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Abstract

This paper proposes a moments-based approach to the identification and estimation of
panel data quantile regression (QR) models with fixed effects when the number of time periods
T is small. When the covariates have discrete support and fixed effects are pure location shifts,
I show that the QR model is identified and suggest an estimator based on the recovering the
distribution function from a sequence of its moments. When the covariates are continuously
distributed, I show that the QR model can be identified even when fixed effects are allowed to

vary across quantiles.

1 Introduction

Quantile regression (QR) models are wildly used in the empirical literature, and unlike the
linear regression models based on the conditional mean restrictions, QR models allow to ana-
lyze different features of the distribution of the data while accounting for possible unobserved
heterogeneity. Identification and estimation of linear QR models in the cross-sectional case

is barely harder than the identification and estimation of a linear conditional mean model,
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and the asymptotic theory for QR estimators is well developed for cross-sectional data. How-
ever, when QR model is combined with panel data model that controls for the unobserved
heterogeneity that is constant over the time via fixed effects, identification and estimation
become really complicated. This happens because the standard methods that difference out
fixed effects are no longer applicable since the quantile of the difference in general are not
equal to the difference in quantiles but rather are some intractable object. The problem
becomes even more complicated when the number of time periods is small and therefore we
cannot directly estimate the unobserved fixed effects.

In this paper I provide two sets of sufficient conditions that allow to identify QR panel
data models with fixed effects under different assumption about the distribution of fixed
effects. In particular, I treat separately two cases: when fixed effects represent pure location
shifts and when fixed effects are allowed to vary with the quantile. For each of this cases
I present the condition under which the marginal quantile effects are identified when the
number of periods is fixed. In the case when fixed effects are pure location shifts, I propose
the estimation procedure that is based on the recovery of the distribution function from the
sequence of the consistent estimators of its moments.

The majority of the literature that studies QR models for panel data with fixed effects
propose inference procedures based on the assumption that the number of periods T goes
to infinity when the sample size n goes to infinity. This assumption allows to estimate
unobservable fixed effects a;. Under this assumption, Koenker (2004) and Lamarche (2010)
suggest a penalized quantile regression estimator that simultaneously estimates quantile
regression coefficients for a set of quantiles {0 < 7 < ... < 7,} and fixed effects. Galvao
(2008) adopts a similar approach in the context of dynamic panel data. Canay (2010)
introduces a different approach that does not require specifying a penalty parameter. He
suggests a simple two-step procedure that relies on the transformation of the data and where
the unobserved fixed effects are estimated at the first step. Koenker (2004), Lamarche (2010)
and Canay (2010) assume that fixed effects a; have a pure locations shift effect, while Galvao
(2008) allows fixed effect to depend upon the quantile of interest.

When the number of periods 7' is small, one cannot estimate fixed effects consistently

any longer. Abrevaya and Dahl (2008) impose a particular structure on the relationship



between unobserved fixed effects and regressors and quantiles. As a result they obtain a cor-
related random coefficients model that can be estimated consistently using standard quantile
regression technique. Rosen (2009) focuses on the identification of a quantile regression coef-
ficients for a single conditional quantile restriction rather than for the whole set of quantiles
0 < 7 < 1. He imposes no restrictions on the distribution of fixed effects and shows that
under rather weak assumptions linear conditional quantile function can be at least partially
identified and provides sufficient conditions for point identification.

In this paper I treat the QR panel data model as a special case of a random coefficients
model. Related papers that study random coefficients model in the context of panel data
include Graham and Powell (2008) and Graham, Hahn, and Powell (2009). A recent paper
by Arellano and Bonhomme (2009) focuses on the identification and estimation of certain
features of the distribution of random coefficients in panel data models, including first and
second moments of those distributions.

The rest of this paper is organized as follows. Section [2] presents the model and outlines
identification and moments-based estimation strategy that I propose in this paper. In section
[3] T present a set of assumptions sufficient for the identification of QR panel data model when
the covariates have discrete distribution and fixed effects are pure location shifts. I propose
an estimator based on the sequence of moment estimators, where each of moment estimators
is n'/2-consistent and asymptotically normally distributed in the case of discrete covariates.
In section [4] I consider the case when the regressors have continuous distribution and give
a set of sufficient conditions that allows to identify the QR model even when fixed effects
are allowed to depend on quantile. Here I also discuss the possibility of partial identification
of QR panel data model with discrete regressors when fixed effects are allowed to vary with

quantile. Finally, section [5|concludes. All proofs of the results are collected in the Appendix.

2 The Model

I consider the following representation of quantile regression model:

Y;t = lete(Ult) + o, where Uzt|(Xza ai) ~ U[07 1]7 L= 17 sy Iy = 17 2. (1)



Here X; = (X/}, X/,)" is a random vector of regressors and the function 7 — X/,0(7) is
assumed to be strictly increasing on the interval (0, 1) for any given realization of XitH This
is a convenient representation of quantile regression model that is due to Doksum (1974).
The data available to a researcher consists of observations {(Yi, Xy),i =1,...,n; t =1,2}.
Fixed effects «;’s are not observable and can be arbitrary related to random vectors X; and
(Ui, Ui). The object of interest in this model is the vector function (). In particular, a
researcher might be interested in a set of values of 6(7;) evaluated at a number of quantiles
{71,...,7}. The condition that U;; L «; which is implicitly implied in model will be
removed later in section [l

For a fixed quantile 0 < 7 < 1, this model represents a special case of panel quan-
tile regression analyzed in Rosen (2009). In particular, let 8 = 6(7) and define Uy (1) =
X/,(8(Uy) — 6(7)). Denote the conditional 7-quantile of Uy (1) by Qp,, (- (7|1Xi). Then for
this fixed value of 7 the model in can be written as

Yy = X},8+ o + Uy, where Qg (7| X;) = 0. (2)

Rosen shows that it is impossible to place any meaningful restrictions on the parameter (3 in
1} without imposing any additional assumptions about the behavior of Uz‘t|X¢ besides the
conditional quantile restriction. He shows then that a sufficient condition for at least weak
identification of 3 is that events {U; (1) < 0} and {Uj,(7) < 0} are independent conditional
on X;. Note that if U;; and U, are independent conditional on X, then for any 0 < 7 < 1
the events {U;;(7) < 0} and {Ujy(7) < 0} are also independent conditional on X;, so that for
any 7, 6(7) is at least partially identified. The assumption that U;; and U;y are independent
conditional on Xj; is also one of the key identifying assumptions in Canay (2010). Another
key identifying assumption in Canay (2010) is that a; has a pure location shift effect, i.e. a;
is independent of U;; and Ujs conditional on X;. The approach proposed by Rosen (2009)
for a fixed quantile does not require to make such an assumption, however in this case point

identification of §(7) requires that at least one of the covariates is continuously distributed.

I'Throughout the paper I use upper case letters to denote random variables or the element of the ran-
dom sample, and lower case letters to represent a particular realization or the point in the support of the
corresponding random variable.



The main contribution of the present paper is that it does not require the number of
periods, T, to grow together with the sample size and offers a relatively simple way to
estimate the parameter of interest (1) that does not require deconvolution. In particular,
in the case when all covariates are discrete and «; has a pure location shift effect, this
paper proposes an estimator that is based on the recovering of the distribution from its
moments. However, if at least (d — 1) covariates are continuous, I show that then under
certain constraints it is possible to identify 6(-) even if «; is allowed to depend on U;; and
U;» and propose an moments-based estimator for this case. Next paragraph briefly outlines
the general inference procedure proposed in this paper.

Outline of the Inference Procedure: Identification and estimation of the function
T — 2,0(1) for 0 < 7 < 1 essentially amounts to identification and estimation of the
distribution of X/,0(U;;) conditional on X;;. Once we obtain consistent estimators for those
conditional distribution functions, the inference procedure becomes really simple: we can
sample from those distribution and estimate 6(7) for any given 0 < 7 < 1 by an ordinary
quantile regression. The standard error of such an estimator based on a sampling will
depend only on the standard error of the estimators of the conditional distribution function.
One of the many ways to estimate a distribution function is to estimate its moments and
then if the distribution is uniquely defined by its moments, we can recover the distribution
function from those moments. This approach is used e.g. in Beran and Hall (1992) to
estimate distributions in a certain class of random coefficients regression models. Finally, the
particular representation of the model in (|1}) suggests that in the case of continuous covariates
one can use a sequence of OLS estimators to estimate those moments. The estimator is even
simpler when the vector of covariates has finite support.

As it was already mentioned above, the set of key identifying assumptions is different
depending on whether the covariates have finite or continuous support (in the second case we
can relax the assumption that fixed effects are pure location shifts). Therefore, the next two
sections treat each case separately, carefully summarizing the set of identifying restrictions
in each case and proposing an estimator that is consistent under the corresponding set of

assumptions.



3 Identification and Estimation with Discrete Covari-

ates

In many empirical applications the regressors (such as age, gender, education level etc.)
have a discrete joint distribution. In this section I provide Throughout the discussion in
this section, I assume that random vector X; = (X/;, X/,)') has a discrete distribution with
finite support X = suppX; and let © = (2], z))" denote a typical element of this set. Let
d = dimX;. For any given z € X and any t = 1,2 define

p(e) = E[(X,0(Ui))" | Xt = ]

Here pg () is the k" order moment of a scalar random variable X/,0(Uy).

Assumption 1. For any x € X, distributions of random variables X[,0(Uy)| Xy = x; for

t = 1,2 and distribution of «;|X; = x are uniquely determined by its moments (all assumed

to be finite).

Assumption [} implies that if the moments of the corresponding distributions are identi-
fied, then we can identify the distribution itself. Assumption [1| holds if, for example, for any

1 <m < d, the function ,(-) is bounded on [0, 1].

Assumption 2. Conditional on X;, Uy L o; and Uy ~ U|[0,1] fort = 1,2. Also, U;; and

U;o are independent.

Assumption [2] is a key identifying assumption used in Canay (2010). It rules out the
case when a; may depend on U;; and Uy, so that «; is a pure location shift effect (that is,
the same for all quantiles). The following Theorem provides the identification result under
those assumptions that will be used to construct an estimator for (7) based on a consistent

estimators of the moments of X/,0(Uy)| Xy = x:.

Theorem 1. Suppose that X; = (X}, X)5) has a finite support X and that Assumptions
and[9 are satisfied by the distributions of X,0(Ui1), X50(Us2) and ;. Additionally, suppose
that the matriz E[(Xo — Xi1)(Xse — Xi1)'] has full rank. Then for any integer 1 < k < 400
and any v € X, uy(z¢) and E[a¥|X; = z] are identified.
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Remark 3.1. Theorem [1|together with Assumption |l{imply that the distributions of X,6(U;)
and «; conditional on X; are identified. Also, this Theorem provides an alternative proof of

the identification result for short panel in Canay (2010).

Remark 3.2. The result in Theorem [I] can be extended to the case with more than two
periods, so that with the appropriate modification of Assumptions[I]and [2], the identification

claim is also true in the case t =1,...,T, where T' > 2.

Remark 3.3. Assumption that X; = (X/;, X/,) has a finite support is not essential for
the identification argument. If some of the regressors are continuously distributed and if
Assumptions [1] and [2 hold on the support of X;, then one can still identify the sequence of

moments {u;(z,), Ela}|X; = 2],1 < j <k} for any 1 < k < oo.

Estimation. Theorem [I| implies that if we can estimate a sequence of moments
{pr(xy), k = 1,...} for any z in the support of X;, then we can recover the distribution
of a scalar random variable z,0(U;;). The statistic literature offers a variety of techniques
to estimate the distribution from its moments. Beran and Hall (1992) have a review some
of these methods, including approximations based on series and discrete approximations.ﬂ I
start by showing how for any given £ € N one can estimate moments {y;(x;),1 < j < k}
sequentially. The by-product of this procedure are estimators for { E[o? | X; = z],1 < j < k}.

Recall that the support of X; is finite. First, note that given Assumption 7?7, for any

x = (x1,22) € X we have
E[Yb - YMXi = $] = (952 - xl)’em (3)

where 0, = E[0(Uy)]. Thus, we can compute a n'/2-consistent estimators of ux(z,) = 246,
and g () = 246, from a simple linear regression of the difference Yo — Yi; on X0 — Xi1.

In particular, let éu be an OLS estimator of 6, in (??) and let i (z;) = xl’téu We can also

2The techniques discussed in Beran and Hall (1992) rely on a certain uniform approximation result for the
sequence of moments. Below I will provide a corresponding uniform approximation result for the sequence
of moments estimators proposed in this paper. Given this uniform approximation result, the discussion of
the distribution recovery techniques for the particular case of panel data model closely follows the discussion
by Beran and Hall and therefore is omitted here.



1/2

estimate Elo;|X; = | n'/*-consistently by e.g.

Eloi|X; = 2] = (E[Yil + Yio|Xi = x] — (fua(21) + ﬂ1($2))> : (4)

N | —

Here we use the following conventional notation: for any random variable V; define

> Vil{X; =z}
ElVi|X; = 2] = =,

n

i:le{Xi =z} ’

where 1{-} is the indicator function.

For a moment, assume that it is known that 6, = 0. Suppose now that the estimates
{(f1;(z), E[ed| X; = 2]),1 < j < k — 1} has already been computed. Then we can construct
estimators /i, (z;) and E[a¥|X; = 2] as (see the proof of Theorem [1|in the Appendix):

k
Elof|X, = 2] = BIYA 'Yl X, = a] - }j(. )%1mmﬂ’ﬂX—ﬂ

7=0

) = BIYEIX = 2] - f() o1 X; =

For each fixed k, the estimators /iy (z;) and E[o#|X; = z] defined either in (3) and (4) for
k=1 orin for k > 1 are n'/? consistent and asymptotically normally distributed when
the data are i.i.d. sample and if certain moments of the distributions of random variables
X[,0(Uy) and «; exist and are finite. In particular, suppose that the following assumptions

are satisfied:
Assumption 3. (i) The data (Y;1,Yi2, Xy, Xy, o) are i.i.d. sample from (2, F, P).

(i) The support of X; = (X[}, X],)' is finite. For any given x = (x1,23) € X = suppX;,
the distributions of random variables x,0(Ui) and ;| X; = x are essentially bounded.

Also, E[0(Uy)] = 0.
(11i) The d x d matriz E[(Xe — Xi1)(Xse — Xa)'] has full rank.
Here Assumption [3{i) is a standard random sampling condition. Assumption [3(ii) guar-

8



antees that for any point in the support of X;, the distributions of z,6(U;;) and ;| X; = =
are uniquely determined by their moments and that all those moments are finite. Finally,
Assumption [3](iii) is a standard full rank condition that is required to identify 6, = E[0(Uy)).
The Theorem below shows that if number of moments to be estimated, k, goes to infinity at
a certain rate, then fiy(z;) and E[of|X; = z] converge uniformly to ug(z,) and E[o#|X; = ],

respectively.

Theorem 2. Suppose that Assumptions (1], [3 and [3 are satisfied. Then for any 6 > 0 there
exists n > 0 such that with probability 1,

max (|ju(e) = pilw)] + | Ela*a] = Ela*[a]]) = O(n™"/24) as n — oc,
1<k<(nlogn)'/2

Remark 3.4. The requirement that E[0(U;)] = 0 can be easily relaxed. In this case the
result in Theorem carries through if instead of observable (Y, Xy, a;) we consider partially

observable (Y, Xy, ;) where Y;; = Y;, — X/,0, and use Y;; = Y, — X/,0, as an estimator

~

for the unobservable Y;;. Assumption (ii) that the conditional distributions are essentially
bounded allows us to do this. Estimation procedure in must be adjusted accordingly.

Remark 3.5. When some of the components of X;; are continuously distributed, we cannot

1/2_consistently any longer without imposing strong

estimate jiz(2;) and E[o¥|X; = 2] n
parametric assumptions about the distribution of «; conditional on X;. However, one can
use any nonparametric methods of conditional moment estimation. In this case, the rate
of convergence will be slower and the corresponding rate in Theorem 7?7 must be adjusted

accordingly.

Remark 3.6. Theorem allows us to estimate the distributions of both 2}0(U;;) and ;| X; = x
for any given x € X from a finite sequence of moments.ﬂ There is no general rule on how
many moment to choose for this estimation for a given sample size. However, condition that
n = 0(0) as § — 0 (see the proof of Theorem [2in the Appendix) suggests that one should

choose k£ much smaller than the sample size n.

Suppose now that we have estimated conditional distributions based on the estimators

3For the review of some methods see Beran and Hall (1992). Also, see Greaves (1982), Mnatsakanov and
Hakobyan (2009).



of the first & moments. In particular, define Sy = X/,0(Uy) and let F,(-|X; = z) be the
estimator of Fi(-|X; = «) - the conditional distribution function of S; = X/,0(U;). An easy
way to estimate conditional quantiles of S;; conditional on X; is to draw a random number
from the distributions Ft(-|Xi = x) for each Xj; in the original sample. This way we get a
random sample {5},:, Xit, i =1,...,n,t = 1,2} which can be used to estimate 6(7) for any
given 0 < 7 < 1. Suppose that for any 0 < 7 < 1, 6(7) belongs to a compact set @E] Then

we can estimate 6(7) with

f(r) = arg min ~ pr (8- x40). (6)
where p,(u) = u(r — 1{u < 0}). To estimate standard error of the estimator in () one can
use a nonparametric bootstrap. In particular, R bootstrap samples of size n can be drawn
from the data, and bootstrap distribution of é(T) can be computed based on the bootstrap
sample {0*(7),r =1,..., R}.

The discussion in the present section relies on the assumption that random vector X; =
(X!, X/,) has finite support. Next section relaxes this assumption and shows how one can
use a continuous support to identify vector function () without imposing the restrictions

that fixed effects «;’s are pure location shifts.

4 Identification and Estimation with Continuous Co-
variates

When at least (d — 1) of the covariates are continuous, it is possible to identify function
T — x,0(7) without imposing the restriction that fixed effects «;’s are independent of U; =

(Un, Ui2) conditional on X;. As before, for any point x € X = suppX; we define

() = E[(X}0(Ui))" | Xie = ).

4The existence of such compact set © is implied by Assumption ii).
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Set po(xy) = 1. Since E[Y;y — Yil|X; = z| = (x2 — z1)0,, then if the matrix E[(X; —
Xi1)(Xie — X;1)'] has full rank, same arguments can be used to show that uy(x;) is identified

for any z = (21, x2) € X. In particular,

pa () = 240,

Note that p;(z;) is a multivariate polynomial of degree 1 in the elements of vector x;. In fact,
any ug(z;) has a similar structure: for any integer k, ux(z;) is a homogeneous multivariate
polynomial of degree k in the elements of vector x;. That is, we have the following expression

for the k' order conditional moment of random variable X/,0(Uy)

:uk(xt) = Z Clly-n,ld(k)lefh et xf&?d? (7)

it +la=k
where d = dim(Xj;). Consider the following assumption.

Assumption 4. Conditional on X;, Uy ~ U[0,1] for t = 1,2. Also, U;; and Uy are

independent.

Unlike Assumption [2] employed in the previous section, Assumption (] does not require
fixed effects «;’s to be independent of U; = (U, Use) conditional on X;. The proof of the

following identification result is given in the Appendix.

Theorem 3. Suppose that at least (d — 1) of the components of random wvector X; =
(X[, X)) are continuously distributed. Also, let Assumptions |1l and || be satisfied by
the distributions of X,0(Uyn), X50(Un) and «;. Additionally, suppose that the matriz
E[(Xio — Xi1)(Xse — Xi)'] has full rank. Then for any integer 1 < k < 400 and any
x € X, up(xy) is identified.

Remark 4.1. Theorem 1| together with Assumption |1|imply that the distributions of X/,0(U;)
and «; conditional on X; are identified.

Theorem |1| suggests that one can estimate a sequence of moments {p;(z;),1 < j <k} by
a sequence of simple linear regressions. Note, however, that unlike the estimation procedure

discussed in the previous section, the k' step requires to estimate a linear regression model

11



d+k—1

g1 ) = O(k%) as k — oo. Therefore, given the dimension of the

whose dimension is (
problem d = dim(X;;), the number of moments to be estimated must be small relative to the
size of the sample, n. In general, the following sequential procedure can be used to estimate

the sequence of moments {y;(x;),1 < j <k} for any z € X:

1. Let X; = (X},) be a n x d matrix of covariates and Y; = (Y;;) be a n x 1 vector of

dependent variables for period ¢t = 1,2. Then
0, = (X2 — X1)'(Xz = X1)) ' (X2 = X1) (Y2 = Y1)

is the OLS estimator of §,. For any x € X define fi; (z;) = }6,.

2. Suppose that we have a sequence of n'/%-consistent estimators {i;(z;),1 <j < k—1}

for any x € X. Define

k—1

W= (V= Ya) — Y (’j) (=1 s (X (Xez) ®)

Jj=1

and let Z;(k) be a (“"7") x 1 vector with a typical element Xﬁ,l...Xffd +
(—1)ka§,1 . .Xf;d. Finally, let 5(k) be a (d;ﬁl) x 1 vector of parameters with a

typical element ¢, (k).
3. Define B(k) = ((Z(kz))’(Z(/’{:)))_1 ((Z(k))W). Then

A

fir(e) = 2(k)'B,

l

d+k_1) x 1 vector z(k) is xllll T

where a typical element of the ( g1
Remark 4.2. This procedure allows us to estimate only a finite number of moments given the
fixed sample size n. This was not the case in the previous section, where for a given sample
size we are able to estimate as many moments as we want. This is essentially the same issue

that arises in estimating conditional moments by series methods, where the number of terms

in a series approximation cannot be made arbitrary big given the sample size.ﬂ

°See e.g. Ullah and Pagan (1999) for an overview of series estimator for nonparametric conditional
moments problems.
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1/2_consistent and

Remark 4.3. For each fixed k, the estimators fi;(x;) defined above are n
asymptotically normally distributed when the data are i.i.d. sample and when certain mo-

ments of the distributions of random variables X/,6(U;;) exist and are finite.

Remark 4.4. When the number of periods, T, is large, the upper bound on the number of
moment one can estimate for a fixed sample size becomes higher. Therefore, if T" — oo as
n — 00, then (i) moments can be estimated (n1")'/?-consistently; (ii) as the result, the error

of the estimator of the distributions of X/,0(U;;) based on those moments becomes smaller.

Once we estimated a sequence of moments {/i;(z;),1 < j < k}, an inference procedure
can be based on the same bootstrap approximation method discussed in the previous section.
That is, we can sample from the estimate of the distribution of X;;0(U;;) conditional on X,
obtain the estimator é(T) in a same way, and then employ a nonparametric bootstrap to
estimate standard error of (7).

Partial Identification with a Fixed Number of Moments: Remark suggests
that if we e.g. fix k = 4, then we can estimate first 4 moments n'/>-consistently. To recover
the distribution of x,6(U;;) one needs to identify all moments of this distribution. However,
it is possible to partially identify the distribution of x,0(U;) from the first & moments.
That is, given e.g. first 4 moments one can construct upper and lower bounds on Fj(-|z;)
- the distribution function of random variable S;(z:) = 2,0(U;;). Lasserre (2002) offers a
method that allows to estimate those bounds based on the first £ moments. Bounds on
the distribution Fj(:|z;) in turn imply bounds on the QR coefficients §(7). Note that even
when X;; has a discrete support, we can still identify first £ moments of the distribution of
Sit(x¢) from the moments of the difference Y;y — Y;1|X; = z if the number of the support
points is high enough. That is, it is possible to impose meaningful restrictions on the QR
coefficients 0(7) even when the covariates have discrete distribution and when fixed effects
a;’s are allowed to depend on U; = (U;y, Usp), i.e. when we allow fixed effects to be different

for different quantiles.
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5 Conclusion

This paper offers a novel approach to the identification and estimation of the linear quantile
regression panel data models with fixed effects when T is small. This approach is based
on the identification and estimation of moments of the conditional distribution of X;0(U;)
conditional on X;;. In particular, I show that when regressors are discrete and if fixed ef-
fects «; are independent of the quantiles, then the QR model is fully identified including
the conditional distribution of fixed effects and that the moments of those conditional dis-
tributions can be estimated at a parametric rate. I provide a uniform convergence result for
the sequence of the estimators of those moments that allows us to estimate the conditional
distribution of X;0(U;) and therefore its quantiles X;6(7) for any 0 < 7 < 1. Finally, T
show that when the covariates are continuously distributed, the linear quantile regression
model is identified even when fixed effects «; are allowed to vary across quantiles. The iden-
tification results in this paper are based on the identification of the sequence of moments
of the corresponding distributions and therefore are valid under the assumption that those
distributions are uniquely defined by their moments. Finally, I suggest an approach that can
partially identify the parameters of interest given only a fixed number of moments.

One of the limitations of the present paper is that no asymptotic results are available
for the estimators proposed here. Therefore, future research should include checking the
validity of the conjecture in this paper that the nonparametric bootstrap can be used to
estimate standard errors of the estimator proposed here. Also the uniform convergency of
the sequence of moments estimators in the case when covariates are continuously distributed
remains an open question. In particular, it seems plausible that the convergence rate will be

slower than in the case with discrete covariates.

APPENDIX

A  Proofs

Proof of Theorem[]): For the ease of presentation, index 7 is omitted here. Let X = suppX;
and consider any x = (z1,z3) € X. Recall that by Assumption , U; L a conditional on X =
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x. Note that p(x;) = 216, and similarly i1 (22) = x26,,. Therefore, p1(x;) is identified from
ElY; —Y1|X = (21, 22)] = (v2—21)'0, when the matrix E[(Xs —X)(X2—X;)'] has full rank.
This implies that Ela|X = (21, 22)] = 5 (EY1|X = a] + E[Ya|X = ] — puy(21) — g (22)) is
also identified. For the ease of the following presentation, assume without loss of generality
that 6, = 0. Define pio(2;) = 1 and E[a’|X = 2] =1.

Suppose that for any j € N, 1 < j <k —1 both E[a?|X = x] and p;(z;) are identified. I
will show that in this case E[a*|X = x| and pi(x;) are also identified. In order to do this,
consider E[Y7'Y,|X = 2] = B[V} (2:0(Us) +a)| X = 2] = E[y¥ ' a|z] since U; and U, are
independent conditional on = and E[X,0(Us)| X = x] = O Note that Y*~! is a polynomial of
degree k—1 in o and X|0(U,). In particular, Y*~! Z ( N (X{0(U))*19ad. Since Uy L

=0
k—1
a conditional on X, finally have E[Y 'Y, X = 2] = Z ( Dr—1—j(z1) E[ed* X = 2], so

k=2
that E[o*|X = 2] = EY'V5|X = 2] - 3 (k;I)uk_l_j(xl)E[aj“|X = ] and therefore
i=0
E[a*|X = z] is identified if E[af|X = x| and p;(z;) are identified for any 1 < j < k — 1.
k
Similarly, E[VF|X = 2] = Zo (’;)/Lk,j(xt)E[oﬂ]X = 1], so that ug(z,) = E[Y}|X = 2] —
]:
k
Z ( Vin—j(z:)E[0?| X = z] is identified if E[a/|X = ] and p;(z;) are identified for any
=1
1 <j<k-1.0O

Proof of Theorem [4: The majority of the proof follows the proof of the similar result in
Beran and Hall (1992). Let x = (z1,23) be any point in X = supp(X). By Assumption
B(ii), X is a finite set. Therefore, it is sufficient to show that the claim is true for a given
x € X. Recall that

k—2
) . k—1 .
Elo*|IX =a] = E[Yf*%lX:x]—E < : )ﬂk 1-j(@1) E[o? X = 2],
J

=0
kN .
)Mk _j(z) E[e?|X = a).

/_\k»
.

k
paler) = ENVFIX =a] =

Jj=1
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Define the following set
L . >
Apa(a) = {mm) — 13(@)] + | Bl X = 2] - Blod|X = ]| < (n~'logn)2CA, 1< <k - 1}

k
We have py,(z;) = E[Y}X = 2] - ( ) ik—j(z) E[o?| X = x], so that

J:

[y

k—1
i) + ELX = o] = BN =] = 3 (4 )iy Bl =),

Jj=1

and therefore

!ﬂk(ﬂft) — ()| + |E[a¥|1X = 2] — Blo*X = ]| < |E[Y}|X = 2] - E[Y}*|X = 4]

| | (10)
+ Z (") s i1 = ] = s Bl X = 2]

Let M > 1 denote the upper bound on each of esssup |z;0U;| and esssup |«| conditional on

X; = x for any x € X. By Bernstein’s inequality, for any s we have
PENF|X = a] - BY}|X = a]| > n~/?Mbs} < 2e7/4 (11)

Note that the second term of the right-hand side of is bounded by:

k—1

Z: (D |—j () Bl | X = 2] — pu—j(w) E[o| X = 2]
< M Z (%) (s = mte + 1E1X =) - Elx =al])  (2)

k—1

S
< M*(2% —2)(n"'log n)l/ZCﬂ':l]

k

. 227
Consider the event Ayo(x) = {|E[Y}|X = z] — E[V}|X = x]| < (n7tlogn)2C= ) If
k—1 k

) . & ‘
C > 4M then for any k, M*(2*F —2)C=t < CJ v and also =1 > 4M*. Then it follows

from Borel-Cantelli lemma and Bernstein’s inequality in that the event Ay o(z) occurs

16



with probability 1 for all sufficiently large n. For this event we have

k

. S
ik () — pa(e)| + |E[F|X = 2] = Bla¥|X = 2]| < ("' logn) /205
Finally, for any 0 > 0 we can choose n = & > () such that with probability 1,

max (|ji(w) = ()| + | Bl0FX = 2] = B[o*X = 2] ) < n 24

1<k<(nlogn)l/?

for all sufficiently large n.O
Proof of Theorem @ It is easy to check that for any integer k, ux(z;) is a homogeneous

multivariate polynomial of degree k in x;,...,x;4. That is, it can be represented as

() = Z Cly,..., ld<k)xf‘jl . .xifld. (13)

Lt tlg=k

Therefore, if for any &k one can identify {c;, ,,(k),li + ... +1lg = k}, then pg(x;) is also

,,,,,

identified for any x; in the support of X;. I will show that for any k, we can identify

coefficients ¢, 1,(k)) regressions.

777777777

Recall that ul(xl) = 240, and p(xy) = 40, where 6, is identified since the matrix
E[(Xio — Xi1)(Xi2 — Xi1)'] has full rank. Therefore, pq(z1) and pq(xs) are identified. Now
suppose that for any 1 < j < k —1 and any z = (21, 22) in the support of X, p;(x;) and

wi(z2) are identified. Since U; and U, are independent conditional on X, then for any £,

Bl(Y; — Vi)MIX = 2] = Z() Vb 1)y (2).

J=

Therefore, we have:

o)+ (V) = Bl = X = o] = 3 (M) st 10

The right-hand side of equation is identified since we assumed that fp;(z,) and
pj(x2) are identified for any € X and any 1 < j < k — 1. The right-hand side

17



of equation is linear in vector (k) whose typical element is ¢, . ;,(k). That is,
(1) + (—1)Fui(z2) = 2(k)'B(k), where dim(z(k)) = (“}*7") and the typical element
of the vector z(k) is zf, . . .:clfd—l— (—1)kaf .. .:cgfd. If X; has at least (d—1) continuous com-
ponents, then the matrix F[Z(k)Z(k)'] has full rank for any fixed k, and therefore vector

B(k) is identified. In other words, {c;,.. 1,(k),l1 + ...+ 14 = k} are identified, which together

-----

with expression in implies that pg(x1) and pg(z2) are also identified for any z € X'. O.
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