shows the same result for a different class of experimentation
problems that includes multi-armed bandits with correlated arms as a special case.

3In the case of a consumer learning about product quality this happens, for example, when the consumer
goes to a store and learns about the purchase decisions of other costumers, either by observing them directly
or by asking the staff about them.

4Tt is easy to adapt our analysis to the case where the size of the random sample an individual observes
is greater than one or is random (with finite maximum sample size).



choosing a particular action is determined by the behavior of the other players. Since the
latter depends (indirectly) on the true payoffs of the action choices, so do the observation
probabilities. Hence, the observations in society reveal payoff relevant information. Thus,
there is both informational and strategic interaction between the players. Formally, our
setting is a game of strategic experimentation with non—atomic players.

The first main result of the paper is that in equilibrium there is always social conformity
in the long—run. In other words, regardless of the true stochastic payoff of each action and
the distribution of initial beliefs in the population, almost all players end up choosing the
same action in the long—run in every equilibrium of the game. We say that social learning is
complete if the fraction of individuals who choose the best action always converges to one.
The second main result of the paper is a condition on the distribution of initial beliefs that
if satisfied implies that social learning is complete in every equilibrium. Roughly speaking,
this condition requires that prior beliefs be heterogeneous enough.

It is straightforward to adapt our analysis to the case where the observations in society
include not only actions, but also their outcomes. The reason we assume that only actions
can be observed is twofold. First, to emphasize that this alone provides information about
payoffs. Second, to show that just observing action choices can be enough to overturn
the Rothschild effect. Besides, the assumption that outcomes are observable is not always
adequate in many settings that involve social learning.

Most of the literature on social learning only allows for informational interactions among
individuals. For instance, Ellison and Fudenberg (1993,1995), Juang (2001), and Smallwood
and Conlisk (1979) consider models of social learning where agents follow simple rules of
behavior. Bala and Goyal (1998) and Gale and Kariv (2003) study social learning in net-
works with myopic agents. The literature on informational cascades, see Banerjee (1992),
Bikhchandani et al. (1992), and Smith and Sorensen (2000), consider models where agents

make irreversible decisions in an exogenously given order |

5Caplin and Leahy (1994) and Chamley and Gale (1994) consider models of herd behavior where the
timing of decisions is endogenous.



The paper on strategic experimentation that is most closely related to ours is Aoyagi
(1998). He analyzes a game with a finite number of players where action choices, but not
their outcomes, are public and shows that in every Nash equilibrium all players eventually
settle on the same action (arm), not necessarily the best one. Rosenberg et al. (2006) study
social conformity in a large class of finite—player games of strategic experimentation. Their
main result is that social conformity need not obtain in the long—runﬁ

In the next section we discuss the main ideas of the paper in the context of a simple
example. We present the model in Section 3. In Section 4 we define strategy profiles and
equilibria. In Section 5 we study the individual learning problem, the experimentation
problem the players face when they take the behavior of the other players as given. We
prove the result on social conformity in Section 6 and the result on complete social learning
in Section 7. In Section 8 we discuss some issues related to the model. We establish the
existence of an equilibrium in Section 9 and conclude in Section 10. Appendices A to D

contain omitted proofs and details. Appendix E sketches an extension of the model.

2 Example

We illustrate the main ideas of the paper by considering informally the case where there
are two actions, a; and as, the outcome of an action is either a success or a failure, and the
probability of success for each action is unknown and can assume one of two values.

Let pr € {pk,p}, with p£ < p| be the probability that a;, yields a success. We assume
that 0 < pF < pl < pH < plf < 1. A state of the world is a value of the pair (p;,ps). We
denote the set of states of the world by © = {LL, LH, HL, HH}, where 6 = o is the state
where p; = p{ and ps = pg . Prior beliefs may be heterogeneous. We assume that a mass

one of players has a full support prior.

6See also Bolton and Harris (1999), Keller et al. (2005), and Rosenberg et al. (2007). All three papers
consider finite—player games of strategic experimentation. The first two assume that outcomes are public, so
that there is no asymmetric information. The focus of these papers, however, is not on the characterization
of long—run equilibrium behavior.



Index time by ¢t > 1. To each strategy profile F' there is associated a sequence {m},
where my is a map from {ay,as} x © into [0, 1], such that if F' is under play, then m;(ay, 6)
is the mass of players who choose a; in period t when the state of the world is 0. Since
players are non—atomic, my(ag, ) is also the chance that a player’s period—t observation in
society is ap when the state of the world is #. The anonymity of the players implies that the
probabilities m;(a, @) contain all the information provided by the observations in society.

We begin by showing how the observations in society lead to the long—run convergence of
behavior in any equilibrium of the game. Notice that this result would be straightforward if
the observations in society included not only action choices, but also their outcomes. Indeed,
suppose that outcomes are observable and consider a strategy profile where both actions are
chosen by a positive fraction of the population in the long—run. In this case, every player
observes the outcome of both actions an infinite number of times, and so learns which of
the two is better (see Footnote [7]). But then, there is a positive mass of players who are not
behaving optimally, and so this cannot be an equilibrium.

Suppose first that p; = pl, i.e., either § = LL or § = LH. In this case, the mass of
players who choose a; should converge to zero in the long—run. Otherwise, a positive mass
of players choose a; infinitely many times and learn that p; = pLE Such players are not
behaving optimally, though, since any player who is convinced enough that p; = p¥ should
choose ay instead of a;.

Suppose now that # = HL and assume that the mass of players who choose each action
is bounded away from zero. This implies, in particular, that a positive mass of players
choose ay infinitely often and learn that p, = pL. However, these players also learn that
0 ¢ {LL,LH}, since they observe that there is no convergence of behavior in the long—run.
Thus, they learn that p; = p!’, which means that they are not behaving optimally, as any

player who is convinced enough that p; = pf and p, = p¥ should choose a; instead of as.

"By the Strong Law of Large Numbers, a player with a full support prior who chooses a; infinitely often
learns the true value of p; with probability one if he only takes into account the outcome of his action choices.
This individual, however, also learns about p; from his observations in society. Lemma 1 in Aoyagi (1998)
shows that this extra information cannot overturn the information he obtains from choosing a; infinitely
many times. Hence, this individual learns the true value of p; with probability one.



Finally, suppose that # = HH and once more assume that there is no convergence of
behavior in the long—run. Then, a mass one of players learn that 6 = H H, since players know
that behavior converges in the long-run in every other state of the world. This implies that
the mass of players who choose a; should converge to one in the long—run, a contradiction.
Thus, in equilibrium there is always long—run social conformity.

We now consider social learning. First, notice that social learning need not be complete.
Indeed, suppose that all players have a prior assigning a high enough probability to p; = p¥
that even if they believe that p, = pk, it is still optimal to choose ay. In this case, all players
choose asy in the first period. Since the observations in society are uninformative in period
1, all players still choose as in period 2, as their beliefs about a; remain the same. But then,
the observations in society in period 2 reveal no information about a;, and so all players
choose a; in period 3 as well. Continuing with this reasoning, it is easy to see that the mass
of players who choose a5 is always one no matter the state of the world.

Let a(f) be the best action when the state of the world is 6. Since there is convergence
of behavior in the long-run, a sufficient condition for social learning to be complete is that
for each 6, the mass of players who choose a(f) is bounded away from zero. Thus, social
learning is complete if for all § there is a positive mass of players for which the probability
that they choose a(#) infinitely many times is positive. Let us see how this is possible.

Fix a state of the world 6 and suppose that there is a positive mass of players with a
prior 7 such that 7(6), the probability that 7 assigns to 6, is so large that even if they were
to learn the true state of the world by choosing the other action, they would still prefer to

choose a(&)ﬁ Take such a player. If the true state of the world is 0, then it cannot be that

8For example, if we fix the payoff from a success to 1 and the payoff from a failure to 0, the lifetime payoff
to a player with belief 7 and discount factor § who learns the value of 8 if he chooses as is

U = [m(LL)+m(HL)|p% +[m(LH)+m(HH)|ps +6(1—-0) " {m(LL)p% + w(HL)pY + [x(LH) + n(HH)|p'} .
On the other hand, the player’s lifetime payoff if he always chooses a; is
vy = (1= 8)"Y{[r(LL) + n(LH)]py + [v(HL) + m(HH)]py' }.

Now observe that v; > Ug if m(HL) is close to one. Since Uz is an upper bound for the lifetime payoff to the
player if he chooses as, it is then always optimal for him to choose a; if 7(H L) is high enough for v; > Us.



the player’s belief that the state of the world is € falls on average. But then, there exists a
positive measure set of sample paths such that along any path in this set the player’s belief
that the state of the world is € is not smaller than 7 (0) when ¢ is large enoughﬂ This implies
that when the state of the world is 6 there is a positive probability that the player only
chooses a(f) when t is large enough. Consequently, there exists a positive fraction of players
who choose a(6) infinitely often when the state of the world is 6.

Hence, social learning is complete if for each € there exists a positive mass of players with
prior 7 such that 7(6) is high enough. The restriction on 7(#) described above, although
intuitive, depends on the players’ discount factor (see Footnote |8) and is quite demanding
when players are patient in the sense that it requires some players to have extreme beliefs.
In Section 7 we show that a much weaker, discount—factor—free, condition suffices for social

learning to be complete.

3 The Model

Time is discrete and indexed by ¢ > 1. The economy is populated by a continuum of
mass one of anonymous and infinitely lived players that we identify with ([0, 1],Z, \), where
7 is the set of Lebesgue measurable subsets of [0,1] and A is the Lebesgue measure. We
denote players by either i or j. All players discount future payoffs at the same rate § € [0, 1).

There are K > 2 possible actions, that we label a; to ax. Let A = {ay,...,ax} denote
the action set. Actions have stochastic outcomes, which are determined independently for
each player. The set of possible outcomes is Y and we take it to be finite. All the results in
the paper, except the result on the existence of an equilibrium, can be extended to the case
where Y is a complete separable metric space. The payoff to a player who chooses action a

and observes the outcome y is u(a, y).

9The proof of this result has two parts. First, when the state of the world is 6, the likelihood ratio £(¢’, §)
of any state 6’ # 6 to 6 is a supermartingale, and so converges almost surely to a random variable with
expectation not greater than one. Then, by Egoroff’s theorem, there exists a set A of sample paths that
has positive measure when the state of the world is € with the property that in any element of this set,
£(0',0) <1 for all ' # 6 when t is large enough. This leads to the desired result.



The timing in a period is as follows. First, players choose actions and observe their
outcomes. Then, each player observes the current action choice of another random player.

The outcome of each action a depends on a parameter 6, that is the same for all players.
The set O, of possible values of 6, is finite. We refer to the value of 6, as the (true) type
of action a and to © = X,c40,, with typical element 6, as the set of states of the world.
The value of # is unknown to the players. To each pair (a,0,) is associated a probability
distribution 7,(6,) on Y that governs the realization of outcomes when «a is chosen and its
type is 6,. We assume that the maps 6, — 1,(0,) are one-to—one, for otherwise we can
redefine O, to exclude any redundant types.

Let g: Y x A x ©® — R be such that g(y|a,d) is the probability of the outcome y when
action a is chosen and the state of the world is 6. The function g is the likelihood function
for the multi-armed bandit problem at hand. We assume that for each y € Y there exist
a € Aand 6 € O such that g(yla,f) > 0, for otherwise we can redefine Y to exclude the
outcomes that can never be observed.

Let r(a,0) = >,y ula,y)g(yla,0) be the expected reward from action a when the state
of the world is 6. Notice that r(a,f) only depends on the type of a; that is, if  and ¢ are
two states of the world such that 6, = ¢/, then r(a,6) = r(a,0). We make the following

three assumptions about the expected rewards.

Assumption Al. For every 6 € ©, r(a,0) # r(a’,0) for all a # a' in A.
Assumption A2. For each a € A, r(a,0) # r(a,0') for all 0,0 € © such that 0, # 0.,.
Assumption A3. For each a € A, there ezists 0 € © with r(a, ) = argmax;47(a, ).

Assumption A1l implies that for every state of the world the expected flow payoffs from
any two different actions are not the same. Assumption A2 implies that for every action
a, the expected rewards of any of its two types are different. We make this assumption for
simplicity; the results of the paper hold without it. Assumption A3 is without loss, for if
a’ € A is such that for all § € © there exists a € A with r(a,6) > r(d’,0), then no player

who behaves optimally ever chooses a'.



Let IT = A(O) be the set of beliefs about the state of the world, beliefs for short. Denote
a typical element of IT by 7 and the probability that 7 assigns to 8 by m(6). Now let I1¢ be the
set of uncorrelated beliefs. Almost every player begins with a full support (non—dogmatic)
prior belief 7; in IT1%. Priors can be heterogeneous. More precisely, there exists a Lebesgue

measurable function ® : I — II such that ®(i) is the prior belief of player i.

4 Strategy Profiles and Equilibria

In this section we define strategy profiles and equilibria.

1. Strategy Profiles.

We begin with some notation. For any metric space S, we denote the set of all bounded
and Borel functions from S into R™ endowed with the sup norm by B,(S,R") (B,(95) if
n = 1) and the closed ball of radius M in B,(S,R") by By (S, R") (B (S) if n = 1). When
S is finite, we identify By(S,R™) with R"*l. For any complete finite measure space (Q, 3, i),
we denote the set of equivalence classes of integrable functions from €2 into R™ endowed with
the norm |||y = [ |[f(w)l|u(dw) by Ly (p, R") (Ly(p) if n = 1).

A player’s experience in a given period is a list (a,y, a’), where a is his action choice, y is
the outcome of a, and d’ is his observation in society. Let X =Y x A be the set of possible
outcome—observation pairs. The set of period—t histories is H; = (A x X)!~! and the set of
infinite histories is Hy, = (A x X ). Denote a typical element of X by = = (y, a’) and typical
element of H, by h'. A behavior strategy is a sequence o = {0}, where oy : Hy — Ay _1 is
the map that describes how period—t histories are mapped into mixed actions; the set Ax_4
is the unit simplex in R¥. By convention, the kth coordinate of an element of Ax_; denotes
the probability that a; is chosen.

Let 3 be the set of functions in I'y = By(H;, R¥) that have range in Ag_;. The set of
behavior strategies is then ¥ = x{2,3;. Now, denote a typical element of Ly (A, I';) by F;
and define, in an abuse of notation, L (A, X;) to be set of F; in L; (A, T';) such that Fi(i) € %,
for A—almost all ¢ € [0, 1].



Definition: The set of strategy profiles is the set & = x22 Ly (A, %) [

Let 90t be the set of all (infinite) sequences of maps from A x © into [0,1]. To every
strategy profile F' there is associated an element m = {m,} of this set, where my(a,0) is
the mass of players who choose action a in period ¢ when the state of the world is 6 if F
is the strategy profile under play. We refer to m; as the period—t observation likelihood and
denote the map that takes a strategy profile F' into its corresponding sequence of observation

likelihoods by M. See Appendix A for the construction of this map.

2. Fquilibria.

The difference between the individual learning problem and a standard multi—armed
bandit is that in the former the players obtain information about the state of the world not
only from the outcomes of their action choices, but also from their observations in society.
Because players are anonymous, the information from the latter is described by a sequence of
observation likelihoods. In what follows we use ILP (7, m) to denote the individual learning
problem of a player with prior m; when the sequence of observation likelihoods is m.

Let pg(o,m) be the probability distribution on H,, induced by the behavior strategy o
and the sequence of observation likelihoods m when the state of the world is 6 and (o, 7, m)
be the probability distribution on © x H., induced by the prior 7 and the probability distri-
butions (o, m). Denote the period—t action choice and outcome by a; and vy, respectively,

and let R =72, 8 tu(as, y:). The objective in ILP (7, m) is to find o* € ¥ such that
Epor v [B] = Y 11(0) By (o) [R] = 80P By ) [ B, (1)
9o oc€EY

where E,[R] denotes the expectation of R with respect to . We refer to a behavior strategy
o* that satisfies as an optimal experimentation strategy for ILP (7, m)H

10As is standard in the literature on non-atomic games, the set of strategy profiles is not the cartesian
product of the set of behavior strategies for each player. The measurability restriction in the definition of &
is necessary for aggregate behavior to be well-defined.

UFormally, ILP (71, m) is equivalent to a non-stationary multi-armed bandit with correlated arms where
the outcome space is X and the period—¢ likelihood function is g:(z|a,8) = g(yl|a,d)m:(a’,0). Easley and
Kiefer (1988) study long—run behavior in a large class of infinite-horizon experimentation problems that

10



The equilibrium notion we use generalizes to our environment the notion of a Nash

equilibrium for non-atomic games introduced by Schmeidler (1973).

Definition: An equilibrium is a pair (m*, F*) such that F*(i) is an optimal experimentation

strategy for ILP(®(i), m*) for A—almost all i € [0,1] and m* = M(F*)[?]

5 The Individual Learning Problem

In this section we study the individual learning problem. We first establish a partial
characterization result for optimal experimentation strategies and then consider individual
behavior in the long-run. In what follows, we let m; be a player’s period—¢ belief and 7 (h')
be this belief after the history h! € H,;. Notice that m; depends on the player’s prior belief

and on the sequence m of observation likelihoods.

1. Characterization

Let v(a,m) = Y pco r(a,0)m(0) be the expected reward from action a when the belief is
7 and r(0) = max,e 4 7(a, ) be the highest flow payoff possible when the state of the world
is #. Now let D, : IT — R be given by

Dy(7) = (1 —6) 'v(a,7) — max |v(a’,7) + (1 — §)7! ZT(Q)W(G)
“7a 06
Notice that if 7 is such that D,(7) > 0, then v(a,7) > v(a/, ) for all @’ # a. This, in turn,

implies that D, (7) < 0 for all @’ # a. The proof of the next result is in Appendix B.

Lemma 1. Let 0* be an optimal experimentation strategy for ILP(my,m). If h* has positive

probability under p(c*, w1, m) and Dy (m (k")) > 0, then o} (h') assigns probability one to a.

The strength of Lemma [I| lies on the fact that the functions D, do not depend on the

sequence m of observation likelihoods. Hence, this result places restrictions on the behavior

includes multi-armed bandits with correlated arms as a special case. A key difference between our setting
and theirs is that the likelihood functions in the individual learning problem are endogenous.

12Notice that players need not know the distribution of prior beliefs in the population; they only need to
correctly anticipate the sequence m of observation likelihoods.

11



of the players that hold uniformly for all equilibria of the game. We make use of this result
in our discussion of complete social learning in Section 7.

To understand the meaning of the condition D,(7) > 0, consider the hypothetical situ-
ation in which a player learns the true value of # if he chooses any action other than a. If
his current belief is 7, then his expected lifetime payoff from choosing a’ # a is given by
v(d, ) +0(1 = 8)"' Y e m(0)m(0). Since, in reality, learning about 6 does not happen im-
mediately (if it ever happens), the above payoff is an upper bound for the player’s expected
lifetime payoff when he chooses a’. Likewise, (1—0) 'v(a, ) is a lower bound for the player’s
expected lifetime payoff when he chooses a. He obtains this payoff when he settles down on
a. Thus, it is optimal for a player to choose a if his belief 7 is such that D,(7) > 0.

Notice that the above intuition holds regardless of how many action choices a player
observes in each period. So, Lemma [1]is still true in the more general setting where in every
period each player observes the action choices of a random sample from the population,
where the size of the sample can be any (even infinite). We return to this point at the end

of Section 7.

2. Long—Run Behavior

Consider a player with a full support prior who chooses an action a an infinite number
of times. Standard results show that he learns the true type of a with probability one if
he only observes the outcomes of his action choices[™| It turns out that this is also true
in the presence of the observations in society. The proof of this result is a straightforward

modification of the proof of Lemma 1 in Aoyagi (1998).

Lemma 2. A player with a full support prior who chooses an action a infinitely often learns

its true type with probability one.

Let v, (m) = max, v(a, ) be the expected reward to a player who chooses a myopically

optimal action when his belief is 7 and N(g) = [{t > 1 : v(a¢, m) < v*(m) — e}, with € > 0,

13See, for instance, Section 10.5 in DeGroot (1970). The assumption of a non—dogmatic prior is sufficient,
but not necessary, for this result. It is enough that the player’s prior belief assigns positive probability to
the true state of the world.

12



be the number of periods a player chooses an action that is myopically suboptimal by at least
e. Theorem 2.1 in Rosenberg et al. (2006) shows that if ¢* is an optimal experimentation
strategy for ILP (71, m), then E, o+ z, m) [N (€)] < oo. The intuition for this result is roughly
as follows. A player is willing to sacrifice his current reward by € only if he expects his payoff
in the subsequent periods to increase, on average, by (1—0)e/d. Because payoffs are bounded,
it then must be that E, ;- », »)[N(€)](1 —6)e/d < oo, which implies that E, i« z, m) [N (€)] is
of the order of §/e(1 — §), and so finite.

Since the number of actions is finite, a straightforward consequence of this last result is
that in the long—run, the probability that a player who follows an optimal experimentation
strategies chooses a myopically suboptimal action is zero. More precisely, let A, be the
set of limit actions, i.e., the actions that are chosen infinitely many times, and denote an
element of this set by a.,. Then the following result, which is Theorem 2.4 in Rosenberg et

al. (2006) adapted to our framework, is true.

Lemma 3. The probability that v(as, m) = vi(m) fort large enough is one for a player who

follows an optimal experimentation strategy.

An immediate corollary of Lemmas 2| and [3] is that in any optimal experimentation

strategy, the probability that only one action is chosen infinitely often is one ']

Lemma 4. The probability that a player who follows an optimal experimentation strateqy

chooses two or more actions infinitely many times is zero.

By Assumption Al, there exists a! € A and ©! C O, for all a # a' with the property
that if 0 is such that 6, € O}, then r(a,0) < r(a',0). In other words, if a’s type is in O,
then the expected reward from a is smaller than the expected reward from a' regardless of
a'’s type. Thus, by Lemmas [2| and [3] if a’s type is in ©}, then with probability one a player

who follows an optimal experimentation strategy chooses a only a finite number of times.

Lemma 5. Suppose that action a’s type lies in ©}. The probability that a player who follows

an optimal experimentation strateqy chooses a infinitely many times is zero.

14This result follows immediately from Lemmas [1| and |2| if the number of actions is two.

13



6 Social Conformity

Here we prove that in equilibrium almost all players choose the same action in the long—

run. We start with a preliminary result.

Lemma 6. Let (m*, F*) be an equilibrium. Then, m;(a,0) is convergent for all a € A and
0 € ©. Moreover, when m;(a,) does not converge to zero, the mass of players who choose

action a infinitely many times when the state of the world is 0 is positive.

Both results in Lemma [0] are intuitive. If the mass of players who choose some action
a does not converge in the long—run, this means that a positive fraction of the population
switches into a and away from it infinitely many times. Since there are finitely many actions,
this implies that a positive mass of players chooses a and some other action infinitely often,
which is not possible by Lemma 4, Moreover, also by Lemma 4 the mass of players who
choose a infinitely many times is zero only if the mass of players who stop choosing a after

a finite number of periods is one. A formal proof of Lemma [0 is in Appendix C.

Theorem 1. Let (m*, F*) be an equilibrium. For each 6 € O, there erists a € A such that

m;(a,d) converges to one.

In the remainder of this section we show how we can bootstrap the reasoning used in the
example of Section 2 to prove Theorem [I] when the number of actions is two. The argument
is similar to the one used in the proof of the main result of Aoyagi (1998). One important
difference is that in our setting the arms are independent, while in Aoyagi’s setting they are
correlated. The proof of the general case is in Appendix C.

Let r,(0,) be the expected reward from a when its true type is 6,. For any two elements
0, and 0!, of ©,, we say that 6, is smaller than 0/ if r,(0,) < r,(0,). Order the elements of
O, and O,, from lowest to highest. Then, ©,, = {6} ,...,0}"} and ©,, = {6,,,...,0}>},
where we assume, without any loss, that 4, (6, ) < r4,(6})). There are two cases to consider:
either rq, (027) > 1o, (0272) or 14, (651) < 1r4,(6)2). We consider the second case only. It is

straightforward to adapt the argument that follows to the first case.
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For any A C ©, and B C O,/, we write A < B when r,(0,) < r.(0,) for all , € A and
o € B. Since 14,(032) > r,4,(0,7), there exist M € N and sets O , with k& € {1,2} and
n € {1,..., M}, such that: (i) ©,, = UM, 0", with©! < ... <OM, (ij) O < O for all

n. Let vy : ©q, — {1,..., M} be such that t,(0,,) = n if 0, € O], . Then, t1(6,,) < t2(0s,)
if, and only if, 74, (6a,) < 74y(0ay). Finally, let T : © — {1,...,2M} be such that

2t1(0a1) -1 if T (Qal) S t2(9a2>
2t2(9a2) if tg(gaz) <t (9a1)

1(0) =

Let (m*, F*) be an equilibrium. Lemmas |5| and |§] imply that m;(ay, ) converges to zero
if T(#) = 1. Suppose then, by induction, that there exists T < 2M such that if T() < 7T,
then m(a, ) converges to one for some action a. We only consider the case where T is
odd, as the argument is the same when Y is even. Let the state of the world be 9 such that
Y(6) = T+ 1. Since T + 1 is even, rq,(f,) > Tay(6a,) and 5 = (T + 1)/2. Suppose, by
contradiction, that neither m;(ay, 5) nor m;(asz, /0\) converge to zero. By Lemma @, for each
action there is a positive mass of players who choose this action an infinite number of times.
Consider a player who chooses ay infinitely often. The induction hypothesis implies that he
learns with probability one that @ is such that Y(#) > T + 1-—we prove this (intuitive) fact
in Appendix C when we analyze the general case. He also learns with probability one that
to = (T + 1)/2, for he learns the true type of ay with probability one by Lemma . Thus,
this player learns with probability one that t; > v, since Y(6) = 2t; — 1 < 2vty, — 1 = T if
t; < tgo. We then have that a positive fraction of the population chooses as infinitely many

times even though it learns that as is worse than a;, a contradiction by Lemma [3]

7 Complete Social Learning

As in Section 2, let a(€) be the best action when the state of the world is . Assumption
A1 implies that a(f) is well-defined for all § € ©. We say that social learning is complete
in the equilibrium (m*, F*) if m;(a(#),8) converges to one for all § € ©. In this section we

discuss conditions under which social learning is complete in every equilibrium.
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An obvious necessary condition for social learning to be complete in (m*, F'*) is that
m;(a(f),0) has a positive limit for each § € ©. Theorem [1] shows that this condition is also
sufficient. Thus, as in Bala and Goyal (1998), a necessary and sufficient condition for social
learning to be complete in an equilibrium is that: (C) for each 6 € © there exists a positive
mass of players for which the probability that they choose a(f) infinitely often is greater
than zero. We now present a restriction on the distribution of initial beliefs that if satisfied
implies that (C) holds in every equilibrium. For this, let dy, = inf{d € [0,1] : v(a(f),7) >
vi(m) if m(#) > d}. By definition, a(#) is the myopically optimal action for a player with
belief 7 such that 7(0) > d,.

(H) For all # € © there exists a positive mass of players with prior 7 such that m(6) > d,.

The proof that condition (H) implies that (C) holds in every equilibrium borrows from
Bala and Goyal (1998). The idea is to show that if (H) is satisfied, then there is a positive
mass of players for which a(f) is the myopically optimal action in the long—run when the
state of the world is §. By Lemma [3| almost all these players must then choose a(6) for ¢
large enough.

Let (m*, F*) be an equilibrium and suppose the state of the world is #’. Consider a
player with prior m; such that 71(0") > d, and let ¢ be his behavior strategy. Now let
q : Hip x © — [0,1] be such that g;(h'*1 ) is the probability that he experiences hi*!
when the state of the world is #. By construction, if A'*! has positive probability under

(o, m, m*), then

iy g o a0\
Te1 (R7)(07) = mpa (O|R77) = (0 ) + Zﬁ ht+1 0
040
It is well-known, see Doob (1953) for example, that for each 6 # 6 the likelihood ratio

! PC) = q(-,0)/q(-,0) is a non—negative supermartingale when the state of the world

is 0. So, there exists a function pf.? on Hy, with E,,(ome) [ ¢ 7] < Eue(mm*)[p?"e] = 1 such

o0

0,0

that pf/’e converges (g (0, m*)—almost surely to p?%:;”. Egoroff’s theorem then implies that

for each k > 0 there exists A, C H,, with ug (o, m*)(A.) > 0 such that pf/’e <1l+kin
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A, when t is sufficiently large. So, by choosing k appropriately, there exists A C H,, with
o (o, m*)(A) > 0 such that m1(0'| - ) > dp in A for ¢ sufficiently large, which leads to the

desired result. We have thus established the following result.
Theorem 2. Social learning is complete in any equilibrium if (H) holds.

The next example shows (not surprisingly) that (H) is not necessary for social learning

to be complete.

Example 1. The number of actions is two, Y = {0, 1}, and u(a,y) = y. Each action a; has
two possible types, 0% and 0%, with the distribution of outcomes as a function of the action

and its type given by the following two tables:

a; y=0 y=1 a y=0 y=1
01 1 0 62 3/4 1/4
01 0 1 02, 1/4  3/4

All players have the same prior m and it satisfies D, (m;) > 0. Then, by Lemma [1]
(almost) all players choose a; in the first period and learn its true type. So, from the second

period on, all players choose the best alternative regardless of the state of the world. [ |

In general, it is difficult to determine whether (H) implies that for each action a there
exists a positive mass of players who choose this action in the first period. The next example

shows that this need not be the case[™]

Example 2. The number of actions is two, Y = {0,1}, and u(a,y) = y. Action a; has

known rewards, with both outcomes equally likely, and action ay is as in the Example 1.
We describe beliefs by a pair m = (7, 7g), where 7 is the probability that as’s type

is 02. A positive fraction of the population, the type I players, has a prior 7, = (mr, T11)

such that w1y > 1/2. The remaining fraction, the type II players, has a prior 7} such that

15This is in contrast to the result on complete social learning in Bala and Goyal (1998). The condition
they consider requires that for each state of the world there exists a positive fraction of the population that
chooses the optimal action in the first period, see Theorem 4.1 in their paper. The reason for this difference

is that agents can be forward looking in our environment.

17



= p € (1/2,2/3). Hence, condition (H) is satisfied. We claim that, nevertheless, all
players choose a; in period one if they are patient enough.

It is straightforward to show that since a; has known rewards, a player chooses ay as
long as it is myopically optimal to do so. So, all the type I players choose ay in period one.

Consider now a type II player. His lifetime payoff if he chooses as in period one is

v2=(1—p)+%5[g+(1—p)}-

On the other hand, an upper bound for his lifetime payoff if he chooses a; in period one is

61:%+5{%+%5[§+(1—p)]}.

Indeed, v; is the lifetime payoft to a type Il player who chooses a; in the first period and
learns the true type of ay at the end of period two (so that it is optimal for him to behave
myopically in period two). It is easy to see that vy — 77 > 0 if ¢ is close enough to one, and

so the type II players choose ay in period one if they are patient enough. [

An interesting question is whether having each action being chosen by a positive fraction
of the population in the first period is enough for social learning to be complete. The next

example shows that this is not the case.

Example 3. There are two actions, Y = {0,1,2}, and u(a,y) = y. Action a; has known
rewards, with the probability of y = 0 equal to 1 — p and the probability of y = 2 equal
to p, where 1/4 < p < 1/2. Action as has three possible types, 0, 05, and 0y, with the

distribution of outcomes as a function of as’s type given by the following table:

6, 1/2 1/2 0
0y 0 1 0
0y 0 0 1

Thus, ay is better than a; when its type is either #;; or 6. Notice, incidentally, that the

likelihood function for ay satisfies the monotone likelihood ratio property.

18



We describe beliefs by a triple m = (7, mar, 7y ), where 7, is the probability that as is of

type 0,. Since v(ay, ) = 2p and v(ag, ) = 2wy + mpr + %TFL, we then have that

2 1
Da1(7T):1—_p§_{27TH+7TM+§7TL+1_5

27y + T + QPWL]} .

Notice that if 7 is such that Dg, (7,0,1 — ) > 0, then D, (7, 7ar, mg) > 0. From this, it

is straightforward to see that D,, (7) > 0 if

2—2p
2—1(1-6)—2ps

(2)

T >

A fraction 1 — e of the players, where ¢ € (0,1), has a prior m; = (711, T1a, T15) that
assigns probability greater than p to 6. We refer to these players as the type I players. The
remaining fraction of players, the type II players, has a prior 7 = (7}, 7}, 71y ) where
7y, satisfies . As in Example 2, since a; has known rewards, a player chooses as as long
as it is myopically optimal to do so. So, in period one the type I players choose as (since
v(ag, m1) > 2p) and the type II players choose a; (by Lemma [1)).

The observations in society are uninformative in the first period. Therefore, a type I
player who observes y = 1 in the initial period updates his belief to 7} = (75, ,75,,,0), where
miy = (1 +mp/2ma) " Since limy,, o Dy, (1 — s, ma,0) = 2p — 1/2 > 0, Dy, (73) > 0 if
T /mia is high enough. We assume that m is such that D, (75) > 0.

Notice that all type IT players choose a; in the second period (since they do not update
their beliefs). Now notice that: (i) a type I player who observes y = 2 in period one learns
that § = 6y, and so chooses ay from period two on; (ii) a type I player who observes y = 0
in period one learns that # = 0, and so chooses a; from period two on. Finally, notice, by
assumption, that a type I player who observes y = 1 in period one chooses a; in period two.
Hence, may(as,0y) =1 — ¢ and may(as, 01) = mo(asz, 0y) = 0.

Let us now consider behavior in period three. Consider first a type I player who observes
y = 1 in the first period (and so learns that 6 # 6y). Because the probability that in period
two he observes someone who chooses as is the same whether 0 = 0, or § = 6,,, his period—

two observation in society does not reveal any new information about 6. So, this player still
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chooses a; in period three. In particular, the mass of players who choose as in period three
is the same whether 8§ = 6, or # = 6y, which implies that the observations in society in
period three do not reveal any new information about 6 to this player (and so he chooses a;
in period four, and so on).

Consider now a type II player. If he observes someone choosing as in period two, he
learns that # = 0y, and so he chooses as from period three on. If, instead, he observes
someone choosing a; in period two, he updates his belief to 74 = (7}, , 74,,, 755 ), where

/
T
/
/ + /1L+ / > TiLs
T T Ty T €T g

/ p—
T3 =

since € < 1. So, this player chooses a; in period 3. Thus, ms(az, 0;) = ms(az,fy) = 0 and
ms(ag, 0p) = mao(ag, O5) +ma(ar, O0g)ma(as, 0g) = 1 — &2

It is now easy to see how type I players who observe y = 1 in period one and type II
players behave over time. The type I players who observe y = 1 in the first period choose
ay from period two on. The type II players keep choosing a; as long as they don’t observe
someone who chooses as (every time this happens they put more weight on § = 6;). The first
time they observe someone who chooses as, they switch permanently to a;. Consequently
my(az,0g) =1 — &= and my(as, 0z) = my(az, 0pr) = 0 for all t > 2.

There is then a unique equilibrium and in this equilibrium the mass of agents who choose
as when its type is 0, is zero after the first periodm It is possible to extend this example to
the case where a; has two types, one that is better than 6; and worse than 6, and another

that is better than 6,; and worse than 0. [ |

We know that Lemma [1| holds regardless of how many action choices (from a random
sample of the population) a player observes in each period. So, the part of Example 3
showing that in equilibrium my(ag,0y) = 0 for all ¢ > 2 does not depend on the assumption
that players only observe one other action choice in each period. Thus, social learning can
fail to be complete if (H) is violated even in a setting where in each period players can

observe the action choices of infinitely many other players in the population.

16Recall that strategy profiles are defined modulo the behavior of a mass zero of players.
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8 Discussion

We assume that players are anonymous. When they are non—anonymous, the informa-
tion from the observations in society is no longer described by a sequence of observation
likelihoods. Instead, it is described by a sequence {{;}, with ¢; : [0,1] x © x A — [0, 1],
where ¢4(i, 0, a) is the probability that player i chooses action a in period ¢ when the state of
the world is 6. All the results in the paper can be extended to the case of non—anonymous
players, with our equilibrium notion adapted in a natural way.

A natural question to ask is how long does it take for all the players to choose the best
alternative when social learning is complete; or, more broadly, how long does it take for
behavior to converge (whether social learning is complete or not). Example 3 in Section 7
shows that convergence of behavior need not happen after a finite number of periods. In
general, an answer to this question will depend on the distribution of prior beliefs. We do
note that while heterogeneity of prior beliefs works in favor of complete social learning, it
can work against the convergence of behavior. An extreme example of this is as follows.

Suppose that for each 6 € © there exists a fraction 1/|0| of the population with a prior
7y such that Dgg)(m) > 0 for every belief 7 that can be reached from 7, after one chooses
a(0) for T > 1 times (or less), ignoring the observations in society[’’| Notice that (H) holds,
and so social learning is complete in any equilibrium. However, by Lemmal(l] in all equilibria
each player chooses the same action from periods one to T' no matter the state of the world
(as long as the agents’ behavior does not depend on the state of the world, the observations
in society are uninformative). In particular, when 7' is large, it takes a long time before
convergence of behavior can happen.

A related question is how the speed of convergence (in behavior) is affected by the number
of action choices the players observe in each period. It is easy to adapt our analysis to the
case where in each period a player observes the action choices of a random sample of N > 1

other players. There are two opposing forces when one increases N. Holding behavior the

17This is possible if g(y|a,0) > 0 for ally € Y, a € A, and 6 € ©.
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same, the greater N is, the more information the observations in society provide. However,
the players’ behavior is affected by the size of the sample they observe in each period. Indeed,
if players expect the information from the observations in society to be very useful (because
N is large), they will not be too willing to experiment, i.e., choose a myopically suboptimal
action, thus reducing the informativeness of the observations in society.

We don’t have any results on how the speed of convergence is affected by N. Since
Lemma [I] holds for all values of N, the example two paragraphs above nevertheless shows
that no matter how large N is, the amount of time before behavior starts to converge can
be arbitrarily large depending on the distribution of prior beliefs in the population.

In general, the assumption of a continuum of individuals is done in order to simplify the
analysis. One might worry that in our setting this assumption may be working too hard. Let
us argue (informally) that this is not the case. For this, consider the finite-agent version of
our model. It is clear that all the results from Section 5 hold in this case. A straightforward
modification of the argument of Section 6 shows, as in Aoyagi (1998), that in any Nash
equilibrium all the players choose the same action in the long run.@

Suppose now that (H) is satisfied and consider players ¢ and j with a prior m; such that
m1(0) > dy. The same argument of Section 7 shows that the events Ai(e) and Ai (p) that
and j, respectively, choose a(f) for ¢ large enough have positive probability when the state
of the world is §. Since the population is finite, these events are not independent, though.
However, in the limit as the population grows to infinity, these events will be independent.

Thus, as the population grows, the probability that social learning is complete goes to one.

9 Existence

A strategy profile F' is symmetric if F' is constant in ®~!(7) for each 7w € II. In other

words, a strategy profile is symmetric if for every belief 7 almost all players with prior 7

18Notice that the finite-population version of our environment is different from Aoyagi (1998) in two ways.
First, as mentioned in Section 6, we consider a multi—-armed bandit with independent arms, while Aoyagi
considers a multi-armed bandit with correlated arms. Second, action choices are not public.
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follow the same behavior strategy. An equilibrium (m*, F'*) is symmetric if F™* is symmetric.
Assumption A4 below implies that the set of beliefs for which a positive fraction of the

population has a prior in this set is countable.
Assumption A4. There exists a countable set 1 of full support priors with A(@‘l(ﬁ)) =1.

We now show that a symmetric equilibrium exists if A4 is satisfied.

Theorem 3. A symmetric equilibrium exists if A4 is satisfied.

Here we just outline the existence argument. The omitted details are in Appendix D. Let
I, = {7 €Il : A(®!(x)) > 0)}. This set is countable by A4. Let {r,} be an enumeration
of ﬁ+ and define (2,29, 1) to be the complete measure space where Q = {w € N: 7, € ﬁ}
and p(E) =Y cp M@ (7)) for all E C Q—recall that 2 is the power set of . To each
F, € Li(p, 2¢), let ﬁt : I — Y be given by ﬁt = veq Fi(w)Ip-1(r,). Since ¢ is Lebesgue
measurable and )\((I)’l(ﬁ)) = 1, I, is Lebesgue measurable. Moreover, F; € Li(A %)
by the dominated convergence theorem. Hence, to each element of x° Ly (u, ;) there is
associated a symmetric strategy profile. The converse is immediate. From now on, we refer
to x° Ly (i, X;) as the set of symmetric strategy profiles and denote it by Gg.

Denote restriction of M to &5 by Mg. By construction, Mg is the map that takes a
symmetric strategy profile into its corresponding sequence of observation likelihoods. It is
possible to show that Mg is a continuous and affine map[’”] Now let BR : 9t = &g be the
correspondence such that F' € BR(m) if, and only if, F(w) is an optimal experimentation
strategy for ILP(m,,, m). It is possible to show that BR is upper hemicontinuous with convex
(and non—empty) values. By Lemma 16.23 in Aliprantis and Border (1999), the composition
of upper hemicontinuous correspondences is upper hemicontinuous. So, the correspondence
T : M — M such that T(m) = Upcpr(n) Ms(£) is upper hemicontinuous with convex (and
non—empty) values. The Fan—Glicksberg Theorem then implies that YT has a fixed point m*.
Let F* € BR(m*). The pair (m*, F*) is a symmetric equilibrium.

YA function f: X — Y, with X and Y convex, is affine if f(Az + (1 — \)a’) = Af(z) + (1 — \) f(2') for
all z,2’ € X and all X € [0,1].
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10 Conclusion

This paper shows that social learning can overcome the Rothschild effect. We first show
that there is long-run social conformity in equilibrium. We then use this fact to derive a
condition on the distribution of prior beliefs that if satisfied implies that social learning is
always complete. The condition we obtain is relatively weak: for each state of the world
0 there exists a positive fraction of the population with a prior that assigns a high enough
probability to 6 for the best alternative in 6 to be myopically optimal. We also show that this
condition is not necessary and, more interestingly, that the alternative condition where for
each 6 there exists a positive mass of players who in period one choose the best alternative
when the state of the world is # is not sufficient for social learning to be complete.

An important element of our analysis is the process by which information is transmitted
across the population. The assumption that every so often an individual observes the action
choices of a finite random sample from the population may not be adequate in some cases.
Moreover, this process of information transmission ignores non-random sources of informa-
tion that individuals can have, like their social and professional circles. It is possible to show
that the same results obtain in an environment in which each individual has a finite set of
neighbors, any two neighbors can always observe each other’s actions, and every so often an
individual observes the action choices of a finite random sample from the population—see

Appendix E (not for publication) for a sketch of the argument.
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Appendix A: From Strategies to Aggregate Behavior

Here we construct the map M that takes strategy profiles into sequences of observation
likelihoods. Let {ey,...,ex} be the canonical basis of R¥ and ( , ) be the usual scalar
product. Notice that if F; € Li(\,Ty), then (Fy(h'),ex) € Li(X) for all A € Hy, t € N, and
ke {1,...,K}. Suppose that F' = {F;} is the strategy profile under play. The probability
that player ¢ chooses ap in t = 11is ¢1(i,ax) = (F1(i)(0),ex). Since there is no aggregate
uncertainty, the mass of players who choose a;, in ¢t = 1 is then my(ay) = [ €1, ag) A(di).
Thus, the probability that player i experiences the period—2 history h? = (a,y, a’) when the
state of the world is 0 is 7 (i, h?,0) = (1(i,a)g(y|a,0)mi(a’). We can now use 7(i, h?,0)
to construct the probability f5(i, ax, ) that player i chooses a in t = 2 when the state of
the world is 6. Aggregating the individual probabilities ¢5(7, ax, 0), we obtain ms(ax, 9)@ A

straightforward induction argument completes the construction of M.

*n fact, lo(i, ar,0) = Y 42c g, (Fa(i)(h?), ex)72(i, ha, 8). Now observe that for each state of the world 6,
the event where player i’s period-2 history is h? is independent of the event where player j’s period—2 history
is h? for all i # j and all h2, h? in Hy—this follows from the assumption that both the outcome of an action
choice and the identity of the individual a player observes are determined independently for each player in
the game. So, conditional on the state of the world, there is no aggregate uncertainty, which implies that

ma(ay, 0) = [ la(i, ax, ) \(di) for each 6 € ©.
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Appendix B: Proof of Lemma

We start with a preliminary characterization result for the individual learning problem.
Let v : AxOMMx O — A(X) be given by v(a, m,0)(S) = 3, ses 9(yla, O)me(a’, 0). Now let
(bt a,m,m) =3 v(a,m,0)m(ht,m,m)(0) and ry(h', a,m,m) = >, r(a, @) (ht,m,7)(0),
where ;(h',m, ) is the period-t belief of a player with history h' and prior m when the
sequence of observation likelihoods is m. Rieder (1975) shows that ILP(m,m) is equivalent
to a non—stationary dynamic programming problem where the period—t reward function and
transition probability are r.(-,m,m) and ¢/(-, m,m), respectively.@ With this formulation,

the Bellman equations for ILP(m, m) are
Vi(h') = max {rt(a, Rt m, ) + 5/V}H(ht,a,x)qt(dx|ht,a,m,7r1)} , teN. (B.1)
ac

Let R =7/(1 — §), where ¥ = max, ¢ 7(a,0). A standard contraction mapping argument
shows that for each 7, € IT and m € 90 there exists a unique sequence {V;*} in x22, BE(H,)
that solves (B.1)). We omit the dependence of the V;* on m; and m for ease of notation.
Standard dynamic programming results show that V;*(h') is the optimal continuation payoff
in ILP (7, m) to a player with history h'. The next result follows from Theorems 15.4 and
17.7 in Hinderer (1970), where supp(§) denotes the support of the mixed action &.

Lemma 7. The strategy o* = {o}} is optimal for ILP (w1, m) if, and only if, for all t > 1,
supp(of (h')) C argmax, {rt(a, h',m, ) + 5/Vt*+1(ht, a, r)q;(dz|h’, a, m,ﬂo)}
for all h' € Hy that happen with positive probability under o}.

The next result, that the belief is a sufficient statistic for the individual learning problem,
is intuitive. Let v, : II x A x 9 — A(X) be given by vy(m,a,m) = 3,0 7(0)v:(a,m, 0) and
define p; : II x A x M — A(II) to be such that if S € B(II), then

pi(m,a,m)(S) = /IS(Bt(W,a,x,m))yt(dxhr, a,m),

21Formally, the individual learning problem is a stochastic dynamic decision problem with unknown tran-
sition probabilities.
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where Ig is the indicator function of the set S and B;(7, a,xz, m) is the updated belief, when
the sequence of observation likelihoods is m, of a player who in period t has belief 7, chooses

a, and observes x. Now consider the sequence of functional equations given by

Ui(r) = max {v(a,ﬂ) +8 / Uyt (7)) pi(dr'| 7, a, m)} , teN, (B.2)

where m € M. A standard contraction mapping argument shows that for each m € 91 there

exists a unique sequence {U;} in x5, BF(II) that solves (B.2) and that

max(1 - 6) 'v(a,7) < Uf(m) < (1—-8)" Y r(0)n(0) (B.3)

acA
[ZS{C)

for all 7 € II-—we omit the dependence of the U;” on m for ease of notation.
Lemma 8. V*(h') = U/ (m(h',m,m)) for each m € Il and m € M.

Proof: Let w;, : H; — R be such that w,(h') = U/ (m;(h*,m,m)). Now observe, omitting the

dependence of 7; on my and m, that
r(h', a,m,m) + 5/wt+1(ht,a,x)qt(d:v]ht,a,m,m)
— (e, m(h) + 6 / Uz, (ross (W a, ) (dal o (), @, m)
= v(a,wt(ht))—|—5/Ut*+1(Bt(7rt(ht),a,a:,m))ut(dx|7rt(ht),a,m)

= vlamll) +5 [ U )dde (1), a,m)

where the first equality follows from the definitions of v(a, 7) and 14, the second follows from
the definition of 7, and the third follows from the definition of p;. Hence, {w;} is a sequence

in x2° BF(H,) that satisfies 1} so that w(h:) = V;*(ht, m,m) for all t > 1. O

The next result follows immediately from Lemmas [7] and [§] Lemma [I] is an immediate

consequence of it together with the inequalities (B.3]).

Corollary 1. The strategy o* = {0/} is optimal for ILP(m, m) if, and only if, for allt > 1,

supp(o; (h')) C argmax, {v(a,m(ht, m, 7)) + 5/Ut:1<7T/),0t<d7T/|7Tt(ht7m,ﬂ'l), a, m)}

for all h* € Hy that happen with positive probability under oy .
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Appendix C: Proofs of Lemma [6| and Theorem

Proof of Lemma [6f Let (m*, F*) be an equilibrium and 7 : [ x © — A(H) be such
that 7(i,6)(S) is the probability that ¢’s infinite history lies in S € B(H.,) when the state
of the world is . Let S;, be the event that a; = a. Then, m;(a,0) = [ 7(i, 9)(St7a))\(di)@
Now let S, = (2, 5% and S, = J°, 5S¢, where St = (J_, Spno and St = (>, Spna. By

construction, S, is the event that a is chosen infinitely often and §a C S, is the event that a is
chosen for ¢ large enough. Since lim, 7(i,0)(St) = (i, 0)(S.) < 7(i,0)(S,) = lim, 7(i, 0)(S?)

for each 7 € I and 0§ € © and gfl C Sia C SLfor all t > 1, we then have that
/T(i,@)(§a>>\<di) < liminf m;(a, 0) < limsupm;(a, ) < /T(i,ﬁ)(Sa))\(di).

So, {m;(a,0)} is convergent, as 7(i,0)(S,) = 7(i,0)(S,) for A-almost all i for each 6 € O by
Lemma [4] Moreover, A({i : 7(i,0)(S,) > 0}) > 0 if m}(a,#) does not converge to zero. [

Proof of Theorem |1} We start with some notation. Let R = {r(a,0) :a € A and 6 € ©},
with typical element t, be the set of possible expected rewards. Denote the smallest and
greatest elements of R by vy and t,;, respectively. For any v < t);, let v, denote the successor
of v, and for any v < v/, let [t',t"] = {re R: v <v <"} Now let AGO =J,,{a} x O,,
with typical element &, and define A : R — A& O and X : A O — A to be such that
r(A(r)) = v and R() is the first component of £, respectively. By construction, if R’ C R,
then A(X(R')) is the set of all actions a for which there exists 6 with r(a, ) € R’

As the first step in the argument, we define the family {fR9, a?, ©7} .o, where @ is a finite
subset of N, and R? C R, a? € A, and ©? C O for all ¢ € @, by the following procedure:
) Let tv* = max{t : [N(A([ts,t]))] = K — 1} and set R' = [t1,t*]. Recall that K is the

is the action that does not belong to

number of actions. Now let a' = R(A(x%)), so that a
the set N(A([r1,t])). Moreover, for each a # a', let ©) = {0, € O, : 7,(0,) € R'}. Then,
O! = 041 X (Xu2a10;). By construction, the action a' and the sets O} are the same as in

the last paragraph of Section 5;

221t is easy to show that the map i — 7(i,0)(S) is A-measurable for all @ € © and S € B(H,).

30



IT) Suppose there exists g > 1 such that: (i) the triples (RY, a4, ©9) are defined for ¢ < §;
(71) IR(A(R?))| = K — 1 and [X(A(RTU{r(q)+}))| = K for all ¢ € {1,...,q}, where t(q)
is the greatest element of R?. If v(q) = vy, then @ = {1,...,g} and the process stops.
Otherwise, let v = max{r € [¢(q)+,ta] : N(A([t()4,v**])) = 1}. Then, a®t' = R(A(x¥))
and RT = [v(q), v U (R7\ {r € R7: R(A(r)) = a?™'}). Now, for each a # a7, let
Ot = {0, € O, : 1.(0,) € KT}, and let O], = {fa01 € Opart & Toart (Bpan) > v}
Then, ©7! = @gfl X (X gaz+1©7T). Notice, by construction, that [R(A(SR?))| = K —1 and
that |[R(ARTU {t(q)+}))| = K forall g € {1,...,3+ 1}.

Observe that if § € ©%, then r44(0a0) > r4(0,) for all a # a?. Also observe that | J7_, R* =
[t1,t(q)] for all ¢ € Q.

Let (m*, F'*) be an equilibrium. By Lemma [5, m;(a', ) converges to one for all § € O'.
Suppose now, by induction, that there exists § > 1 such that if ¢ € ©7 for some g € {1,...,G},
then there exists a € A such that m;(a, ) converges to one. Let the state of the world be
§ € 07! and assume, by contradiction, that there exist ¢’ # a” in A such that both
{m(d’,0)} and {m(a",6)} have positive limits. We know that either a’ # a7 or a’ # a7*.
Assume that o’ # a?'. By Lemma , we can take @’ to be such that r(a,8) # R'. So, by
the above construction, there exists an unique ¢ € {1,...,q} such that a’ = a?.

Now observe, by Lemma [6] that a positive mass of players choose @' infinitely many
times and a positive mass of players choose a” infinitely many times. Consider a player who
chooses @’ infinitely often. By Lemma [2] this player learns with probability one the true type
of a’. Since there is no long-run convergence of behavior, the induction hypothesis implies
that he also learns with probability one that ¢ > § + 1. Thus, with probability one, this
player learns that a’ is not myopically optimal-—we prove this claim below. So, by Lemma
B, a positive fraction of the players is not behaving optimally, a contradiction.

We can then conclude, by induction, that for all 8 € © there exists a € A such that

m;(a, ) converges to one. O

Proof of the Claim: Consider a player ¢ with a full support prior 7m; who follows an optimal

experimentation strategy and chooses @ infinitely many times. By Lemma |4 we can assume
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without loss that he chooses a’ in every period. Let vy € A(X ) be such that (D) is the
probability that he observes an infinite sequence of outcome—observation pairs in D C X .
Moreover, let y; be the player’s period—¢ outcome and let b; be such that b, = 1 if he observes
someone who chooses a’ in period t and b; = 0 otherwise. Notice that (yi,b1,¥y2,b2,...) is a
sequence of independent random variables and that E, [b;] = m}(d’, ).

Let fi(bs,0) = mi(a’,0)* (1—mj(a’,0))1 7% If 7(-|71, y1, b1, - . ., ys, be) is player i’s updated

belief after he observes (yi,b1, ...,y b;), then

I, _19(ynld’, 0) fu(bn, 0)m1(6)
70|71, y1, b1, ..y b)) = n=19\Yn|@ 0) [n0n,
( | 1, Y1, 01 Yt t) 29’69 H%:Lq(ynm/’9/)fn(bn’9,)7rl(9,)

when (y1, b1, ...,y b;) has positive probability. Now observe that 7(6|m,y1,01,. .., Y, by) is
bounded above by {1 + L:(0|m1,y1,b1, ...,y b))} L, where

1,19 (yn|a’, 0) fu(bn, )1 ()
L 0 b P b — n=1 n ) n\Yn, '
t( |7717 15 Y1, > Yt t) H%:Lg(yn‘a/ae)fn(bn,e)’ffl(e)
n(

Simple algebra shows that In L, = 3¢ _ by, (1) + 320 (1= by) e, (0) + 300 &, 40, where
. m; (', 0) (1 — mj(a, 0))1 g(yla’,0) 1 (0)
pr— 1 t - t n = l — = 1 .
e {mrmc i —mi(@, 0 [ T gy [ T )

From now on, all almost sure statements are with respect to v;. There are two cases to

consider. When 6 is such that 6, # 5,1, Lemma |2 implies that = (6|m,y1,b1,...) converges
to zero almost surely. Suppose then that § € © = {# € © : 0, = (/9\(1 and 6 € ©;}. Notice
that £ = 0 in this case. By assumption, lim; m;(d’, é\) =m* > 0. Since Var,,(b;) < 1/4 and
%22:1 m(d, /9\) — m* > 0, Kolmogorov’s SLLN implies that

1o 1o R

; ;bn = ;(bn m.(a’,0)) + ; ;mn(a,ﬁ) —a>0
almost surely. Now observe that 1 —m](d/, 5) > mj(a”, @\) has a positive limit by assumption,
while m(a’,0)(1 — mj(a,d)) converges to zero by the induction hypothesis. Hence, {ay(1)}
is a bounded sequence and «;(0) diverges to infinity. This implies that ¢! In L; — oo almost

surely, so that L; — oo almost surely as well. Therefore, 7(6|m1,y1,01,...) converges to zero

almost surely, which proves the claim. O

32



Appendix D: Existence

1. The set &g.

Let Lo (i, R®), with s € N, be the set of bounded functions from €2 into R®* endowed with
the norm || F|| = sup,cq ||F'(w)||, where || - || is the Euclidian norm. It is well-known that
the dual of Ly(p,Tt) is Loo(t, Tt). Notice that if Fy € Ly(p, 3¢), then ||Fi||eo < /|Hil/K;
that is, Li(p, ;) is a norm bounded subset of L. (i, T;). Hence, Lq(p, ;) is a weakly
compact subset of L;(u, Ty) by the Eberlein-Smulian Theorem and Theorem 9 in page 292
of Dunford and Schwartz (1988). Thus, L (u,>;) is norm compact by Corollary 13 in page
295 of Dunford and Schwartz (1988). The assumption that the outcome space Y is finite is
crucial for this result. From now on we take the sets L;(u, ¥;) to be endowed with the norm
topology. The next result follows from Tychonoff’s Theorem and the fact the countable

product of metric spaces is metrizable.

Lemma 9. Gg is a compact and metrizable.

2. The map Mg.

In what follows we make use of the following result, which is straightforward to prove.

Lemma 10. Let A C Ly(p,R®) and A" C Ly(p). Define Qi : A x A” — R to be such that
Qr(F,7) = [(F(w),ex)T(w)p(dw). The map Qi is jointly norm continuous if A is a norm
bounded subset of Lioo(pt, R®) and A" is a norm bounded subset of Lioo(pt).

Lemma 11. Mg is continuous and affine.

Proof: We first prove that Mg is continuous. For this, let Mg, be the period-¢ component of
Mg. By definition, Mg, (F') is the period-¢ observation likelihood when the strategy profile
is F' € 5. We are done if we show that for each t > 1, F' — mg(a, 0, F) = Mg,(F)(a,0) is
a continuous map from &g into [0, 1] for all § € © and a € A. The proof is by induction.
We start with some notation. For each F; € Ly(u,Y;) and h' € Hy, let Fype € Ly(p, RE)
be such that F}p:(w) = Fi(w)(h'). By construction, if F' = {F;} € &g, then F} j:(w) is the
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mixed action that a player with prior 7, chooses in period ¢ after the history h'. Moreover,
let k(a) be the label of action a; that is, ax) = a.

Notice that mg(a,6, F) = [(Fig(w), exa))p(dw), and so mg; is continuous in F for each
a € Aand § € © by Lemma [l0] Now let 7 : Q x Hy x © x &g — [0, 1] be such that if
h* = (a,y,d’), then To(w,h?, 0, F) = (Fy1(w), exa))g(yla, 0)msa(a’, 0, F). By construction,
To(w,h?, 0, F) is the probability that a player with prior belief 7, experiences h? € H,
when the state of the world is 6 and the strategy profile under play is F. Now define
Ty 1 Hy x © X &5 — Lj(u) to be such that (k% 0, F)(w) = T2(w, h?,0, F). We claim that
75 is (norm) continuous in F for each # € © and h? € H,. For this, let {F™} be a sequence

in S5 with limit ' and suppose that h? = (a,y,a’). Then,

[|72(h?,0, F™) — 7o (R*, 0, F)||, = /|?2(h2,w,6, F") —7(h?, w, 0, F)(h?)| u(dw)

< HFH - FHl + HFH1 ’ |mS,1(a/>97Fn) - mS,1<a/567F)|7

which implies the desired result.

Suppose then, by induction, that for some ¢t > 1 there exist: (i) A continuous map
Tev1 : Hypp X © x &g — Ly (u) such that 7,1 (A, 0, F)(w) is the probability that a player
with prior 7, experiences h'™ € H;,, when the state of the world is # and the strategy
profile under play is F'; (i7) A continuous map mg; : Ax O x &g — [0, 1] where mg(a,0, F)
is the fraction of players who choose a € A in period ¢t when the state of the world is 6 and

the strategy profile is F. Now let mg;1 : A X © x &g — [0, 1] be given by
ms(a, 0, F) = Z /(th+1,t+1(w)7ek(a)>7't+1(ht+1’QaF)W)N(dW)-
httleHyyy

By construction, mg+1(a, 8, F') is the mass of players who choose a in t 4+ 1 when the state
of the world is # and the strategy profile under play is F'. Lemma (10| and the continuity
of 741 imply that mg;; is continuous in F' for each a € A and # € ©. Now define

'7/:t+2 Q) x Ht+2 X O x 65’ — [O, 1] to be such that if ht+2 = (h/t+1, A1y Yt+1, a2+1), then
7/:t+2 (w> ht+27 97 F) = Tt+1 (hH_l’ 9’ F) (w)<th+1,t+1<w)v ek(at+1)>g(yt+l |at+1v e)ms,t-&-l(a;-i-la 07 F)’
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and let Ty9 1 Hiio X © x &g — Ly (u) be such that 7,2(h72 0, F)(w) = Tiia(w, k120, F).
By construction, 7;o(h'2, 0, F)(w) is the probability that a player with prior 7, experiences
h'*? € H, , when the state of the world is 6 and the strategy profile under play is F. An
argument similar to the one used to prove that 7 is continuous shows that 7,5 is continuous.

Thus, Mg is continuous by induction. The fact that Mg is affine follows immediately

from its construction. ]
3. Best-responses.

Recall that (i) R =Y 2, 6" 'r(as, ), where a; and y, are the period-t action choice and
outcome, respectively; (i) pg(o,m) is the probability distribution on H,, induced by the
behavior strategy o when the sequence of observation likelihoods is m and the state of the

world is 6.
Lemma 12. Vy(0,m) = E,,(o.m)[R] is jointly continuous in o and m for each 6 € ©.

Proof: Let r = min,gr(a,0) and ¥ = max,p7(a,0). Now let R, = > 7 6" 'r and R, =

Sor i 0 r(ag, i), where n € NU {oo}. Then, if V,,g(0,m) = E,,(0,m)[ Rl

‘/9(0—7 m) - Vnyg(O, m) = Eﬂe(U,m)[(R - Boo) - (Rn - En)] + Eoo - E

Since (Roo — Ry.) — (R — R,) = 32,11 0" H[r(as, y:) — r] > 0, we then have that

|‘/9(O-’ m) - Vnﬁ(O', m)| S EMQ(UJTL) [ROO - Rn] - (Eoo - Bn) + |Eoo - En|

t=n+1

Thus, V,,9(c,m) converges to Vy(o, m) uniformly in o and m. The desired result now follows

from the fact that V}, (o, m) is jointly continuous in o and m for each n > 1 and # € ©. O

Let V(o,m,m) =3 pco ™(0)Vy(o,m) and V*(m,7) = max,ex, V (0, m, ). Note that V*
is well-defined since the set of behavior strategies is compact by Tychonoft’s Theorem. Now
let BR, = %, with w € Q, be such that BR,(m) = {0 € ¥ : V(o,m,7,) = V*(m,7,)}.

By construction, BR,,(m) is the set of all optimal experimentation strategies for ILP (7w, m).
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Lemma (12| and the Maximum Theorem imply that BR,, has non—-empty values and is upper
hemicontinuous for all w € €. It is easy to see that each BR, is also convex-valued. To

finish, let BR : 9t = &4 be given by BR(m) ={F € &5 : F(w) € BR,(m) for all w € Q}.
Lemma 13. BR is upper hemicontinuous with non—empty and convex values.

Proof: It is immediate to see that BR has non-empty and convex values. Since Sg is
compact, BR is upper hemicontinuous if it has a closed graph. Let {m*} be a convergent
sequence in 9 with limit m and {F*} be a convergent sequence in G5 with limit F' and such
that F* € BR(m") for each k € N. Since all elements of ) have positive y—measure, { F*(w)}
converges to F'(w) in ¥ for all w € Q. Now observe that F*(w) € BR,,(m") by construction.
Hence, since each BR,, is upper hemicontinuous, F'(w) € BR,(m) for all w € Q. Therefore,

F € BR(m), and so BR is upper hemicontinuous. ]
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Appendix E: Extension (Not for Publication)

Here we provide a rough sketch of the argument that introducing a neighborhood struc-
ture (and keeping all else the same) does not change our results. We simplify the exposition
by considering the case where each player has one neighbor only. In this case, a neighborhood
structure can be described by a map Q : [0, 1] — [0, 1] such that Q(7) # i and Q(Q(7)) =i
for almost every player i; Q(7) is the neighbor of i. The analysis can be extended to the case
where for each player i the set of players in his network (the neighbors of his neighbors, and
so on) is finite. The restriction to finite networks is due to existence problems.

As in the main text, to each strategy profile F' there is associated a sequence {m;} such
that my(a, ) is the fraction of players who choose a in period ¢ when the state of the world
is 0 if F' is under play. Moreover, to each profile F' there is also associated a sequence {¢;},
with ¢; : [0, 1] x Ax© — [0, 1], such that ¢,(i, a, §) is the probability that i’s neighbor chooses
a in period ¢ when the state of the world is 6 if F' is under play; ¢,(i, -) is player i’s period—t
neighborhood likelihood. A player also uses his neighborhood likelihoods to update beliefs.

Let £* be the set of sequences of neighborhood likelihoods. An equilibrium is a triple
(F*,m*, 0*), where ¢* is a map from [0, 1] into £* such that: (i) F*(i) solves the individual
learning problem with sequence m* of observation likelihoods and sequence ¢*(i) of neighbor-
hood likelihoods for almost all ¢; (4i) when F' is under play, m* is the sequence of observation
likelihoods and ¢*() is the sequence of neighborhood likelihoods of player i for almost all i.

The fact that a player now observes the action choices of his neighbor does not change
the fact that he learns the true type of any action he chooses infinitely often. So, Lemma
still holds. Theorems 2.1 and 2.4 in Rosenberg et al. (2006) still apply, and so the remaining
results in Section 5 also hold in this setting. Thus, the same argument used in Section 6
shows that there is long—run social conformity in equilibrium; and the same argument used
in Section 7 shows that social learning is complete in every equilibrium if (H) is satisfied.
The key point is that even if the behavior of a player is not independent of the behavior of
his neighbor, there is still no aggregate uncertainty, as the behavior of almost every pair of

players is independent.
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