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Abstract

I develop and estimate an equilibrium model of charter school entry, student sorting, and endogenous
school inputs in public school markets using administrative student- and school-level data from North
Carolina for 1998-2001. In the model, students differ by ability, and both charter and public schools make
input decisions to test score production functions to affect the ability distribution of attendant students.
The model successfully fits key endogenous outcomes as observed in the data: 1) charter schools enter
larger markets and markets where they would have higher per-pupil resources, 2) charter schools and
public schools in markets in which charter schools are present both choose higher input levels than public
schools in markets where there are no charters, and 3) charter schools have the highest average test
scores, followed by public schools in markets with charter school competition, followed by public schools
in monopoly markets. I use the estimated model to simulate changes in the test score distribution for
three counterfactual scenarios: 1) ban charter schools, 2) lift the currently binding statewide cap on the
number of charter schools, and 3) equate charter and public school per-pupil resources. In the first and
second counterfactuals, charter school entry increases test scores for students who would attend charters
by one fifth of a standard deviation. Test scores for public school students in markets with charter
schools increase marginally. Equating charter and public school capital triples the fraction of markets
with charters and increases the test scores of students attending charters over the monopoly outcome by
an even larger amount.
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1 Introduction

The provision of school choice is often proposed as a way to improve educational outcomes for students in

poorly performing public schools.1 The entry of a school that competes with a public school for students is

perceived to potentially both directly effect attending students and exert pressure on the public school to

improve its quality. Much of the recent debate and policy innovation concerning school choice has focused

on charter schools, such as President Obama’s education reform initiative, “Race to the Top,”2 which

rewards states that lift restrictions on charter school growth. Charter schools are publicly funded schools

that compete with traditional public schools for students and which, like public schools, cannot selectively

admit students.3 Charter schools typically have considerably more autonomy than public schools regarding

personnel decisions, curricula, school hours, and pedagogical methods, but they often have lower per-pupil

resources due to a lack of separate capital funding streams. All students have access to a public school, but

not all students have access to charter schools because charter schools enter certain markets and not others.4

About 1 million students attended over 3,000 charter schools in 40 states in 2008.5 Nationally, there has

been rapid growth in the number of charter schools since their inception in 1991, but this growth has been

constrained by legislative caps on the number of charter schools in two-thirds of the states with charters.

This paper focuses on North Carolina, where 30,000 students are enrolled in about 100 charter schools. North

Carolina is a policy-relevant context because the statewide cap on the total number of charter schools has

been binding since 2002, and policymakers are currently debating whether to increase or eliminate this cap.6

The growth in charter school popularity is in part motivated by the perception that charter schools improve

student academic outcomes. Charter school advocates argue that charter schools improve the performance

of both students attending charters (“direct effect”) and also have a positive spillover effect on students

attending competing public schools (“competitive effect”).7 Critics of charter schools argue that charter

schools “cream-skim” – that is, the better outcomes at charter schools represents student selection, not test

score gains.

1“School choice” is a collective term which refers to charter schools, magnet and alternative public schools, and private
schools coupled with voucher schemes.

2White (2009)
3Although charter schools are technically a type of public school, I refer to them as “charter schools” and traditional public

schools as “public schools” for brevity.
4As will be made clear later, “markets” are defined as public school attendance zones.
5National statistics are from Snyder et al. (2009)
6Wilder (2010)
7This can also be phrased in terms of the treatment effects literature. If we consider charter schools to be the treatment, then

the average test score difference for students attending charter schools from the no-entry scenario is the effect of “treatment-
on-the-treated,” while the average difference for students attending public schools in markets with charter schools, compared
with the no-entry scenario, is the effect of “treatment-on-the-untreated.”
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This theoretically ambiguous effect on student achievement has contributed to a national debate over

charter school policy. At the most basic level, policymakers would like to know how the presence of charter

schools has affected the test scores of students attending charters and nearby public schools. As I discuss

below, there is a sizable economics literature devoted to answering this question. Policymakers are also inter-

ested in the effects of promoting charter schools. Two often discussed policies are increasing or eliminating

caps in states where caps currently exist and providing more resources to charter schools. To answer the last

two questions, in addition to knowing how many more charter schools would enter under the new policies,

we need to know the potential effect of charter schools on student test scores in markets currently without

charter schools and how the effect of charter schools on test scores might differ were all charter schools given

more resources.

Accordingly, I consider three key questions relevant to this policy debate in this paper:

1. How has the presence of charter schools affected the test scores of students attending both charter and

public schools?

2. Given that charter school entry is often capped, what would be the effect of allowing charter school

entry in all public school markets on both the number of charter schools and student test scores?

3. Given that charter schools typically have lower levels of resources than public schools, what would be

the effect of equalizing per-pupil capital levels across charter and public schools on both the number

of charter schools and student test scores?

To answer these questions, I build and estimate an equilibrium model of charter school entry, school

input provision, and student sorting. The following motivates why it is necessary to endogenize each of these

variables in an equilibrium framework:

Charter School Entry

In order to know the effect of lifting caps on charter school entry a priori, in addition to knowing

what the effect of entry would be in new markets, we also need a model of which markets charter

schools would enter, were they allowed to do so. By endogenizing charter school entry decisions, I

can say how probable charter school entry is for any market and therefore, how many charter schools

would enter if caps on entry were lifted. A model of entry also allows me to see how changing market

characteristics would affect charter school entry patterns, as I do when I increase per-pupil capital

levels of charter schools.
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School Input Provision

Estimates of the effect of charter schools on student test scores may be underestimated if they do

not take into account changes in public school inputs induced by charter school entry. For the sake

of argument, say public schools drastically increased their provision of inputs in response to the

presence of a charter school and that students were randomly assigned to charter schools. A simple

comparison of the mean test scores of charter and public school students may make it appear that

charter schools have a negative effect on student test scores, while in reality all students may be

performing better compared to the monopoly outcomes, where there is only a public school in the

market. By endogenizing school inputs, I can predict what inputs for the public school would have

been in the absence of the charter school, which is necessary to calculate the change in test scores

for students attending the charter school. In addition to allowing me to take changes in school

inputs into account when determining the effect of the presence of a charter school in a market,

endogenizing school effort choices is a key step when considering the effect of charter schools in new

markets charter schools have not yet entered, or predicting how the effect of charter schools would

change if charter schools were given higher levels of per-pupil capital.

Student Sorting

I explicitly model student school choices to take into account the possibility that unobservable

student characteristics may influence both student school choices and test scores. The previous

literature on charter school effectiveness has focused on estimating the direct effect of charter school

entry, which may derive from the above-mentioned differences between how charter and public

schools operate.8 The authors have various non-structural ways of mitigating the inferential problem

posed by the potential non-random selection of students into charter schools (a discussion of this

literature comes later in this section).9

In addition to addressing selection on unobservable student ability, my approach of explicitly mod-

eling student school choices has advantages over the less-structured approach used by the existing

literature. First, this approach allows schools in the model to take into account student sorting on

ability when choosing inputs. This allows me to calculate the equilibrium probability any student

would attend a charter school in markets where charters have not yet entered, or when charter schools

8In addition, Sass (2006) and Bifulco and Ladd (2006) examine at the spillover effect on students at nearby public schools.
I discuss these papers later in this section.

9In some of these papers, authors estimate production functions, which are inherently structural, but do not have structural
models of school choice.

4



are given higher per-pupil capital. Second, it provides a theory for why certain students, and not

others, attend charter schools. Finally, because students differ by ability and choose schools based

on what test score they would receive were they to attend, my framework allows for heterogeneous

effects of charter school entry.

The model is structured as a one-period game played in each market and time period. A market is the

attendance zone for a public school, which captures the idea that students are typically assigned to attend

a public school based on where they live. There are three types of players: students, a public school, and

a potential charter school entrant. Each market is endowed with a measure of students. Students differ by

ability and their location within the market, which are drawn from independent market-level distributions.

Every market is also endowed with a public school and a potential charter school entrant: each has its own

exogenous level of per-pupil capital and location within the market.10

The game has three stages. At the beginning of the period, the charter school decides whether to enter

the market. If the charter school enters the market, the public school and the charter school simultaneously

choose effort levels. Otherwise, the public school is a monopolist and chooses the monopoly level of effort.

In the last stage, if the charter school has entered, students choose between schools. Otherwise, all students

are assigned to the public school.

A key feature of the model is the endogenous school input choices. I start from the literature on the effec-

tiveness of school inputs in test score production11 and allow schools to have two inputs: one exogenous index

of per-pupil resources, “capital,” and one endogenous variable representing the assigned school workload,

“effort.” School inputs and student ability are assumed complements in test score production. Endogenous

effort plays a central role in the model because if students differ by ability and can choose schools, schools

may choose higher effort levels in order to attract more capable students. Proponents of charter schools

argue that such changes in effort levels are an important feature of competition between charter and public

schools.12

On the supply side, schools’ objective functions depend on test scores, school size, and the cost incurred

by the school from exerting effort.13 Charter and public schools differ in their production technologies

and the parameterization of their objectives; that is, how they weigh test scores versus school size and the

parameters of their effort cost functions. In markets where charter schools have entered, both public and

10Neither charter nor public schools are assumed to be restricted in size because capital is a per-pupil measure.
11See Hanushek (1986) for an example.
12For example, Knowledge Is Power Program (KIPP) schools require parents to sign contracts to do homework with their

children (KIPP (2010)).
13Different effort costs are incurred by students and both types of schools.
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charter schools choose effort from a continuous interval to maximize their objectives given the strategies of

the other school and of the students. This chosen effort level is required of all students at a given school.

On the demand side, students differ by ability and location within the market.14 Their utility is a function

of their own test score, the non-pecuniary cost of attending the school they choose, and a preference shock.

The cost of attending a school consists of the cost of exerting the effort level chosen by the school and a

distance cost of commuting to the school.15 Students of all abilities face the same effort cost per unit of

effort, and all students attending a particular school pay the same effort cost; that is, effort is a school-level,

not student-level, variable.

I prove existence of a subgame perfect Nash equilibrium of the period game. In the equilibrium of the

charter school entry subgame, high-ability students are more likely to attend the school with higher-effort

workloads than low-ability students, ceteris paribus. This means that, even though neither charter nor public

schools are allowed to explicitly admit the best students, they may be able to induce differences in the ability

distributions of their students by choosing higher effort levels. Moreover, because the relative importance

schools place on average test scores, school size, and the cost of exerting effort are parameters I estimate, the

model can accommodate either a positive or negative spillover effect of the presence of a charter school on

the test scores of public school students within the market. This is important because much of the debate

about charter school expansion is focused on the spillover effect onto public school students.

I use maximum likelihood to estimate the model using administrative student- and school-level data from

North Carolina. The model is estimated on middle school students (grades 6-8) for the years 1998 to 2001,

from the first year of charter school entry until the cap was nearly reached.16 The data are quite rich—they

contain the universe of schools and students in the North Carolina public school system (including charter

schools) from 1997 to 2005.17 In particular, they contain variables necessary to fit both school and student

outcomes for all schools and students in the North Carolina public education system. School attendance

and standardized test scores are recorded for each student in each year. The student-level data also contain

student locations, which enter the model through the distance cost of attending a school and exogenously

shifts the probability a student will attend a charter school.18 The school-level panel contains public and

14By “ability” I mean the student-specific, time-invariant component of student test scores.
15I assume that households with multiple children make school attendance decisions independently for each child. This means

I do not allow for correlations in their shocks or scale effects on the distance cost.
16I stop using data on years well before the cap was reached to obviate modeling the interactions between different charter

schools that would arise when the cap was close to binding.
17The 1997 data identify market ability distributions and 2002-2005 data enter the counterfactual where I lift the statewide

cap on charter schools.
18In Cullen et al. (2005) the authors use distance from schools as an instrument for the probability of choosing a particular

school.
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charter school locations and detailed per-pupil school resources, which enter the model as a per-pupil capital

index.19

The results of the estimation are that charter schools have higher productivity parameters than public

schools for both the capital and effort inputs, and both types of schools have higher productivities of effort

than capital. After estimating the parameters of the model, I first quantify the effect of the presence of

charter schools on test scores and then examine two policy-relevant counterfactual scenarios that would

increase the role charters play in the public education system. I quantify the effect of the presence of charter

schools on test scores (Question 1) by first simulating the model assuming that charters were not allowed to

enter any markets and then comparing those results with those of the model under the status quo in which

charter schools were allowed to enter markets, over the period 1998-2001. Students attending charters in

markets with charter schools have 19% of a standard deviation higher test scores than they would under

the no-entry scenario, and students attending public schools in entry markets have slightly higher (1% of a

standard deviation) test scores, due to the competitive effect of charter school entry on public schools. The

slightly higher test scores suggest that the competitive response to the presence of charter schools slightly

outweighs the effect of “cream-skimming.”

After quantifying the effect of the presence of charter schools on student test scores, I examine the effect

of allowing unrestricted charter school entry on the number of markets with charter schools and student

test scores (Question 2). I find that the cap on charter school entry was binding: the average fraction of

markets with charter schools increases from 11.1% to 12.4% over the years 2002-2005, which corresponds to

an increase from an average of 55 to 62 charter schools over the period.20 In the long run, the stationary

distribution has charter schools in about 60% of markets, which would correspond to about 300 charter

schools statewide. Students attending charters in markets simulated to have new charter schools have 20%

of a standard deviation higher test scores than under the monopoly scenario. Students attending public

schools in those markets have basically the same test scores.

Finally, in response to the policy debate about whether to increase the level of capital funding for charter

schools to that of public schools, I ask what the effect of equating per-pupil charter and public school capital

would be on the number and size of charter schools and student test scores (Question 3). Under the capital-

equalization policy, charter schools enter three times as many markets and have 60% larger enrollment.

19Per-pupil capital comprises three variables: number of computers per pupil, teachers per pupil, and number of teachers
with 4 or more years of experience per pupil. I define school effort as the average hours of homework done by students at a
school.

20Due to my sample restriction of only middle schools, this is not the same as the 100-school statewide cap, which applies to
all charter schools.
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Students attending charters have 23% of a standard deviation higher test scores than students attending

charters under the old charter capital levels, and students attending public schools in those markets also

have slightly higher test scores.

This paper is directly related to a literature where authors estimate the effect of charter schools on

student test scores. Authors in this literature typically adopt one of two strategies of addressing potential

non-random attendance of charter schools: 1) compare children who attend against those who are randomized

out of over-subscribed charter schools by lotteries, to determine the effect of attending oversubscribed charter

schools on students who apply; or 2) estimate student fixed effects using panel data to compare test score

growth for students attending charter and public schools in markets with charters. Both strategies pose

difficulties when we try to generalize them outside the estimation sample. Hoxby and Rockoff (2004) and

Angrist et al. (2010) find that charter school students who attend over-subscribed schools do have larger

test score growth than students who were randomized to attend local public schools, but their results do

not account for potential input responses by public schools and may not be generalizable to charter schools

that are not in such high demand as to be oversubscribed. This paper, on the other hand, explicitly models

how public schools may change their behavior in response to charter school entry. In addition, the model

explains why students would receive higher test scores at charter schools, because it makes explicit the effects

of student sorting and school input choices; and uses detailed information on school inputs, as opposed to

treating both charter and public schools as black boxes.

Hanushek et al. (2007), Sass (2006), and Bifulco and Ladd (2006) estimate value-added models of test

score growth using statewide student panel data for Texas, Florida, and North Carolina, respectively.21 All

three papers find that the charter school dummy variable in a fixed-effect regression of student test score

growth on school type has a negative sign, which authors interpret as a negative effect of charter schools

on test score growth. Sass (2006) and Bifulco and Ladd (2006) also estimate the competitive effect of

charter school entry by examining how school fixed effects change in public schools close to and far from new

charter schools. Sass (2006) finds a positive and significant spillover effect on test scores while Bifulco and

Ladd (2006) find a positive but insignificant effect. The fixed-effects estimation strategy poses problems for

generalizability, however, because it requires several years of data on students in charter schools, two years

of which they must attend a public school. In the North Carolina data, the distribution of charter school

test scores for students who are only observed in charter schools has a higher mean than that for students

who ever attend a charter and at some point attend a public school. This may be in part due to the fact

21I use the same dataset used by Bifulco and Ladd (2006).
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that switching schools is disruptive and, most likely, non-random. Like the lottery studies, the value-added

papers do not explain what causes test score growth at either charter or public schools.22 Moreover, the

value-added papers, like the lottery papers, do not take into account public school responses to charter

school entry, so the lack of changes in test score growth may be illusory. In my paper, I explicitly model

school choice as a function of ability, which allows me to assess the impact of all charter schools (including

those that have not yet entered) on test scores and allows for the impacts of schools to be heterogeneous

between students. I also account for equilibrium responses of public schools to charter school entry, which,

as I discussed earlier, if not accounted for may understate the effect of charter school entry. The model of

endogenous inputs also allows for charter school impacts to be heterogeneous between markets. Finally, I

estimate the spillover effect of charter schools on public school students in a manner generalizable to new

markets.

This paper is the first to model charter school entry and, as far as I know, the first to build and

structurally estimate an equilibrium model of endogenous school inputs and student sorting. It fits into a

related literature, where authors build and calibrate or estimate equilibrium models of competition between

public and private schools, in which peer effects play a large role in student sorting. Epple and Romano (1998)

develop and calibrate an equilibrium model of public and private school interactions to examine the effects

of vouchers using aggregate data. Ferreyra (2007) builds on and structurally estimates Nechyba’s calibrated

general equilibrium model of household sorting, public good provision, private schools, and housing prices23

in an equilibrium framework. The focus of all these papers is on student sorting due to peer effects, the

effectiveness of private school vouchers, and competition between public schools and private schools: none

of them addresses competition between public schools, which they assume are monolithic and do not make

input choices or any other decisions.24 Additionally, school quality is a function of the average household

income for students attending the school, as their focus is on residential location decisions and/or provision

of public goods more than on specific educational outcomes. By contrast, I use student-level data on school

attendance and test scores while modeling school inputs in order to see what the effect of different charter

school policies would be on policy-relevant outcomes like the test scores of students attending charter and

public schools.

22Hanushek et al. (2007) regresses the probability of charter school attendance on a school-specific fixed effect and finds that
students are more likely to attend charter schools with higher fixed effects but does not say why these fixed effects may differ.

23Nechyba (2000)
24One exception is Chakrabarti (2008), where the author models competition between public schools and private voucher

schools, and estimates implications of the model using a difference-and-differences approach.
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2 Model

The model is structured as a one-period game played in each market and time period. A market is the

attendance zone for a public school, which captures the idea that students are typically assigned to attend

a public school based on where they live. There are three types of players: students, a public school, and

a potential charter school entrant. Each market is endowed with a measure of students. Students differ by

ability and their location within the market, which are drawn from independent market-level distributions.

Every market is also endowed with a public school and a potential charter school entrant: each has its own

exogenous level of per-pupil capital and location within the market.25

The game has three stages. At the beginning of the period, the charter school decides whether to enter

the market. If the charter school enters the market, the public school and the charter school simultaneously

choose effort levels. Otherwise, the public school is a monopolist and chooses the monopoly level of effort.

In the last stage, if the charter school has entered, students choose between schools. Otherwise, all students

are assigned to the public school.

On the supply side, schools’ objective functions depend on test scores, school size, and the cost incurred

by the school from exerting effort.26 Charter and public schools differ in their production technologies

and the parameterization of their objectives; that is, how they weigh test scores versus school size and the

parameters of their effort cost functions. In markets where charter schools have entered, both public and

charter schools choose effort from a continuous interval to maximize their objectives given the strategies of

the other school and of the students. This chosen effort level is required of all students at a given school.

On the demand side, students differ by ability and location within the market.27 Their utility is a function

of their own test score, the non-pecuniary cost of attending the school they choose, and a preference shock.

The cost of attending a school consists of the cost of exerting the effort level chosen by the school and a

distance cost of commuting to the school.28 Students of all abilities face the same effort cost per unit of

effort, and all students attending a particular school pay the same effort cost; that is, effort is a school-level,

not student-level, variable.

I prove existence of a subgame perfect Nash equilibrium of the period game. In the equilibrium of the

charter school entry subgame, high-ability students are more likely to attend the school with higher-effort

workloads than low-ability students, ceteris paribus. This means that, even though neither charter nor public

25Neither charter nor public schools are assumed to be restricted in size because capital is a per-pupil measure.
26Different effort costs are incurred by students and both types of schools.
27By “ability” I mean the student-specific, time-invariant component of student test scores.
28I assume that households with multiple children make school attendance decisions independently for each child. This means

I do not allow for correlations in their shocks or scale effects on the distance cost.
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schools are allowed to explicitly admit the best students, they may be able to induce differences in the ability

distributions of their students by choosing higher effort levels. Moreover, because the relative importance

schools place on average test scores, school size, and the cost of exerting effort are parameters I estimate, the

model can accommodate either a positive or negative spillover effect of the presence of a charter school on

the test scores of public school students within the market. This is important because much of the debate

about charter school expansion is focused on the spillover effect onto public school students.

2.1 Notation

A market is the attendance zone for a public school, meaning there is one public school in each market,

denoted tps (for “traditional public school”). There is one potential charter school entrant in each market,

denoted ch. Schools are indexed by s, and students are indexed by i. The model exposition and analysis

will be for schools and students in one market and period. I start with students because they take school

actions as given and it is most natural to solve the game backwards.

Variables in bold denote the pair of variables for both schools in a market, for example k = (kch, ktps) is

the vector of school capital levels for the market. Also, ·̃ denotes the natural logarithm of a variable.

2.2 Students

There is a continuum of students of measure µ in the market. A student i ∈ I has ability ai, where ai ∼ F (ai)

with density f(ai). Students have only one decision each period – they choose a school s ∈ Si, their school

choice set. If there is a charter school in student i’s market then Si = {tps, ch}, otherwise Si = {tps}.

Denote student i’s school choice si = 1 if i chooses to attend the charter school.

Students care about the test score they would receive at a school s, yis, and the non-pecuniary cost of

attending a school cis.
29 They also receive a choice-specific preference shock ηis ∼ N

(
0, σ2

η

)
. Student i’s

choice-specific utility takes the form

uis = yis − cis + ηis. (1)

The test score yis is a function of ability, school inputs eos and ks, and a productivity shock νyis. The

student takes school inputs — realized school-wide effort, eos, and per-pupil capital, ks — as given.30

yis = ai(e
o
s)
βeskβkss + νyis, (2)

29Neither traditional public schools nor charter schools may charge admission.
30I distinguish between “realized” or “observed” effort, eos, and that chosen by the school, es, because there is a productivity

shock on the chosen level of school effort. I show how this enters in the next subsection.
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where νyis ∼ i.i.d.N
(
0, σ2

νy
)
.

Student i’s cost of attending school s is composed of the realized school effort, eos, distance from the

student to the school, ris, and a fixed cost of attending the charter school, cch, according to

cis = cee
o
s + crris + cch1{s=ch}. (3)

None of the parameters ce, cr, or cch are assumed to be “costs” in the estimation of the model, as their signs

are unrestricted. A student knows its own ability and the preference shocks, productivity shocks, capital,

realized effort, and distance for the two schools before making its school choice

γi = arg max
s∈Si

{uis}. (4)

Note that ability enters the model only through the test score, which implies that the student utility

function satisfies the single-crossing property in ability: given the same set of shocks and distances to the

two schools, a high-ability student has higher utility than a low-ability student from attending a school with

high effort.

2.3 Schools

Because each market is endowed with a public school, public schools have no entry decision. Denote the

potential charter school entrant’s entry decision z ∈ Z = {0, 1}. Each school is endowed with a capital level

and location within the market, and the potential charter school entrant knows both schools’ capital levels

and locations before making its entry decision.

If the charter school has entered the market, both types of schools make an effort decision, es. The

school’s objective is a weighted average of four elements: average test score of students at the school (ȳs),

total test score of students at the school (ȳsµs), school size (µs), and the cost of exerting the realized (i.e.

observed) level of effort (ces
31):

vs(es, e−s|νe) = δys1ȳs + (δys2ȳs + 1)µs − ces, (5)

where νes is an independently distributed effort productivity shock that is realized after the school chooses

31I suppress the dependence of the cost function on school effort choices and the effort productivity shocks.
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its effort level, and which determines observed effort according to

eos = esν
e
s ,

where ν̃es ∼ N
(
0, σ2

νe
)
. Although I suppress dependence on the last of these, the pair of observed school

efforts, eo, pair of effort productivity shocks, νe, and capital levels, k, enter each school’s objective because

students take both pairs into account when choosing schools – which in turn enters the school’s average test

score and size.32 The school’s cost of exerting effort is a convex function of expended effort that allows for

interactions between effort and both capital and school size

ces = ψs1e
o
s + (eos)

ψs2 + ψs3e
o
sµs + ψs4e

o
sµ

2
s + ψs5e

o
sks + ψs6e

o
sk

2
s . (6)

School size, µs, enters the school objective with a coefficient of 1, which means that the remaining school

parameters are enumerated in terms of the school’s valuation of size. The school’s incentives may be thought

of from the perspective of the school principal – school size enters the principal’s objective because if no

students attend the school she may be fired. The schools’ direct preferences for average test score, δys1, and

total test score, δys2, capture the idea that, in addition to caring about the size of their school, principals

want the students to do well.33 If the average test score did not directly enter the school’s objective function

(δys1 = δys2 = 0), then the model would predict that monopoly public schools would exert no effort if the

cost of effort is positive, because they would draw all students in their market and could avoid paying any

effort exertion cost by doing so.

The charter school enters if and only if the charter is in expectation viable, that is, if

Eνe [v∗ch|νe] ≥ v, (7)

where v∗ch is the value of entry for the charter school in the entry subgame equilibrium, given a chosen effort

pair (please see Section 2.4 for equilibrium definition and derivation) and v is a random variable, known to

the charter school, which denotes an exogenous fixed cost of entry and operating.34

The monopoly objective does not allow for students to choose the charter school, so the public school

32I also suppress the dependence of average test score and school size on (eo,k) for notional ease.
33There are some institutional features this captures as well, such as No Child Left Behind, which punishes schools for failing

to meet certain levels of test score growth.
34This is actually drawn per market and time period vtm, but I am suppressing the t and m subscripts to simplify exposition.
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serves all students in the market

vtps(etps|νetps)mono = δy,tps,1ȳtps + (δy,tps,2ȳtps + 1)µ− ce,tps. (8)

Note that because students in monopoly markets have no school choice, the average ability for students

attending the monopoly public school is the market average, ā, and the measure of students attending is µ,

the market size.

If there is a charter school in the market, each school solves35

γs = arg max
es

Eνe [vs(es, e−s|νe)], (9)

which says that each school chooses its own effort, es, to maximize its expected objective, given the action

of the other school, e−s and the pair of effort productivity shocks, νe. If there is only a public school, the

school solves

γmonotps = arg max
etps

Eνetps
[
vmonotps (etps|νetps)

]
. (10)

2.4 Equilibrium

2.4.1 Equilibrium Characterization

In this section I characterize the charter school entry decision and show how I solve for the equilibrium of

the charter school entry subgame. Figure 1 shows the timing of school decisions. Schools take into account

the market size, ability and distance distributions in a market in a time period, as well as capital levels

and per-pupil revenues at both schools when choosing their own effort levels. A student knows his own

ability and distance from either school, and sees effort, capital, and preference and productivity shocks for

both schools, and makes a school attendance decision. If there is no charter school, all students choose the

public school, which chooses the monopoly level of effort. The solution concept is subgame perfect Nash

equilibrium, where the potential charter school entrant makes an entry decision in the first stage based on

the expected payoff in the entry subgame. The Law of Large Numbers implies that the measure of students

attending each school and each school’s average test score are known exactly, given the productivity shocks

νe.

35In the estimation, I solve a slightly modified version of the school’s problem where I do not integrate over the distribution
of effort productivity shocks in solving for effort and entry decisions to ease the computational burden. I have verified that the
solutions are similar with and without this integration.

14



Figure 1: Extensive form for the charter school entry decision and subsequent school effort choice subgame.
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Let M denote the set of measures of students, Fa denote the set of ability distributions, R denote the

set of student distance distributions, K be the set of school capital levels, ∆µ denote the set of per-pupil

revenues, E the set of effort levels chosen by schools, A denote the set of abilities, R the set of student

distances, Eo denote the set of observed effort levels for schools, NU be the set of productivity shocks, ETA

be the set of preference shocks, and S be the set of schools.

The strategies of students and schools in the entry subgame are

Schools: γs :M×Fa ×R2 × (K)2 ×∆2
µ × E 7→ E

Students: γi : A×R2 ×K2 × (Eo)2 ×NU2 × ETA2 7→ S

Definition 1. An Entry Subgame Equilibrium is a vector of student choices s∗i and school effort levels e∗

such that

1. s∗i = γi (ai, ri,k, (e
o)∗, νi, ηi) maximizes student utility for students i ∈ I and

2. e∗s = γs
(
µt, Fa,R,k,∆µ, e

∗
−s
)

is the best response for schools s ∈ {tps, ch}.

Proposition 1. Existence of Entry Subgame Equilibrium

Proof. Please see Appendix A.

Definition 2. A Monopoly Subgame Equilibrium is a vector of student choices s∗monoi and public school

effort level e∗monotps such that

1. s∗monoi = 0 for students i ∈ I and

2. e∗monotps = γmonotps

Definition 3. A subgame perfect Nash equilibrium for the charter school entry game is an entry decision

z∗ and student and school decisions (s∗i , e
∗, s∗monoi , e∗monotps ) such that

1. Given an entry cost shock v and entry subgame decisions (s∗i , e
∗), z∗ = 1 if Eνe [v∗ch|νe] ≥ v and 0

otherwise,

2. for z∗ = 1, the subgame equilibrium is an Entry Subgame Equilibrium, and

3. for z∗ = 0, the subgame equilibrium is a Monopoly Subgame Equilibrium.

I solve the model by first computing the market equilibrium for the entry subgame and then comparing

the equilibrium value to the charter school with its entry cost shock to determine the entry decision. In the
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subgame, I first solve for student demand as a function of school effort choices, given capital levels, ability,

and distances both schools. Note that, because I need to know how far a student is from both schools to

compute student school choice probabilities, I solve the model, given school effort choices, for students of

each distance bin and then compute school size and average abilities at each school by summing over all

bins in the market using to the market distance distribution. I then plug the school size and average ability

at each school into the school objectives (they enter through both the measure of students attending each

school µs and the average test scores at each school ȳs) and solve for the Nash equilibrium in school effort,

given charter school entry.

A student with ability ai knows realized effort levels, capital, and distances for both schools and all other

shocks and chooses a charter school if and only if

yi,ch − ci,ch + ηi,ch ≥ yi,tps − ci,tps + ηi,tps

ai(e
o
ch)βe,chk

βk,ch
ch − ceeoch − crri,ch − cch + νyi,ch + ηi,ch︸ ︷︷ ︸

εi,ch

≥ ai(eotps)βe,tpsk
βk,tps
tps − ceetps − crri,tps + νyi,tps + ηi,tps︸ ︷︷ ︸

εi,tps

ai

(
(eoch)βe,chk

βk,ch
ch − (eotps)

βe,tpsk
βk,tps
tps

)
︸ ︷︷ ︸

∆(xβ)

+ (εi,ch − εi,tps)︸ ︷︷ ︸
∆εi

≥ ce(eoch − eotps)︸ ︷︷ ︸
∆ce

+ cr (ri,ch − ri,tps)︸ ︷︷ ︸
∆cri

+ cch︸︷︷︸
∆cch

ai∆(xβ) + ∆εi ≥ ∆ce + ∆cri + ∆cch︸ ︷︷ ︸
∆ci

, (11)

where ∆εi ∼ N
(
0, σ2

∆ε

)
and σ2

∆ε = σ2
νych

+ σ2
νytps

+ 2σ2
η. Equation (11) says that if the charter school has

higher net effective school inputs, ∆(xβ) > 0, higher ability students are more likely to attend it than low

ability students, because students of all abilities pay the same non-pecuniary cost of attending either school.

Ability is assumed to be distributed normally within the market according to N
(
µa, σ

2
a

)
, so the left hand

side of (11) is the sum of two independent normals which is distributed according to

ai∆(xβ) + ∆εi ∼ N
(
µa∆(xβ), σ2

a∆(xβ)2 + σ2
∆ε

)
. (12)

This provides a simple expression for the measure of students attending the charter school, given a distance

difference ∆cri, µr,ch:

µr,ch(∆cri) = 1− Φ

(
∆ce + ∆cri + ∆cch − µa∆(xβ)√

σ2
a∆(xβ)2 + σ2

∆ε

)
, (13)
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where Φ denotes the standard cumulative normal distribution.

There are ρ ∈ 1, . . . , R separate distance pairs in the market, each with a measure µρ. Therefore, the

total measure of students at the charter school is the sum of the measures of students of each distance,

weighted by the measure of each distance level µρ

µch =

R∑
ρ=1

µρµρ,ch(∆cρi). (14)

A student with ability ai and relative charter distance cost ∆cri will choose the charter if and only if

∆εi ≥ ∆ci − ai∆(xtβ),

which happens with probability Φ
(
ai∆(xtβ)−∆ci

σ∆ε

)
. By Bayes’ Rule, the average ability of student attending

the charter school is

ār,ch(∆cri) =

∫
ai

aifr(ai|si = 1)dai, (15)

where

fr(ai|si = 1) =
Φ
(
ai∆(xtβ)−∆ci

σ∆ε

)
f(ai)

µr,ch(∆cri)
(16)

is the density of the ability of students at the charter school, which takes into account their probability of

selecting it. As with the measure of students attending the charter, the average ability of students attending

the charter school is the weighted average of the average abilities of students attending the charter school

from each bin:

āch =

R∑
ρ=1

µρār,ch(∆cri). (17)

I solve for µtps and ātps analogously. After solving for ās, the average test score at school s is

ȳs = ās(e
o
s)
βeskβkss ,

which, along with µs, is plugged into the school objectives when I solve for the optimal effort level.

I cannot obtain an analytical expression for the equilibrium because I am integrating over the probability

of charter school attendance for each student in (15).36 I numerically solve for the entry subgame equilibrium

36Even if I characterize the equilibrium with school first-order conditions I still need to integrate over probabilities computed
from the normal CDF because the average test score interacts with the measure of students at each school.
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by iterating the best response functions for charter and public schools.37 The assumption that there is only

one potential charter school per market per time period eliminates multiple equilibria where more than one

charter may open in a market in a period. From the positive perspective, I do not believe multiple equilibria

help explain variation in the data because the story is about public and charter school competition and the

determinants of entry, not competition between charter schools.38 I do not have a proof that the equilibrium

in the entry subgame is unique but do not believe it poses a problem. Please see Appendix B for a discussion

of uniqueness.

2.4.2 Properties of the Equilibrium

Students make decisions stochastically from the schools’ perspectives, but students of the same ability and

pair of distances from the schools have the same probability of choosing the charter school. Figure 2.4.2

demonstrates the two benefits a school receives from increasing its own effort levels, given the other school’s

effort: there is a direct effect from the increase in the average test score from higher effort and an equilibrium

effect of higher average ability at the school. The latter effect follows from the single-crossing property in

ability in the student utility function. As charter school effort increases from very low values, the gain from

higher average ability outweighs diminishing marginal returns on effort in the test score production function.

At higher values of effort, however, diminishing returns to additional increases in effort outweigh additional

gains in mean ability because most of the high ability students already attend the charter school. Therefore,

at higher charter school effort levels, the average test score at the charter school exhibits decreasing returns

in effort, given the effort level of the public school.

The entry subgame equilibrium allows for a negative or positive effect of charter school entry on student

test scores. If the charter school is much more productive per unit of effort exerted than the public school,

high ability students will attend it with very high probability. Depending on the weights public schools place

on test scores and effort exertion, relative to school size, a public school may not find it advantageous to try

and retain these students but rather may decrease its equilibrium effort from the monopoly level and cater

to below-average-ability students.

2.5 Discussion of Modeling Assumptions

In this section I discuss some of the modeling decisions I made in the model regarding the model’s primitives,

test score production, and school objective functions.

37Solving the system of two first-order conditions (one for each school) gives the same answer.
38Most middle schools that compete with at least one charter school compete with exactly one charter school.
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Figure 2: Average ability and test score at charter increase with charter school effort
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2.5.1 Primitives

The model is structured as a static model in one period, which precludes public schools from investing in

capital to deter charter school entry. This assumption is not as restrictive as it may seem because individual

schools have little control over per-pupil funding, which is determined by property tax rates at the district

level in North Carolina.39

For tractability of both the student and school problems, I only allow one charter school entrant per

market. This assumption is supported by observed competition patterns in the data. Please see Section 3.1

for details and discussion of how I construct markets.

2.5.2 Test Score Production

The test score production function captures the idea that unobservable student ability may play an important

role in test score production, and allows public and charter schools to differ in the productivity of their inputs.

When combined with the student school decision, it allows students to sort on their own ability, given school

inputs. This is a prime inferential problem typically addressed in the literature on the effectiveness of school

inputs on student achievement. By explicitly modeling student decisions, I address this problem with a

parametric selection model where students choose schools based on their own ability, school inputs, and

productivity and preference shocks.

I adopt a non-conventional specification for the test score production function (2) in order to allow for an

interaction between individual ability and school inputs while maintaining the single-crossing property for

ability and tractability of the model.40 The test score production function also implies that only the ability

of a student, current inputs, and the current productivity shock (not the previous test score) determine the

test score. This assumption not only makes the student problem easier to solve41 but, more importantly,

makes the school’s problem tractable, as otherwise I would have to record the entire distribution of previous

test scores at the school and take it into account when considering the current effort choice.42

39If schools were able to invest in building a reputation over time, and this entered household demand, there may still be a
role for preemptive investments by public schools. This is beyond the scope of this paper, but is possibly interesting for future
research.

40With a Cobb-Douglas specification with multiplicative productivity shocks, a student with ability ai attends the charter
school iff

ai(e
o
ch)βe,chk

βk,ch
ch εi,ch − ci,ch ≥ ai(e

o
tps)

βe,tpsk
βk,tps
tps εi,tps − ci,tps.

The costs enter additively to allow for sorting on ability. Because the costs enter additively, I can’t separate the productivity
shocks from ability and inputs, which means that I would have to calculate a double integral for the shocks in order to obtain
the probability of that event for a student with ability ai. This would be my student demand function, which then needs to be
integrated over the ability distribution for every evaluation of each school’s objective.

41I do not have to record the previous test score in the student’s state.
42Although forward-looking behavior may be more realistic, estimates of the ability distribution and capital and effort

effectiveness from test score production functions with student fixed effects do not qualitatively change when lagged test scores
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Both capital and effort inputs are assumed to be the same for all students at the same school. The

assumption is innocuous for capital, because most school capital inputs are applied fairly evenly to students

at the schools,43 and even if they were, I do not have data that would allow me to distinguish otherwise.

By contrast, I observe effort choices for individual students. Assuming that there is only one effort level per

school per year, in addition to being typical in this literature, allows me to avoid solving for each student’s

effort choice. In doing so, I lose information on the variation on effort at a school that my data allow me

to pick up, which means that I may end up overestimating the variance of the ability distributions and test

score production shocks at schools.

2.5.3 School Objective Functions

The effort productivity shock, νes , makes the model estimable. Its interpretation is that the school chooses

a school-wide effort level but, being a reasonably large entity with several teachers, etc., the realized effort

level may differ slightly from that chosen by the school in the beginning of the period.

3 Data

I use administrative data on school- and student-level panels for North Carolina to estimate the model. The

data are taken from the universe of all North Carolina public and charter schools, and were provided by the

North Carolina Education Research Data Center (NCERDC),44 which collects and processes data on the

North Carolina public school system from the North Carolina Department of Public Education and National

Center for Education Statistics. The NCERDC data contain variables vital to my strategy of estimating

student-level test score production functions based on school-level inputs, and include detailed panels on

teachers, students, and schools in the North Carolina public school system – including data on charter

schools. For teachers, the data contain years of experience and the school in which they work. For students,

the data contain demographic characteristics, which school they attend, grade in school, standardized reading

and math test scores for students in grades 3-8 and grade 10, self-reported weekly hours of homework done,

and student household locations. School-level data contain variables that can be used to compute computers

per pupil and district per-pupil revenues.45

are included.
43Special education and gifted and talented student programs are notable exceptions. Charter schools tend to have much

smaller fractions of both types of students.
44The NCERDC’s website is http://www.childandfamilypolicy.duke.edu/project_detail.php?id=35
45Charter schools are considered to be their own school districts in North Carolina.
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3.1 Definition of Markets

In the model, markets partition the state of North Carolina. Each student lives in a market, which is defined

as the attendance zone for a public school. The schools within a student’s market constitute a student’s

choice set. I need to know each student’s choice set to estimate the model, but I do not observe the public

school a charter school student would have gone to or which charter school(s) the student chose among,

because North Carolina charter schools do not have geographic cut-offs for attendance.46 I address this

problem by assigning each charter school the public school closest in distance as its competitor – that is, the

charter school is in that public school’s market.47 This ensures that every charter school is competing with

exactly one public school.

In theory, a middle school could be competing with several charter schools, each of which in turn could

be competing with several middle schools. The former (one middle school competing with several charters)

would mean that a student’s choice set could include more than two schools and would fundamentally change

how I solve for student decisions in the model.48 In the data, four middle schools are the closest public school

for more than one charter, which would mean that students at these middle schools are choosing from more

than two schools (the middle school and more than one charter school). In these cases, I choose the charter

school that is closer to the public school as the charter school competitor and do not use the other charter

school (i.e. it is dropped from the analysis).

It is tempting, but not appropriate, to create markets based on observed competition patterns. For

example, say that a charter school has many students in attendance who transferred from two nearby public

schools. In this case, it would seem natural to combine the two public schools in one market. This method

poses a problem in counterfactual scenarios, however, since it does not tell me how to combine public schools

in areas where there are no charter schools, which is necessary in order to compute charter school entry

probabilities for all markets. I chose the above method, which is based on geographical restrictions, because

it provides a consistent definition of markets.

46I could use elementary school attendance to see which middle schools compete with charters by taking elementary schools
which send students to charters, and seeing which public middle schools those elementary schools also send students to. However,
more than half of charter school students in my data are never in public schools, so it is difficult to say which public middle
school they would have gone to based on their elementary school attendance.

47I found the neighbors using the STATA module GEONEAR (Picard (2010)). The module gives the closest geodesic distance
school for each charter school. Five charter schools were missing latitude and longitude, so I looked them up manually using
their addresses from the NCES (NCES (n.d.)) and Google Earth (Google (2010)).

48There is a simple expression for the probability that a student of a certain ability will choose the charter school when there
are two schools in the student’s choice set because productivity shocks are assumed to be normally distributed and the normal
distribution is closed under subtraction. I could use a multinomial logit, but the errors would no longer be conjugate with the
productivity shocks.
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3.2 Estimation Sample

The NCERDC data contain information on elementary, middle, and high schools for the years 1995-2006. I

restrict my analysis to middle schools, which I take to include grades 6-8. I do this for three reasons: 1) the

three school types may have different test score production functions, 2) I only observe standardized test

scores for the 10th grade for high school students and 3) middle school provides a natural decision-point for

students because most students switch schools between grades 5 and 6. I restrict my analysis to the years

1998-2001 because 1998 is the first year charter schools were allowed in North Carolina, and the 100-school

cap on charter schools was clearly not binding in 2001 (it comes close to binding in 2002 and 2003).49 By

using years well before the 100-school cap started binding, I avoid having to model the interdependence of

charter school entry decisions that would be induced by the cap.

The NCERDC data contain 1,128,935 observations (an observation is per student and year) for students

in public schools and 10,165 observations for students in charter schools in grades 6-8 during the years 1998-

2001. I exclude markets where public schools (and the associated charter schools) open or close during the

observation period (leaving me with 1,007,917 and 7,594 public and charter school students, respectively). I

also exclude students who are observed attending public schools outside their market, as I define it, because

they are choosing schools outside their choice sets (leaving me with 1,005,966 public and 5,574 charter school

students50). I further exclude students observed for only one year, or observed attending more than 2 schools

in the 3 years of middle school because the latter students are moving, which is also not part of the student’s

choice set (leaving me with 956,509 public school and 5,073 charter school students). Finally, I exclude

students missing standardized test scores, leaving me with a final estimation sample of 912,748 observations

of public school students and 4,941 observations for students in charter schools.

As noted above, I restrict the sample to markets that exist throughout the estimation period 1998-2001.51

This restricts the initial sample of 2,703 public school observations and 126 charter school observations with

at least one grade in the grades 6-8 to 2,366 public school observations and 108 charter school observations,

after removing charter schools associated with new or dead markets. Finally, I removed public schools

that had no children attending, after removing children from the sample as detailed above in the student

sample restrictions. The final estimation sample contains 496 public school markets per year over the period

1998-2001.

49This is only for the likelihood for school and student outcomes. As I discuss in Section 4.2.1, I also use data for the year
1997 to identify market ability distributions.

50Students who attend charter schools outside their markets have on average lower test scores and are more likely to be black.
51A small number of public schools either open or close during the observation period.
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3.3 Test Scores, Capital, and Effort

The NCERDC data contain standardized reading and math test scores for grades 6-8.52 The test score used

in the model is the average of the reading and math test scores, which is then normalized to have mean 0

and standard deviation 1 by grade so they are comparable across grades.53

The school inputs used for the per-pupil capital index are computers per pupil, teachers per pupil, and

fraction of teachers at a school with high experience (4 or more years). I treat experience in this way based

on Rivkin et al. (2005), which argues that after the first three years of experience, later years of teacher

experience have little, if any, effect on student achievement. I combine these into a per-pupil index.54 That

capital is a per-pupil measure in the model implies that there are no scale effects with respect to capital

for either charter or public schools.55 A school makes its decisions knowing the per-pupil level of capital it

would receive, and the same level of per-pupil capital is applied to all students in the school. The measure

of capital used in estimation is not the simple average of the three measures, but rather a predicted value

based on per-pupil revenue and school type (please see Appendix C for details). I treat per-pupil capital in

this manner because I need to know what it would have been for charter schools in markets charters have

not entered, where computers, teachers, and experienced teachers per pupil are not observed. By using the

predicted per-pupil capital levels as inputs for both types of schools, I treat per-pupil capital for public and

charter schools similarly.

I measure effort with self-reported data on the hours of homework students say they typically do per

week. I then average these data within each school, to create a school-wide effort variable per year. Recall

that effort in my model is a school-wide, not individual, choice. This is meant to capture broad differences

in workloads between charter schools and public schools. As with capital, effort is also assumed to be a

per-pupil measure applied evenly to all children in the school.

3.4 Distance Between Students and Schools

The distance between a student and each school in his choice set plays an important role in identification

of the test score production function parameters because it shifts the probability a student will attend the

charter school without directly affecting the test score (unlike student ability). Moreover, each school takes

52The tests are vertically scaled, which means that students in the 7th grade have average test scores that are higher than
the average of those in the 6rd grade and lower than the average for those in the 8th grade.

53The estimation sample has a mean test score of 0.05, since some observations are lost while making sample restrictions.
The standard deviation of the test score in the estimation sample is 0.95.

54The details of how I construct the index are in Appendix C.
55State funding is also per-pupil in North Carolina.
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into account the distance distribution (that is, the fraction of students that are rch km away from the charter

school and rtps km from the public school) of students in the market when choosing its effort level, and the

charter school must take it into account when making its entry decision. The NCERDC data contain both

student and school latitude and longitude, which I convert to compute geodesic distances using the Stata

module VICENTY (Nichols (2003).)

Because I need a distance distribution for every market, including markets where I never observe charter

school entry and therefore lack any data on student distances from charter schools, I discretize the distance

distribution for each market and model the relationship between the distance distribution for public schools

and charter schools, assuming that public school, charter schools, and students are all endowed with locations

within markets, and that all locations are observed by both types of schools and students (the details of

the discretization are in Appendix D.) This market distance distribution, in addition to closing the model

from the school’s perspective, also allows me to deal with missing student distances, which is of particular

importance for students who only ever attend charter schools because charter schools typically do not report

locations for their students.56 If I observe a student’s location at least once and it is missing in another year

I assume the student did not move and assign him the previous location, so long as he attends a school in

the same city as before.

3.5 Facts about Charter Schools in North Carolina

Charter schools in North Carolina are much smaller than public schools: they on average comprise 7% of a

market (the rest of the students attend the public school). Charter schools also have about three-quarters

of the per-pupil capital levels of public schools (0.41 versus 0.54). The following facts are pertinent to my

questions, as they show patterns for charter school entry, endogenous school effort, and student outcomes.

1. Charter schools enter larger markets and markets in which where they would have more resources

(Table 1).

2. The amount of time spent doing homework is higher in markets in charters and increases when a

charter school enters a market (Tables 2 and 3).

3. Student choices suggest sorting on ability. In the year before a charter school enters a market, students

who attend charters in the following year have 5% of a standard deviation higher test scores than those

who do not attend the charter in the following year.

56Telephone conversations with NCDPI indicate that charter schools often fill in less paperwork because they are understaffed
relative to public schools.
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4. Students in charter schools have the highest test scores, followed by students in public schools in

markets charters have entered, followed by students in public schools in markets without charters

(Table 4).

Table 1: Charter school entry probabilities by market characteristics

Fraction of Markets
with Charter Schools

Total 0.07

Per-pupil resources
Below median 0.02
Above median 0.12

Market size
Below median 0.06
Above median 0.09

Table 2: Average hours of homework done in a week

No Charter in Market Charter in Market
Public School 2.39∗ hours 2.69 hours
Charter School – 2.60 hours
∗ different from public schools and charter schools
in entry markets (p-value < 0.001)

Table 3: Hours of homework done in a week for public schools in markets with charter school in market

Before Charter After Charter
Entered Market Entered Market

2.58 hours 2.68 hours

4 Estimation

4.1 Likelihood

The one-period game is played in every market m ∈ 1, . . . ,M and time period t ∈ 1, . . . , T . In every

time period t in a market m, there is a new measure of students with abilities and locations within the

markets and a new public school and potential charter school entrant with exogenous per-pupil capital levels
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Table 4: Average test scores of students by school type

No Charter in Market Charter in Market
Public School 0.03∗ 0.06∗

Charter School – 0.13∗
∗ all means significantly different (p-value < 0.0001)

and locations within the market. The only links between two periods in the same market are the ability

distribution and whether a charter entered in the previous period in the market, which affects the entry cost

shock distribution.

The likelihood includes probability (or likelihood) statements for charter school entry decisions, school

effort levels, student school choices, and student test scores. Entry cost shocks vtm, effort productivity shocks

νestm, test score productivity shocks νyistm, and preference shocks ηistm are all assumed to be distributed

independently.

4.1.1 Timing of the game:

1. Potential charter school entrant observes capital levels57 for both schools ktm,58 the market ability

distribution Fm(ai), and its entry cost vtm.

• Potential charter school entrant makes entry decision ztm based on expected payoff to entry

Eνe

[
v∗ch,tm

]
and entry cost vtm.

2. Effort productivity shocks νetm are realized.

• ktm, e
o
tm are now observable to students.

3. Students receive test score productivity shocks νitm and preference shocks ηitm.

4. Students choose schools sitm.

• Test scores yoistm are assigned to students.

4.1.2 School Contribution to Likelihood

Charter school entry in markets with no charter:

57Capital levels kstm are not estimated within the model, but calculated according to the functions φksδ
µ
tps,t,m, where φks are

given outside the model. See Appendix C for details.
58Variables in bold font represent the vector of that variable for the two schools in a district.
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The potential charter school entrant in each market compares the expected value of entry Eνe

[
v∗ch,tm

]
,

which is a function of both school capital levels ktm and the market ability distribution Fm(ai), with the

period-specific entry cost shock ventry. In the first period of the model, or if the potential charter school

entrant did not enter in the market in the previous period, the potential charter school entrant enters

(ztm = 1) with probability

Pr{ztm = 1|zt−1,m = 0,ktm, Fm(ai)} = Φ

Eνe

[
v∗ch,tm

]
−µventry

σventry

 . (18)

Charter school entry in market where charter entered last period:

The potential charter school entrant in a market where there was previously a charter school entrant has

a similar problem, but the entry cost shock is drawn from a different distribution. Note that the assumption

is that a different potential entrant makes an entry decision in each year – the previous entrant’s decision

enters only through the parameters of the entry cost shock distribution. Its probability of entry is

Pr{ztm = 1|zt−1,m = 1,ktm, Fm(ai)} = Φ

Eνe

[
v∗ch,tm

]
−µvoperating

σvoperating

 . (19)

Effort level at school s given a charter school in the market:

The likelihood of the observed effort in markets where charter schools have entered is simply the density

of the difference between effort predicted by the model (i.e., that chosen in equilibrium by each school) and

the observed effort (i.e., chosen effort augmented by the effort productivity shock):

L{eostm|ztm = 1,ktm, Fm(ai)} =
1

σνe
φ

(
ẽostm − ẽ∗stm

σνe

)
(20)

where .̃ denotes the natural logarithm of a variable and e∗stm is the duopoly equilibrium effort level.

Effort level at public school given no charter school in the market:

L{eotps,tm|ztm = 0,ktm, Fm(ai)} =
1

σνe
φ

(
ẽotps,tm − ẽ

∗monopoly
tps,tm

σνe

)
(21)

4.1.3 Student Contribution to Likelihood

Student likelihood statements are all conditional on ability ai, which is integrated out in the likelihood

function according to the market ability distribution.
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School choice for student i with ability ai given a charter school in the market:

The probability student i attends the charter school (soitm = 1) is a function of observed school inputs

(ktm, e
o
tm), the pair of distances from the student to both schools ritm, and own ability ai. This was derived

in equation (11) in Section 2.4.

Pr{soitm = 1|ztm = 1,ktm, e
o
tm, ritm, ai} = Φ

(
ai∆(xtmβx)−∆citm

σ∆ε

)
(22)

Test score for student i with ability ai at the charter school, given a charter school in the market:

The observed test score of a student attending the charter school yoi,ch,tm is a function of student ability

ai, charter school test score production function parameters βe,ch and βk,ch, observed school inputs eoch,tm

and kch,tm, and a test score productivity shock νyi,ch,tm. The test score production function is repeated here

for convenience. The test score yistm is a function of ability, school inputs eostm and kstm, and a productivity

shock νyistm:

yistm = ai(e
o
stm)βeskβksstm + νyistm.

From the test score production function, the unconditional distribution of the observed test score of a student

with ability ai attending the charter school is

y0
i,ch,tm ∼ N

(
ai(e

o
ch,tm)βe,ch(kch,tm)βk,ch , σ2

νy
)
,

but this does not control for the fact that the student is choosing the charter school based on information

about the productivity shocks at both schools. The distribution of the observed test score of the student,

conditional on attending the charter school must take into account the conditional mean µνy|s=ch and

standard deviation σνy|s=ch of the test score productivity shock. In particular, student i chooses the charter

school if and only if

∆εitm ≥ ∆citm − ai∆(xtmβx), (23)

so the conditional distribution of νych is the density of a bivariate conditional normal distribution, where

there is truncation in ∆εitm according to (23).59

L{yoi,ch,tm|ztm = 1,ktm, e
o
tm, ritm, ai, sitm = 1} = fνy|s=ch(y0

i,ch,tm|ztm = 1,ktm, e
o
tm, ritm,ai).

59Please see Appendix E for the actual form and derivation of fνy|s=ch and fνy|s=tps.
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Test score for student i with ability ai at the public school, given a charter school in the market:

The test score for a student attending the public school in a market with charter school entry is similar,

but the density of the test score productivity shock νytps is conditional on the opposite truncation because

the student is attending the public school:

L{yoi,tps,tm|ztm = 1,ktm, e
o
tm, ritm, ai, sitm = 0} = fνy|s=tps(y

0
i,tps,tm|ztm = 1,ktm, e

o
tm, ritm,ai).

Test score for student i with ability ai given no charter school in the market:

This is simply the unconditional density of the test score, as there is no selection of schools by students

in markets without charter school entry.

L{yoi,tps,tm|ztm = 0,ktm, e
o
tm, ai, sitm = 0} =

1

σνy
φ

(
ai(e

o
tps,tm)βe,tps(ktps,tm)βk,tps − yoi,tps,tm

σνy

)
(24)

The likelihood function combines the previous probability and likelihood statements for markets and

students and integrates over the ability distribution in a market, given all the data X and parameters θ (X

and θ are suppressed in the right-hand-side):

L(θ|X) = (
∏
m∈M

∏
t∈2,...,T

Pr{zotm = 1|zot−1,m}z
o
tm(1− Pr{zotm = 1|zot−1,m})(1−zotm))

Pr{zo1m = 1|zo0m = 0}z
o
1m(1− Pr{zo1m = 1|zo0m})(1−zo1m)·

(
∏
m∈M

∏
s∈Stm

∏
t∈T

(
L(eoch,tm|zotm = 1)L(eotps,tm|zotm = 1)

)zotm L(eotps,tm|zotm = 0)1−zotm)·

(
∏
m∈M

∫
ai∈Am

(
∏
i∈Itm

∏
t∈T

((Pr{soitm = 1|ai}L(yoi,ch,tm|zotm = 1, soitm = 1, ai))
soitm ·

((1− Pr{soitm = 1|ai})L(yoi,tps,tm|zotm = 1, soitm = 0, ai))
1−soitm)z

o
tm ·

L(yoi,tps,tm|zotm = 0, ai)
1−zotm)dFm(ai)) (25)

I maximize the likelihood using APPSPACK (Gray and Kolda (2006)), which is a derivative-free opti-

mization program that is designed for easy parallelization.
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4.2 Identification

4.2.1 Market Ability Distributions

The ability distribution for each market is assumed to be normally distributed. The market ability distri-

bution is, in principle, non-parametrically identified, but the it is normally distributed makes some parts of

the school objective much easier to solve.60 The market ability distribution enters both the school problem

through the charter school entry decision and subsequent school effort choices and student likelihood state-

ments. In this section I show how I recover the mean and variance of each market’s ability distribution.

The recovered market ability distributions are functions of the public school test score production function

parameters, so they must be recovered jointly with the estimation of the model. Even though ability is

inherently unobservable, by recovering it I can treat it as it were observed when I integrate over ability in

solving the school maximization problems and student likelihood statements.

I use the public school production function for 1997, the year before charter school authorization in North

Carolina. Using the production function for public schools (2), the mean test score for market m in 1997

ȳtps,1997,m is

ȳtps,1997,m =

∫
a

∫
ε

yi,tps,1997,mfε(ε)fm(a)dεda

=

∫
a

a(eotps,1997,m)βe,tpsk
βk,tps
tps,1997,mfm(a)da+

∫
ε

εfε(ε)dε

= (eotps,1997,m)βe,tpsk
βk,tps
tps,1997,m

∫
a

afm(a)da+ E [εi,tps,1997,m]︸ ︷︷ ︸
0

= ām

(
(eotps,1997,m)βe,tpsk

βk,tps
tps,1997,m

)
(26)

where fm, the ability distribution of market m, is assumed to be invariant over time in each market. The

key here is that I can use the test score distribution before charter school entry to solve for the parameters

of the ability distribution because there was no choice of schools available in the year before entry, obviating

controlling for selection on either ability or test score productivity shocks. Given data on the observed inputs

in the market in 1997, eotps,1997,m and ktps,1997,m, and the public school’s test score production function

parameters βe,tps and βk,tps, I can recover the mean ability for the market ām jointly while estimating the

rest of the model. The variance of the test score σ2
y,tps,1997 can be written as a function of the variance of

60This can be seen when I derive the school objective in Section 2.4, where the measure of students attending a particular
school from a certain distance bin can be written in terms of the normal distribution function. The average ability of students
from each bin still requires integration over the ability distribution, which I do numerically when solving the model.
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ability in market m, σ2
a,m, observed inputs, and the variance of the test score productivity shock σ2

νy

σ2
y,tps,1997,m = σ2

a,m

(
(eotps,1997,m)βtps,ek

βtps,k
tps,1997,m

)2

+ σ2
νy .

If only data from 1997 are used for each market, the variance of the ability distribution cannot be separated

from that of the test score productivity shock. I therefore fix σ2
νy in the estimation. Note that, although

the variance of the test score productivity shock may be recovered using only the 1997 data, it is in theory

possible to use more than one year of data to recover it. Note that the chosen level of the variance of νy

affects the importance attributed to the ability distribution, which may affect outcomes for counterfactual

scenarios by over- or under-emphasizing its role relative to test score productivity shocks.

4.2.2 School Effort

In many models, effort taken by agents is unobservable. For example, unobservable effort plays a key role

in moral hazard problems. In my model, schools commit to a chosen effort level at the beginning of the

school year and then receive an effort productivity shock which augments it. The key is that I have data on

effort, average weekly hours of homework done by students at each school, which means that it is trivially

identified.

4.2.3 Test Score Production Functions

It is difficult to separate student ability from the productivity of school inputs in the presence of student

sorting on ability, which the model predicts will typically occur. The productivity of inputs may be estimable

due to restrictions imposed by functional form, but it is preferable to identify test score production function

parameters using variation in the data. I use data on the distance from a student to the public and charter

schools in estimating the probability a student will attend the charter school. Changes in these distances,

so long as they do not imply a change in the ability distribution, shift the probability a household would

attend the charter school without changing the test score. This approach has been taken by others, such as

Cullen et al. (2005), where the authors use distance from a school as an instrument for the probability of

school attendance.
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4.3 Missing Data

I assume data are missing randomly. There are some charter school observations where homework was not

reported for any students, so those schools did not contribute to the effort likelihood. As I discussed in the

sample restriction section, about 5% of observations in charter and public schools are missing test score data,

so these students also do not contribute to the likelihood as they are excluded.

More importantly, about two-thirds of the students in charter schools are never observed attending public

schools, which, when combined with the fact that charter schools tend not to report student locations, means

that it is unlikely that I observe their addresses. The assumption that these addresses are missing at random

may be justified by the fact that an indicator for whether the address is missing is not significantly associated

with a student’s test score when controlling for student ethnicity. I integrate over students’ market distance

distributions for all students missing location data.

5 Estimation Results

5.1 Parameters

Table 5 shows the estimated parameters for the model. The first four rows are the test score production

function parameters. Recall that all public schools share the same test score production technology, and

all charter schools share (a different) test score production technology – that is, there is no heterogeneity

within public schools or within charter schools. Charter schools are more productive than public schools in

both capital (βkc = 0.08 vs. βkp = 0.00)61 and effort (βec = 0.19 vs. βep = 0.06), and both schools are

more productive in their effort input than capital input. The low marginal productivity of per-pupil capital

at public schools is consistent with the general finding of Hanushek (2003), which argues that increased

pupil-teacher ratios and per-pupil expenditures have not resulted in substantial increases in achievement for

students at public schools.

The disutility of effort is negative (ce = −0.23), which means students prefer attending the school where

they have to work harder, even controlling for higher test scores. The per-kilometer distance cost is about

one-third of a standard deviation (cr = 0.29) of test scores. The disutility from attending a charter school

is quite large (cch = 3.75), which is what allows the model to fit revealed student school choice probabilities

given the higher productivity of charter schools and the relatively small distance cost of commuting to a

61βkp is actually positive but quite small.
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school.62 The disutility from attending a charter school may also capture capacity constraints on charter

schools, which are not explicitly modeled.

In the school effort cost functions, charter schools have much larger diseconomies of scale from exerting

effort than public schools (ψec3 = 39 > ψep3 = 4). Both schools pay a cost of exerting effort that is mitigated

by higher levels of capital (ψec5 = −54, ψep5 = −16). There may be an intuitive explanation for this: Higher

per-pupil capital levels may make it easier for the school to create, assign, and grade homework because

there are more computers per student or if there are smaller class sizes.

Finally, as expected, the mean of the entry cost shock distribution is much lower when there has already

been a charter school in the market in the previous period (µv,given entry = −49 < µv = 112). This captures

the persistence of charter school entry in the data.

5.2 Model Fit

The model fits basic charter school entry, charter and public school effort, and student test score patterns for

North Carolina. Table 6 shows the fraction of markets of certain characteristics with charter schools. The

first row is the observed and predicted overall fraction of markets with charter schools over the estimation

period 1998-2001. The model also captures the fact that charter schools are more likely to enter markets

where they would receive higher per-pupil capital (data rows 2 and 3) and larger markets (data rows 4 and

5).63 The model slightly over-predicts overall entry and entry in high-capital and large markets, which may

be explained by the fact that I am not explicitly targeting these moments in the data, but rather am trying

to fit observed entry patterns for all markets using maximum likelihood.

Table 7 shows that the model is capable of reproducing patterns of the observed school effort levels in

the data: charter and public schools in markets where charter schools have entered exert higher levels of

effort than public schools in monopoly markets. This is because charter schools enter markets with higher

mean abilities, higher per-pupil capital levels, and the competitive effect of charter school entry. Again, the

predicted means may be slightly off because I do not explicitly target these means in the estimation, but

rather the relationship between observed and predicted effort in all markets. Table 8 shows that the model

also fits the relationship between school capital and effort. Charter schools in markets where the charter

schools have above median per-pupil capital exert more effort than they do in markets with below median

per-pupil capital. The same is true for public schools both in markets with and without charter school entry.

62The distance cost is on average effectively larger for students to attend a charter school.
63Recall that per-pupil capital at charter schools is based on a prediction, so it exists even in markets where the charter

school has not entered.
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Table 5: Parameter Estimates∗

Parameter Estimated Value Description

Test score production function
βec 0.187 productivity of effort, charter school
βkc 0.080 productivity of capital, charter school
βep 0.062 productivity of effort, public school
βkp 0.000 productivity of capital, public school

Student cost
ce -0.233 student effort cost
cr 0.293 student distance cost
cch 3.752 student charter school attendance cost

School valuation of test scores
δyc1 0.000 value of average test score, charter school
δyp1 6.138 value of average test score, public school
δyc2 20.950 value of total test score, charter school
δyp2 36.475 value of total test score, public school

School effort cost functions
ψec1 4.643 disutility of effort, charter school
ψep1 0.914 disutility of effort, public school
ψec2 2.948 convex disutility of effort, charter school
ψep2 2.448 convex disutility of effort, public school
ψec3 38.553 effort, school size interaction, charter school
ψep3 3.903 effort, school size interaction, public school
ψec4 -28.543 effort, school size squared interaction, charter school
ψep4 -1.383 effort, school size squared interaction, public school
ψec5 -53.860 effort, capital interaction, charter school
ψep5 -16.606 effort, capital interaction, public school
ψec6 -46.315 effort, capital squared interaction, charter school
ψep6 0.366 effort, capital squared interaction, public school

Entry cost shock distributions
µv 112.000 mean entry cost distribution, market without entry last period
σv 37.250 st. dev. entry cost distribution, market without entry last period
µv,given entry -48.500 mean entry cost distribution, market with entry last period
σv,given entry 52.000 st. dev. entry cost distribution, market with entry last period

School preference shock
ση 2.320 st. dev. student school preference shock

∗ Standard errors are still being calculated
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Table 6: Fit: Charter school entry patterns by market characteristics

Fraction of Markets with Charter Schools
Observed Predicted

Total 0.072 0.092

Charter per-pupil capital
above median kch 0.118 0.156
below median kch 0.025 0.028

Market size
above median µ 0.086 0.121
below median µ 0.057 0.063

In general, schools exert higher effort in markets where they have higher per-pupil resources for two reasons:

capital directly augments test score production and also makes effort exertion less costly for schools through

the interaction between capital and effort in school effort cost functions. This latter effect is why public

schools exert higher effort in markets where they have higher per-pupil capital in spite of the fact that the

coefficient on per-pupil capital in the public school test score production function is small. Table 9 shows

that the model also captures the fact that charter schools exert higher effort in smaller markets, while public

schools exert higher effort in larger markets. This may be explained by the difference in scale effects at

charter and public schools: charter schools are estimated to have diseconomies of scale in their effort cost

functions.

Table 7: Fit: Mean Hours of Homework by School Type

Entry Markets Predicted Observed
Charter Schools 2.57 hours 2.66 hours
Public Schools 2.55 hours 2.69 hours

Monopoly Markets
Public Schools 2.40 hours 2.43 hours

Table 10 shows the fraction of students choosing the charter school in markets where charters have

entered. The model fits the pattern that charter schools are smaller than the public schools in markets they

have entered. The first data column, 0.072, is the average for all markets with charter schools. The second

data column presents the average fraction of students choosing the charter school for the full simulation

of the model – that is, first simulating charter school entry decisions and then school effort choices, and

simulating student school choices based on predicted school effort choices. The model over-predicts the size
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Table 8: Fit: Mean Hours of Homework by School Type, Conditional on School Capital, ks

Entry Markets Observed Predicted
Charter Schools
above median kch 2.74 hours 2.63 hours
below median kch 2.20 hours 2.24 hours

Public Schools
above median ktps 2.78 hours 2.58 hours
below median ktps 2.21 hours 2.39 hours

Monopoly Markets
Public Schools
above median ktps 2.51 hours 2.45 hours
below median ktps 2.35 hours 2.35 hours

Table 9: Fit: Mean Hours of Homework by School Type, Conditional on Market Size, µ

Entry Markets Observed Predicted
Charter Schools
above median µ 2.51 hours 2.52 hours
below median µ 2.89 hours 2.64 hours

Public Schools
above median µ 2.85 hours 2.7 hours
below median µ 2.46 hours 2.33 hours

Monopoly Markets
Public Schools
above median µ 2.49 hours 2.46 hours
below median µ 2.37 hours 2.33 hours
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of charter schools in markets with entry. When I compute the fraction of students attending the charter

school in markets where there was observed charter school entry and using observed school effort data, the fit

is much closer (third data column). The third column does not exactly match the first because the estimation

algorithm maximizes the sum of student and school likelihoods, as opposed to only the student contribution

to the likelihood. Because the fit from the full simulation (data column 2) is a bit off, I present most of the

counterfactual results conditional on school choice.

Table 10: Fit: Student School Choices in Markets with Charters

Observed
Model Model

Sim. Effort, Entry Obs. Effort, Entry
Fraction of Students

0.072 0.236 0.104
Attending Charters

Table 11 shows that the model captures the ranking average of test scores: students at charter schools

have the highest average test scores, followed by students attending public schools in markets charter schools

have entered, followed by students in public schools in markets without charters. The fact that public

schools are monolithic in test score production may explain the difference between predicted and simulated

test scores: one test score production function must explain test scores in public schools with and without

charter school entry. Because most markets do not have charter schools, the test score fit for markets without

charter schools is closer (.028 vs. .036). Charter school test scores must be even higher to rationalize the

school choice patterns in the data.

Table 11: Fit: Mean Student Test Scores

Observed Model
Sim. Effort, Entry

All Markets 0.046 0.047

Entry Markets
Charter Schools 0.128 0.252
Public Schools 0.059 0.071

Monopoly Markets
Public Schools 0.028 0.036

Finally, the model predicts that charter school entry is more likely in markets with higher mean abilities.

This follows from the positive weight charter schools place on student test scores, δyc2. For example, a unit

increase in the mean ability of students in a market is associated with an increase in entry probability of
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about 3% for markets where there was no charter school in the prior period.

6 Counterfactual Results

In this section I use the estimated model to investigate the three research questions posed in the introduction:

1. How has the presence of charter schools affected the test scores of students attending both charter and

public schools?

2. Given that charter school entry is often capped, what would be the effect of allowing charter school

entry in all public school markets on both the number of charter schools and student test scores?

3. Given that charter schools typically have lower levels of resources than public schools, what would be

the effect of equalizing per-pupil capital levels across charter and public schools on both the number

of charter schools and student test scores?

6.1 The Effect of the Presence of Charter Schools

In the first counterfactual (Question 1), I quantify the effect of charter schools in markets where charter

schools are already present. Previous attempts to quantify the effect of charter schools on test scores

have not taken into account the potential changes in inputs at public schools in response to charter school

competition. By using my model of endogenous school effort provision, I can ask what test scores would have

been in the absence of charter schools in all markets charter schools have entered. I implement this first by

simulating student outcomes if there were no charter schools, so that all students attend the public schools

in their markets, which act as monopolists. I then compare these student outcomes with those under the

status quo regime, where charter schools were allowed to enter markets (i.e. that presented in Section 5.2).

Table 12 shows that the test scores of both charter and public school students would be lower, but in

particular, students in charter schools have a larger drop in test scores when charters are not allowed. The

direct effect of charter schools, i.e. the effect of charter schools on students attending charters, is 19% of

a standard deviation in test scores. This is about 20 times larger than the competitive effect, that is, the

spillover effect of charters onto public school students in the same market.64 The slightly lower test scores

that students in public schools suffer when charter schools are banned suggest that the competitive response

to the presence of charter schools outweighs despite potential effects from “cream-skimming.” Both charter

64I do not present the overall change in the test score distribution for any of the three counterfactuals because I overestimate
the fraction of students attending charter schools.
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and public schools exert higher effort (0.159 hours for charters and 0.213 hours for public schools) than

monopoly public schools in markets where charter schools have entered, but the low productivity of effort

at public schools mitigates the effect of this decrease in school effort.

Table 12: Students Have Lower Test Scores When Charters Are Banned

Decrease Resulting From No-Charter Scenario
Average Test Score Average School Effort

Students attending charter in status quo 0.190 sd 0.159 hours
Students in public school in status quo 0.011 sd 0.213 hours
(market with new charter)

6.2 The Effect of Allowing Unrestricted Charter School Entry

The second counterfactual (Question 2) asks how lifting the cap on the total number of charter schools in

North Carolina would affect the fraction of markets with charter schools and average test scores in those

markets. I operationalize this by taking the set of markets without charter schools in 2001 (90% of all

markets) and simulating the model in these markets for 2002-2005, allowing unrestricted charter school

entry. Recall from Section 3.2 that I avoid explicitly modeling the cap on charter schools by estimating the

model using data from years well before the statewide cap in North Carolina started binding. Therefore,

I can use the model, as it was estimated, to ask what would be the effect of allowing unrestricted charter

school entry would be.

The results suggest the cap on the total number of charter schools in North Carolina was binding. The

average fraction of markets with charter schools increases from 11.1 to 12.5% during the period 2002-2005,

were charters free to enter all markets, which corresponds to an increase from 55 to 62 charter schools, on

average, per year. Recall that the probability of entry in a market is Markov, because it depends on whether

last period’s potential charter school entrant entered the market. When I use the average entry probabilities

over all markets and all years from 1998-2005, these Markov entry probabilities result in a steady state

distribution of charter schools in 60% of all markets. Table 13 shows that the impact of charter schools in

the additional markets that are entered in the simulation is similar to the effect in Question 1.

6.3 Increase Charter School Per-Pupil Capital to Public School Levels

In the third counterfactual (Question 3), I set the means of the per-pupil capital distributions for charter

and public schools equal, which amounts to increasing the per-pupil capital levels of all charter schools by
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Table 13: Student Test Scores Increase in Markets with Newly-Allowed Charters

Increase in Average Test Score
Compared with No-Charter Scenario

Students in new charter 0.202 sd
Students in public school 0.001 sd
(market with new charter)

approximately one third. I then quantify the effect of charter school entry over the period 1998-2001, as I

did in Question 1, given the new charter school per-pupil capital levels.65 The counterfactual is motivated

by the policy debate over whether charter schools should be funded at the same levels as public schools. The

policy may be considered budget-neutral when compared with a scenario with no charter schools, because

in that case, all students would have the same per-pupil capital levels as in this policy.

Table 14 shows that test scores for students attending charter schools increase dramatically and are

accompanied by an increase in the test scores for public school students in markets with new charter schools.

Moreover, charter schools now enter 33% of all markets, up from 9% under the status quo from 1998-

2001. The increased penetration comes from charter school expansion into new markets that have low mean

ability when compared with markets charters previously entered. Also, charter schools are 60% larger in

the simulations. This is because students value the increased capital available at the charter schools, which

increases their test scores without affecting the effort cost associated with attending charters, ceteris paribus.

In addition, charter school effort increases to 3.47 (up from 2.57). Test scores of charter school students are

on average higher when charters have higher per-pupil capital levels, but some of the gains are mitigated by

the fact that charters are now entering markets with lower mean abilities.

Table 14: Student Test Scores Increase More when Charters Receive More Capital

Increase in Average Test Score
Compared with No-Charter Scenario

Students in charter school 0.234 sd
Students in public school 0.028 sd
(market with charter school)

65This also assumes there are no restrictions on the total number of charter schools.
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7 Discussion

In this paper, I developed and estimated a structural model of charter school entry, student school choices,

and endogenous school inputs. The model fits key patterns in the data. I demonstrate that both the direct

effect and spillover effects of charter school entry are positive, although the direct effect is much larger than

the spillover effect of charter schools on public school students.

The estimates of the direct effect of charter schools on test scores may differ from those found in the

previous literature for three reasons. First, my estimates account for changes in public school inputs that

may occur in response to charter school entry. Second, the panel test score production function literature

typically uses different subsets of students than I did in order to estimate the effect of charter school entry:

they estimate the effect of charter schools on test scores by using students who came from public schools.

These students tend to have lower test scores than charter school students who are only observed in charter

schools. The counterfactual in which I calculate the impact of the presence of charter schools suggests that

charter schools do have a positive impact on the test scores of attendant students. The second counterfactual

suggests that allowing unlimited charter school entry would not result in charter school penetration in all

markets, and that the effect in new entry markets would be approximately the same as that in markets

charters entered between 1998-2001. Finally, the third counterfactual suggests that increasing per-pupil

capital at charter schools may be an inexpensive way to increase test scores of students because charter

schools are more productive given the same inputs.
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A Existence of Equilibrium 66

In order to use Brouwer’s Fixed Point Theorem, the pair of best-response functions must be continuous self-

map on a compact and convex set. First, I prove there is a unique best response of one school to another,

then that this best response function is continuous, and finally apply Brouwer’s Fixed Point Theorem. Note

that for this I assume certain restrictions on the parameter space: Cobb-Douglas production function with

decreasing returns and a convex effort cost.

Lemma 1. e∗ch = arg max e∈E vch(e|etps, x, θ) is strictly positive.

Proof. First, note that vch(0|etps, x, θ) = δµ,chµch(0, etps|x, θ), where µch(·) ≥ 0. Second, limech→0
∂vch(0|etps,x,θ)

∂ech
=

∞ due to the Inada conditions on the test score production function, because there will always be some mea-

sure of students attending the charter school due to the preference shocks.

Call v+
ch = max{vch, 0}. Note that v+

c is strictly quasi-concave, due to the strict concavity of vch when it

is above 0.

Lemma 2. The effort set E = [e, ē] is compact.

Proof. Let e = 0. Given any allowable vector of parameters θ there exists ēθ such that vch(ê) < 0, all ê > ēθ.

Let ē = maxθ ēθ. It exists, so the set is not empty.

Lemma 3. γch is continuous

Proof. Berge’s Maximum Theorem (Sundaram (1996)) requires a continuous objective v+
ch, and compact and

upper-hemicontinuous constraint set. Note first that the constraint set, E, is a fixed connected interval, so

it is trivially UHC. v+
ch is continuous, so the Maximum Theorem says the resulting correspondence which

is the argmax of v+
ch is UHC. Because v+

ch is strictly quasi-concave, there is a unique argmax to v+
ch, which

means that γch is a continuous function.

Lemma 4. There exists an equilibrium to the entry subgame.

Proof. Since Γ (ech, etps|x, θ) = (γch(etps|x, θ), γtps(ech|x, θ)) is a continuous self map on the compact and

convex domain E2, there exists an equilibrium by Brouwer’s Fixed Point Theorem,

66The proofs are for the case where there are no productivity shocks to the school’s chosen effort level. The results go through
in the case where there are shocks.
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B Uniqueness of Equilibrium

I cannot prove uniqueness equilibrium in the entry subgame but can rule out multiplicity of the charter

school entry decision, given a unique equilibrium in the ensuing entry subgame.

Lemma 5. There is no multiplicity in the charter school entry decision given uniqueness of equilibrium in

the entry subgame.

Proof. The charter school only receives one shock vtm, which it knows. It enters if and only if

vtm ≤ Eνe
[
v∗ch,tm

]
where Eνe

[
v∗ch,tm

]
is known since under the assumption of the lemma there is a unique equilibrium in chosen

effort levels of the entry subgame.

Although I do not have a proof that the entry subgame has a unique equilibrium, I have searched for more

than one equilibrium for a wide range of parameter values and have never found more than one equilibrium

in a market. Intuitively, there will not be multiple equilibria in the entry subgame so long as schools are not

too responsive to each other, which may be satisfied if the effort cost is sufficiently convex. I assume, for

the sake of estimation, that both schools know which equilibrium they are in, and that they always play the

same equilibrium.

C Construction of Capital Variable

There are several measures of school resources for charter and public schools in the NCERDC data, but many

are missing for many schools – especially charters. Moreover, I do not observe any school-specific resources

for charter schools in markets where there was no charter school entry, which are an input into the test score

production function and are therefore necessary for calculating the probability of charter school entry in a

particular market. Finally, it is not obvious how the different measures of school resources should enter into

the test score production function. What I need is a way to compute the subjunctive level of capital for

both charter and public schools given information that is always observable for the a market. Here is how

capital is constructed:

1. Convert measures (computers/pupil, teachers/pupil, experienced teachers/pupil) to percentiles.

2. Average (unweighted) these percentiles into one index for each school.
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3. Regress this index on inflation-adjusted per-pupil expenditures for the public school in each market,

using separate regressions for charter and public schools.

4. Use the predicted value from the above regression as the capital measure for that school type in that

market.

This measure always exists, so long as I have data on the per-pupil expenditures for the public school in that

market. The last step obviates my having to integrate over the errors in the cost functions when solving the

charter school’s entry problem. Also, it precludes a role for charter schools making entry decisions based on

unobservable information – that is, the predicted per-pupil capital levels are no different in expectation in

entry and non-entry markets with the same level of per-pupil expenditures. Although such variation may

play a role in charter school entry, I believe it is second order in addressing my question of charter school

entry. Finally, note that since capital is percentile-based, the model would predict that rank-preserving

changes in the capital distribution would have no effect in the economy.

D Construction of Distance Distribution

I need a distribution of distances for each market in order to solve for the equilibrium of the entry subgame.

There are two steps involved: 1) I discretize the distance distribution and 2) I model what the distance

distribution would be in a market where I do not observe charter school entry, which is key for evaluating

the probability that a charter school will enter a market.

D.1 Discretization of Distance Distribution

The data provide me with a continuous distribution of student distances, but I discretize this distribution

to avoid making an expensive two-dimensional integration over both ability and distance for students when

computing the value of the school objective functions when solving for entry subgame equilibria. I allocate

each student in every market-time unit to one of four bins, where each bin represents a different set of

distances to charter and public schools. A student is allocated to a bin if its distance to each school falls

within the distance cut-offs for that particular bin. For example, take a market with 3 students, j, k, and l,
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where the distances ris are

Student ri,ch ri,tps

j 0.5 1.1

k 2 0.75

l 2.5 0.25

I use the the median distance to the public school, 0.75, as the cut-off, so the criteria for the four bins are

Bin

1 {i : ri,ch ≤ 0.75, ri,tps ≤ 0.75}

2 {i : ri,ch > 0.75, ri,tps ≤ 0.75}

3 {i : ri,ch ≤ 0.75, ri,tps > 0.75}

4 {i : ri,ch > 0.75, ri,tps > 0.75}

The distance vectors and measure of the population in each bin are

~rch = [ −, 2.25, 0.5, − ]

~rtps = [ −, 0.50, 1.1, − ]

~µ = [ 0, 2
3 ,

1
3 , 0 ]

where I average over all the students in a bin to obtain the distance vector for that bin. For example, there

are no students within 0.75 km from both the charter and public school, so the first entry in ~µ is 0, and

the first entries of ~rch and ~rtps are undefined. There are two students (k and l) more than 0.75 km from

the charter school and within 0.75 of the public school, so the second element of ~µ is 2/3, and the average

distance of students in the second bin from the charter school is 2.25, while the average distance for students

in the second bin from the public school is 0.5 km.

D.2 Model for Distance Distribution

As with capital, I need to know what the distance distribution would be for all markets in order to calculate

the value the charter school would expect to obtain upon entry, which then enters the expression for prob-

ability of entry. I first regress elements of ~rch and ~rtps and ~µ on a 2-bin distribution (fraction of students

within median distance to the public school and further than median distance to the public school, and

average the distance for within-median and beyond-median students) for public schools in markets where I
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observe charter school entry. I then normalize the elements of the predicted fraction of students in each bin

to sum to 1 for each market. I use the relationship as the distance distribution for all markets because the

2-bin distribution for distance to the public school is available in all markets.

D.3 Discussion of My Assumptions about Distance

First, this in no way helps explain why charter schools locate where they do within a district. In the data,

they are, on average, however, further than public schools for most students within a district. This may be

so because districts are designed around public schools, meaning charters may be relegated to locations not

at the center of population mass.

Second, I could have had the schools integrate over the pair of continuous distance distributions when

solving their problems, but I discretize it when solving their problems because I have to solve for the ability

distribution for every point in the distance distribution.

Third, note that I assign all students in markets where charters do no enter the same distance to the char-

ter school, because otherwise this argument is missing. This simplification does not effect on my estimation,

since within those districts, I do not observe students attending charters (since there are no charters). What

matters in such districts is the probability of charter school entry, which is a function of the distribution of

student distances for public schools and charters. I could alternatively have given the charter schools the

same distance distribution as public schools when I do not observe charter school entry. Although simpler,

this may introduce a bias in the estimation of the charter school operating cost distribution, because in the

data charters are on average further from students than public schools.

Finally, note that, similar to my treatment of capital, these assumptions do not allow schools to select

districts based on unobservable information about distance. This may be interesting, but it is not a first-

order consideration because I am using distance as a demand shifter for student school choice, and my model

picks up many other determinants of charter school entry.

E Derivation of Conditional Distributions of Test Score Produc-

tivity Shocks (for Likelihood)

I need the distributions of νyi,ch,tm|sitm = 1 and νyi,tps,tm|sitm = 0 in order to write the test score likelihood

statements. The likelihood statements are

Test score for student i with ability ai at the charter school, given a charter school in the market:
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L{yoi,ch,tm|ztm = 1,ktm, e
o
tm, ai, sitm = 1} =

1

σνy|s=ch
φ

ai(eoch,tm)βe,ch(kch,tm)βk,ch +
σ2
νy

σ∆ε

φ(αitm)
1−Φ(αitm) − y

o
i,ch,tm

σνy|s=ch


(27)

where φ indicates the standard normal distribution and αitm = −ai∆(xtmβx)+∆cetm
σ∆ε

in the control function.

and

Test score for student i with ability ai at the public school, given a charter school in the market:

L{yoi,tps,tm|ztm = 1,ktm, e
o
tm, ai, sitm = 0} =

1

σνy|s=tps
φ

ai(eotps,tm)βe,tps(ktps,tm)βk,tps − σ2
νy

σ∆ε

φ(αitm)
Φ(αitm) − y

o
i,tps,tm

σνy|s=tps


(28)

I will show the results for the charter school productivity shock since that for the public school can be

derived from similar reasoning. First, note that νyi,ch,tm and ∆εitm are distributed bivariate normal according

to νyi,ch,tm
∆εitm

 ∼ N


0

0

 ,

σ2
νy σ2

νy

σ2
νy σ2

∆ε


, (29)

where the covariance is equal to the variance of the charter test score productivity shock since it is independent

of both the other test score productivity shock and both preference shocks. Normalized, this becomes

νyi,ch,tm
σνy

∆εitm
σ∆ε

 ∼ N


0

0

 ,

 1 ρνy,∆ε

ρνy,∆ε 1


, (30)

where ρνy,∆ε =
σ2
νy

σνyσ∆ε
is the correlation coefficient between νyi,ch,tm and ∆εitm. We can then use the following

result from Cameron and Trivedi (2005): If

ε1
ε2

 ∼ N


0

0

 ,

1 ρ

ρ 1


, (31)

then ε2|ε1 ≥ x is distributed normal with mean

E [ε2|ε1 ≥ x] = ρIMR(−x),

51



where IMR(−x) = φ(−x)
Φ(−x) is the inverse Mills ratio, and variance

Var[ε2|ε1 ≥ x] = 1− ρ2IMR(−x)(−x+ IMR(−x)).

(Intuition about result: If each νyi,ch,tm is distributed normally given a ∆εitm, then adding them all to-

gether will result in a normal). This means that the mean and variance of
νyi,ch,tm
σνy

|∆εitmσ∆ε
≥ −ai∆(xtmβ)+∆ce,tm

σ∆ε

are

E

[
νyi,ch,tm
σνy

|∆εitm
σ∆ε

≥ −ai∆(xtmβ) + ∆ce,tm
σ∆ε

]
= ρνy,∆εIMR

(
ai∆(xtmβ)−∆ce,tm

σ∆ε

)
,

and

σ2
νy|s=ch = Var[

νyi,ch,tm
σνy

|∆εitm
σ∆ε

≥ −ai∆(xtmβ) + ∆ce,tm
σ∆ε

] =

1− (ρνy,∆ε)
2
IMR(ai∆(xtmβ)−∆ce,tm)(ai∆(xtmβ)−∆ce,tm + IMR(ai∆(xtmβ)−∆ce,tm)).

The means and variance of νy|s = tps are derived in a similar manner.
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