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ABSTRACT. This paper obtains an asymptotic distribution for the least squares
estimator of the self-exciting threshold autoregressive model, which was intro-
duced by Tong (1983), under the assumption that the model is an approxima-
tion to a more complicated system. Under some moderate assumptions on the
true data generating process, it is shown that the least squares estimator is
mere cube root n-consistent to a pseudo true value, where n is the sample size,
and the limit distribution is characterized by the minimizer of a non-zero-mean
Gaussian process. This is in sharp contrast to the standard super-consistency
of threshold estimates. Some univariate economic time-series data are exam-
ined to demonstrate the slower convergence. We also show that the smoothed
least squares estimater can improve upon the rate arbitrarily close to square
root n under some model smoothness assumption and yields the asymptotic
normality.

1. INTRODUCTION

The self-exciting threshold autoregressive (SETAR) model, which was introduced
and popularized by Tong (1983, 1990), can generate many important features that
a useful nonlinear time series should produce, with parsimony. It is commonly
estimated by least squares (LS) principle. Suppose that a sample {y;}}"_, is fit by
the SETAR model of order 1

(1) ye = (g +oaye—1) H{ye—1 <y} + (e + aoye—1) 1{ys—1 > 7} + e

Let 8 = (ﬁll,ﬁé)/, where 3; = (u;, ;) for i = 1,2, and § = (6/,7)/ €©®=DBxT,
which are compact. We will also use § = 85, — 5, to denote the change in the
paramter values. Define

() = {y <}, 1{y>) @1y
Then, the LS estimate is a minimizer of

Sn (9) = l Z (yt - ﬁ/ﬂ-’Y (yt—l))Q :

n
t=1

For a fixed ~, the LS estimate of 3 is

n 1 n
B(’Y) = Z Ty (Y1) Ty (yt—l)l ZWW (Ye—1) Yt
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Let S, (v) =S, (B () ,7) , then

4 = argmin S, (7)
yer

and
B=pB(#).

In finite sample, 4 is not unique but an interval thus defined as the minimum in
the interval.

The sampling distribution of 6 has been approximated by various asymptotic
distributions. Chan (1993) established the n-consistency of 4, asymptotic distrib-
ution of 4, and the asymptotic normality of 3 assuming that is the true data
generating process of {y;} and the regression function has a jump at the threshold
value. Gonzalo and Wolf (2005) derived the asymptotic normality of § when there
is no jump, while Chan and Tsay (1998) showed the asymptotic normality of the
restricted least squares of 6 that imposes the continuity of the regression function.
On the other hand, Hansen (2000) obtained another asymptotic distribution for
4 under a diminishing threshold assumption, where § vanishes as n — oo. It is
viewed as a technical device to obtain an asymptotic distribution, which enables
an asymptotic inference without resorting to a resampling method, but maybe not
as a true data generating process. Common in Chan’s and Hansen’s results is the
asymptotic independence between B and 4, which is convenient but may not be a
good approximation to the true sampling distribution.

This paper explores the asymptotic property of 0 in the spirit of Huber (1967)
and White (1982). The former showed that under general conditions the maxi-
mum likelihood estimator for a class of smooth likelihood functions, not necessarily
gaussian, converges to a well-defined limit, i.e. the pseudo true value, even if the
likelihood function employed in the estimation is not true. The latter established
the asymptotic normality of the quasi maximum likelihood estimator extending
Huber’s result. As in the discussion of White (1982), we interpret the limit of 0
as the projection coefficients in the projection of the true unknown function on the
space of the piecewise linear functions in terms of mean squared error. We show
that under certain regularity conditions the estimator 0 converges to the pseudo
true value at the rate of n'/3 and the asymptotic distribution is characterized by
the minimizer of a gaussian process. This extends the cube-root asymptotics of
Kim and Pollard (1990) for a dynamic model and the asymptotic distribution can
be consistently approximated by subsampling, see .e.g. Politis, Romano, and Wolf
(1999).

We illustrate the practical relevance of our result in Section 3 using many eco-
nomic and financial time series data, which have been examined in the SETAR
framework. In particular, the convergence rates of 4 are estimated by a method
proposed by Politis et al. (1999). Among four series examined, only one series
has an estimate closer to n and the other three have estimates closer to n'/3. This
highlights the practical relevance of the possible misspecification.

Section 4 analyses the smoothed least squares estimator proposed by Seo and
Linton (2007), which has shown the asymptotic normality of the estimator under
correct specification. We reestablish the asymptotic normality under misspecifi-
cation but the convergence rate turns out to be slower. We provide a range of
admissible rates for the smoothing parameters, where the estimator has a proper
asymptotic normality. Section 5 concludes. Proofs of main theorems are relegated
to Appendix.
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2. ASYMPTOTIC DISTRIBUTION UNDER MISSPECIFICATION

Assumption 1. Assume that

(a) {y:} is strictly stationary, ergodic, and has a density function p (-) that is
continuous and positive everywhere in R.

(b) Let S(0) =E (g — 8'my (yt,l))2 < 0o for all € ©. Then, there exists g
that minimizes S (0) uniquely.

Assumption [ is a minimal set of high-level assumptions that yields the consis-
tency of 0 to the population projection coeflicients 6y. That is, 5, is interpreted
as the projection coefficients in each subsample as in the linear projection and ~
provides best splitting of the sample in terms of mean squared error. In the like-
lihood setup, White (1982) formalizes the information theoretic interpretation of
the pseudo true value, which was implicit in Berk (1966, 1970). The global identifi-
cation condition in Assumption [1] (b) might be stated more specifically when more
structure is imposed on the dynamics of the process y;. We provide an examples of
y; that satisfies Assumption [T}

Lemma 1. Under Assumptz'on o -2, 0o.

Now, we impose more structure in the process {y;} to obtain an asymptotic
distribution for the LS estimates.

Assumption 2. Assume that

(a) The process {y:} is a Markov process such that
(2) ye = f (ye—1) + &,

where f is continuously differentiable with bounded derivatives and {e;} is
a sequence of independent and identically distributed random variables such
that E(g,) =0, E (¢7) = 0% E le|**¢ < 0o for some ¢ > 0.

(b) {y:} is p-mizing with p-mizing coefficients satisfying > -_, p,ly{Q < oo and

E |yt|4+C for some ¢ > 0.
(¢) S (0) is twice continuously differentiable at 0y with a positive definite second
derivative matrix.

Remarks

1. The existence of a stationary solution for the system is well-known, see
e.g. Proposition 6 of Wu (2007) , which mainly requires some Lipschitz continuity
of f. See also Meyn and Tweedie (1993) for mixing properties of Markov chains.

2. The existence of a unique /8 that minimizes S () for a given v is obvious
but that of a unique v may depend on f. However, the existence of such an f is
straightforward. For instance, consider

-1
Yr = ayi—1 + 0Yi—1 (1 + €7p(yt’rw) + &t

Figure 1 plots the profiled S (y) with « = —0.3,5 = 0.8, p = 50, and v = 1, which
shows S () is globally minimized at v = 1, whereas Figure 2 depicts the fitted
regression function compared to the true regression function.

Figure 1 and 2 about here

3. Condition (c) is useful to obtain an asymptotic distribution. In particular, it
requires that

(3) ) ( 710 ) (f" (7o) — (a0 + ar20) /2) <0,
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which in turn implies that the threshold regression function is discontinuous. Note
that the term (1,7,) do measures the size of jump in the pseudo regression function.
It is essential to the subsequent asymptotic analysis.

The modulus of continuity of S,, at 8 = 6y is smaller under the current setup
than under the correctly specified case. This results in much slower convergence
rate as shown in the subsequent lemma.

Lemma 2. Under Assumption and@ 6=0,+ O, (nil/?’) .
The following theorem presents the asymptotic distribution of 0.

Theorem 3. Let By and By be two independent standard Brownian motions and
define

Q
—
)
~

Il

V402w2po (By (7) 1{y <0} + B2 () 1 {y > 0})
Vo) = pow [W oy (By1{y <0} + Byl {7 > 0})’ ( ! )} M8,

where M =B (7,74, ) po = (70), @ = = (1,70) b0, and ¢ = f' () (@10 + az0) /2.
Then, under Assumption[1] and[3,

nt/3 (@ - 00) <, argmin G (0) +V (9) .
0

Proof. See Appendix. O

Remarks

1.Since w¢ < 0 due to Assumption [2| (¢), that is, , the limit process is
uniquely minimized with respect to v almost surely, see e.g. Kim and Pollard
(1990) . With regard to g, the process is quadratic and the minimizer has a closed-
form. Thus, the limit process can be represented as only a function of ~ after
concentration. Also note that M is a block diagonal matrix whose diagonal elements
are E (1,4:-1) (1, ys—1) 1 {ye—1 <70} and E (Lys—1) (Lye—1) 1{ye—1 > 70} -

2. The asymptotic distribution is not pivotal and there seems to be no obvious
way to studentize the estimator to construct an asymptotically pivotal statistic.
However, the asymptotic distribution can be simulated by estimating the finite-
dimensional unknown quantities. Alternatively, the subsampling can estimate the
asymptotic distribution consistently, see e.g. Politis, Romano, and Wolf (1999). It
can aslo estimate the asymptotic distribution obtained in Chan (1993) under the
correctly specified threshold autoregression. Thus, the subsampling is an inference
tool, which is valid under both correctly- and mis-specified models. In this case,
we may estimate the convergence rate as well using the subsampling.

3. EXAMPLES

In this application, we revisit four popular time series data, which have been
extensively studied and often fit by the SETAR model. Then, we estimate the
convergence rate of the threshold estimate 4 to see how the data match with the
different asymptotic theories. Since the change of convergence rate is arguably the
most striking feature under misspecification, this exercise would provide a good
insight on how plausible the misspecification is with the real data.

First of the series is the annual sunspot means as reported in Appendix 3 of
Tong (1990), for the period of 1700-1988, and transformed by the square root
transformation, y;, = 2 (\/1 +yr — 1), where y; is the original series, following
Ghaddar and Tong (1981). This series has been analyzed by many. A common
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specification is the SETAR model with lag order 11 and the threshold variable
being y:—o, see e.g. Tong and Lim (1980) and Hansen (1999). We exercise this
specification.

US monthly Industrial Production Series is the second. The data set is taken
from Hansen (1999), which spans from 1960.01 to 1998.09 and is transformed by
taking annualized growth rate, y, = 100 x (ln yi —1In y;‘712). As in Hansen, the
SETAR model is fit with lag order 16 while threshold variable being y;_g.

US GNP series is another series intensively examined by e.g. Potter (1995). Our
data are for the period 1947 Q2-2007 Q4 and we set lag order at 5 and y;_o as
the threshold variable following Potter. Finally, we consider quarterly US civilian
unemployment rate series from 1948 to 1993. It was analyzed by Chan and Tsay
(1998) among others. In particular, we take growth of quarterly averages to fit the
SETAR model with lag order 2 and y;_o as threshold variable.

Plots of the four series are given in Figure 3-6.

Figure 3 - 6 about here

The convergence rate n= of 4 — ~, is estimated by the method proposed by
Politis, Romano, and Wolf (1999 Section 8.2). Given distinct block sizes by, ..., by,

we estimate the sampling distribution of the un-scaled statistic (91, — 9n) . Since

0, —0,, = O, (b~%), they propose to estimate a by the linear regression of quantiles
of log ‘91, - 9n’ on the block sizes b;s. Trying to distinguish the continuous SETAR
model from the discontinuous one, Gonzalo and Wolf (2005) performed simulation
study to guide the choice of tuning parameters, which we follow. To be more
specific, let J = 4 and b; = n%, where a; = 0.8(1 +1In(j+1)/5)/In100, and
j = 1,..., J. Further, define a vector g of 4 evenly spaced values between 0.7 and
0.99. Then, we consider two different regressions whose dependent variables are,

for each j

respecitvely, the averages of the logarithms of ¢ quantiles of ’ébj — 0,

and those of interval lengths of ¢ and 1 — ¢ quantiles of (91, — 9n> . The regressors

are the constant and b; in both regressions.

The estimated coefficients of b; of all the regressions are reported in Table 1. As
our scenario concerns two possible values of « = 1/3 and 1, it appears reasonable to
set & = 1/3 if the estimated coefficient is below 2/3, which is the half point between
1/3 and 1, and & = 1 otherwise. Then, there is one case of & being 1 and are three
cases of & being 1/3. Despite the fact that the estimation of the convergence rate is
difficult, this result comes as a surprise and is indicative of that the misspecification
appears prominent.

Sunspots Industrial Prod. US GNP Unemployment
interval 0.105367 0.848217 0.109178 0.131173
absolute value 0.288774 0.844709 0.565566 0.090619

Table 1: Estimated Convergence Rates of the threshold parameter estimates.
The reported values are estimated ¢, where ¥ — vq = O, (n7%).

4. SMOOTHED LEAST SQUARES

In the smoothed least squares (SLS) estimation, proposed by Seo and Linton
(2007), the indicator function in S,, is replaced by a smooth bounded function K
satisfying that

lim K(s)=0, lim K(s)=1.

§——00 s——+00
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Two versions are proposed. Specifically, let

o= (- wme () )).

where K, (y) = K (h;* (y — 7)) and h, — 0 as n — oo, and define

n

St (0) = % S (e — 8%y we-1)”.

t=1

Here the dependence of x on m is suppressed to ease notation. Then the first
estimator is defined as

0= argmin S (6) .
9

The other version is based on the observation that

n

Z (ye — 2161) + % Z {(x;5)2 — 2130 (yr — 55251)} Hye—1 >},
i3 t=1

where x; = (1,y:—1) , since the square of the indicator is the indicator itself. Let

0= 3wt S w00 - 2 0} (),

t=1

and the second SLS estimator is given by

Ak

0 = argminS; (0).
0

This also allows for concentration as in éJr, that is, for a given ~,
~ n -1 5
1(7) 1 Ky (ye-1) ] / [ TtYt }
ok = & xrx .
[ 0n(7) ] (;[ Ky (yi-1) Ky (yi-1) tt ; Ky (Y1) Ty

The following conditions are imposed on K. The integral [ is taken over the
real line R unless specified otherwise and the first and second derivatives of K are
denoted by K’ and K", respectively.

Assumption 3. Assume that

(a) K is twice differentiable everywhere, K' is symmetric around zero, \}C’ )]
and |K" (-)| are uniformly bounded, and: [ |K'(v)|* dv < oo, [|K" (v)|* dv <
o0, [ ’vQIC” dv| < 0.

(b) For some integer { > 2, each integeri (1 <i < (), [|[v'K' (v) dv| < oo, and

/si_llC’ (s)ds =0, and/sle’ (s)ds # 0,

and K () =K (0)20ifxz=0
(c) For each integeri (0 <i<{), andn > 0, and any sequence {h,} converg-
ing to 0,

lim hif[/ |s'K’ (s)|ds =0, and lim h, / IK" (s)|ds = 0.
|hns|>n |hns|>n

(d) For some p € (0,1], a positive constant C, and all z,y € R,
K" (z) = K" (y)] < C'le —y|".
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The two estimators have different asymptotic distributions. Let

* 8 * * 82 *

Similarly, define T} (6) and Q;' (6). Whereas Q7 () and Q;' () converge to the
same limit in a certain shrinking neighborhood of 6y, the properly scaled T and T,

have different weak limits. Furthermore, the admissible ranges of the bandwidth
hy are not the same. It turns out that T, demands h, = O (n_l/ 3) to achieve

the asymptotic normality. This implies that the convergence rate for 9+ is at best
n~1/3 and that the uniform convergence of Q; () is not guaranteed. While here
we only present the asymptotic normality for 9*, Lemma andin Appendix show
the consistency and rate result for @+ as well as 0.

Let us introduce a symmetric matrix
M .
©- ( (1,3) ® (1,70) wpo  wopo > ’
and a constant
V = ow?py / K’ (s)] ds.
Then,

Theorem 4. Suppose that Assumption[1], [3, and[3 hold with some ¢ > 2 and that
p (y) and f (y) are £ times continuously differentiable at v, with bounded derivatives.
Then, if hy, = o (n=Y 4D} and bt = o (n1/3),

Vit (87 = 00) <5 Q71N (0,1),

/

where v = (0,..,0,1)".

Proof. See Appendix. O
Remarks
1. The convergence rate of the estimator is v/nh,, which is faster than n'/3

under the given conditions on the bandwidth h,,, and it can get arbitrarily close to
n'/2 provided the underlying model satisfies proper smoothness condition. This is
similar to Horowitz (1992), which proposed the smoothed maximum score estima-
tor. However, the limit distribution of 0 is a degenerate normal, which is caused
by the slower convergence of 4 than n'/2.

2. The asymptotic variance of 0" contains unknowns Q@ and V, which involve
the unknown density of the true regression error. However, () can be consistently

estimated by Q7 (@*) , the explicit formula of which is given in Appendix, and V

by
V= % g:l ’{(@3*)2 — 228" (yt - x;BI) } K’ (W) hin

3. The admissible range of rates for h,, and the range given in Seo and Linton
(2007) are mutually exclusive. However, carefull reading of the proof reveals that
they imposed the restriction that h,, = o (n’l/ 3) to ensure the asymptotic inde-

2

pendence between 3 and 4. This can be relaxed to h, = o (n_1/4) at the expense
of the asymptotic independence. This is important because it enables us to make a
robust inference. That is, the asymptotic inference based on the t-statistic is valid
whether or not the model is correctly specified, provided that h, = Kn~" for some
1/4<n<1/3and 0 < K < 0.
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5. CONCLUSION

We examined the asymptotic property of the least squares estimator of the SE-
TAR model under a weaker condition than the standard conditional moment con-
dition. In particular, the convergence rate of the estimator is much slower than
the super-consistent rate obtained in Chan (1993). Our result may represent a
less favorable case, where it is not easy to identify the threshold value. Some of
the examples indeed illustrate such a case. It may also invalidate some convenient
inferential procedures, which makes use of the super-consistent rate, such as the
Oracle property and the sequential estimation and testing procedure for multiple
regime threshold models suggested by Hansen (1999).

We now have at least three different asymptotic distributions, that is, from Chan
(1993), Hansen (2000), and this paper. It is rather subjective which one to employ,
whereas it would be a meaningful future research to find a more objective criterion.
A prior information may well be useful. Our asymptotic distribution would be
useful in case where the threshold value cannot be easily distinguishable and it
affects estimation of the regression coefficients. It is natural to explore a robust
inference procedure so that we do not have to specifiy each case beforehand. The
smoothed estimation in Section [d] can be an option.
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APPENDIX A. PROOF OF THEOREMS

Proof of Lemma[l, The condition (a) in Assumption ]is sufficient to apply a ULLN
to S, on any compact subset K, e.g., Davidson (1994). The condition (b) in As-
sumption |1 and the continuity of S (), due to Assumption [1f (a), are sufficient for
the consistency, see e.g. van der Vaart and Wellner (1996) (Corollary 3.2.3). O

Proof of Lemma[2 The conditions for Theorem 3.2.5 in van der Vaart and Wellner
(1996) are verified for —S,, and —S as the theorem is for the maximization problem.
The first condition on —S is trivially satisfied from the differentiability condition
in Assumption 2| (¢) . Then, it remains to show that

(1) B sup |Sa—S)(0) — (Sa—S)(600)] < V2,

~

[6—00]|<¢ n
for some ¢ > 0. Let P, =n~!>"" |, the empirical measure, and G,, = /n (P, — E),
the empirical process. And unless specified otherwise, 7, = 7 (y;—1) . Also define
{(ﬁ + BO)I Gn (717071-’70) - QGnytﬂ'/yO} (B = Bo)
2 /
By = G (B (my—7y,))" = 2Gn [f = B'my, ] (my = 7,) B
C, = —-2Gpe (my - 77%)/,6’,

and verify the inequality in for each term, as v/n[(S, —5) (8) — (S, — S) (6p)]
is the sum of the three.
For A,, it is sufficient to show that variances of G,, (71'.\/07(;0) and Gnytwgo are

X
3
I

bounded, which is trivial and omitted. To check the condition for B,, assume
v > 7o The other case can be verified in the same manner and omitted. Then,

Ty (y) = Ty (y) = (Ly, =1, =y) L{yy <y <7}

!/ . ..
As f and B'm, are bounded on a compact set, we consider an empirical process
indexed by a class of functions,

{hy () =9 W) H{vo <y <}l —vl <,

for a bounded function g. We follow the proof of theorem 2 of Wu (2008) to get the
modulus of continuity of such an empirical process at v,. While the theorem itself
is for empirical distribution functions, the multiplication by a bounded function g
does not change the result. In particular, the theorem implies that for a generic
constant C
E [ sup  [Guhy|| < CCH2(F (79 + €)= F (7))

[vo—7I<¢
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where in our case ¢ =1 and F (y) =E(g(y) 1{vo <y <~}). As

F (v +¢) = F(v) <CC,

it is shown that B,, satisfies .

Finally, we apply Lemma A.3 of Hansen (2000) for C,, noting that ¢; is a mar-
tingale difference sequence. In particular, apply the lemma with n = \/n2%/ =2y 2
and ¢ = 29r; !, where 1, = n'/3. Strictly speaking, the proof of Theorem 3.2.5

shows that the condition is a sufficient condition to ensure the inequality given
in Lemma A.3. This completes the proof. O

Proof of Theorem[3 As S () is differentiable and minimized at 6y, the first order
condition of the minimization implies that

(5) 2f (’YO) = (17707 1;70) BO»
and
(6) E [7,, (y1-1) er] =0,

where e; = (yt — 5677% (yt,l)) .
Due to Lemma 2, we may apply reparametrization b = r,, (8 — 8¢), 9 = ™ (70, — Vo) »
where 7, = n'/3 and |g|,|b] < K < oo, throughout the proof. Partition of

b= (¥),b,)" according to that of 3 = (53,6/2)/. Then,
72 (Sn (0) = Sy (00)) = Ap + B + Ch,
where
A, = b’IP’nW%WfYOb + 2?"nIP’nb/7r.YD (m, — WWO)/ 5,
! Tn
B, = VP, (7 —m,) (my —7y,) b— QﬁGneﬂr; (y:—1) b,

> (B (my = ma,) = 2e0) (3 = 73, ) B
t=1

r

$2
Il
3 s

We apply a generic uniform law of large numbers to 4, see e.g., Andrews (1987,
Corollary 1).  Note that 7., (7, — 71'70)/ equals (1,y,0,0)" () — 77%)/ if v < v,
and (0,0,1,y) (7‘1’7 - 71'70)/ otherwise. And, for k=0 or 1 and g > 0,

raE{yr 11 (Yo < yee1 < v+ 9 )} = vk p(10) 96

using the change-of-variables. Then, a simple algebra yields that
An == V' Mb + 2pod, ( 71 Z% ) (bi11{g < 0} +b21{g > 0}) g,
o 70

uniformly in b and g. Next, the first term in B,, is analysed in the same manner.
And, it follows from (6) and Lemma 3.4 of Peligrad (1982) that there is a K < oo
such that

var Gpe;my, (yi—1) < K var (eﬂwo (ytfl)) < 0,

where the last inequality is due to Assumption [2| (b). Then,

_ Tn
Sl;p |Bn| = Op <Tn2 + \/ﬁ) = 0p (1) .

Now consider C,,. Recall that e; = e; + f (y4—1) — 5671'70 (y:—1) and note that if
yi—1 lies between ~ and ~,

Hye—r <9+ H{yem1 <o) = WH{ye—1 > 7} + H{ye—1 > v} =1,
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to yield
2r, / 9 /
Cn = _%Gngt (Tgtg/rn = M) Bo +TPu€ (Ye—1) (To1g/r, — 7o) Bos

where € (y) = (1,v,1,¥y) By — 2f (y) . We show below that the empirical process
in C),, the first term, converges weakly to a zero-mean Gaussian process and the
second converges in probability to a deterministic function uniformly in g. However,
the tightness of the empirical process follows from Lemma A.3 of Hansen (2000)
(as proceeding in Lemma A.11 therein). To characterize the covariance kernel, note
that
(Tovgtg1/ra = o) (Togrga/rn — 7Wo)/ =0,

if g1 and g, take opposite signs. Thus let g; and g2 be positive. Then, as TfL /m=rp,
the covariance kernel of the limit process is given by

. ) Yo+(91Ag2)/Tn ) 5 o
lim r, 4EE3 / ((1,3) (Bro — Ba0))? p () dy = 40°po (g1 A g2)
Y

n—oo
0

using change-of-variables. Proceed similary for negative values of g1 and go. Next,
note that £ (yy) = 0 due to and ¢ is differentiable. Using the mean value
expansion ¢ (y;—1) = & (1) (y+—1 — 7o) and change-of-variables, it is easy to see
that

/ 1,
riEﬁ (ye—1) (7T70+9/7'n - 7T’Yo) Bo — 55 (o) ((1,70) (B1o — 520))]7092,

where & () = (0,1,0,1) By —2f' (7o) = @10+ 20 —2f" (7) - Then, a ULLN yields
that

2 / 1,
% 25 (yt—1) (W70+g/rn - ”70) Bo o 55 (7o) ((1,70) (Byo — 520))?0927

t=1

uniformly in g. This concludes the proof. t

The proof of Theorem [] takes several steps.

At A~k
Lemma 5. 0 and 6 are consistent.

Proof. Proving Theorem 1 of Seo and Linton (2007), they showed that S, — S} =

0p (1) uniformly over ©. This and Lemmayield the consistency of 6" and similar

argument applies for that of 0. O
Lemma 6.

(7) ET} (0g) = O(h,) and nh,varT, (6g) — V7T

(8) ET; (60) = O (h%) and nh, var T} (69) — V*,

where the last diagonal elements of V and V* are given by, respectively, 40%w?pq Ik |/C’|2—|—
wipo [ IK!|? + 4w?po JQ(@y>0-K (W) 1K () dy and 40%w?pq i IK'?, and the
other elements in them are zero.

Proof. Let ki = ke (7)) , where iy (7) = OK (%) [0y = 72K (%) . Then,

_2 - - (yt_X’y (yt—l)/ﬁ) X~ (Yi-1)
(9) TS () ==~ ; ( (31— %o () B) e (1) ) .
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We first show for the second element in @ . The algebra is similar for the first
element and thus omitted. Replace (y; — X~y (yi—1)’ ) with

e+ (f (1) — 7y (1) B) + (79 — X)) (We-1)' B,

and first consider
1 n
A, =~ g e1T1 00Ky
nia

As g4 is iid sequence, EA,, = 0 and applying the change of variables
2
— d
Az = o o’ (Y0) po
= 0 [ (g +90) 00 K )0y +70) dy

o [P

Next, consider

Z (Y1) = 7y, (1)’ Bo) Tidoks-

3\'—‘

Then, applying the change of variables

EB, = / (f (hny +0) = 7y (g +70)" Bo) (L Ay +70) 80K () p (hny + 7o) dy-
Since K’ is symmetric, [ K" =1, and [ |y| K’ (y) dy = 0, we have
/Mo (hny +70) Bo (1,70) 00K () p (hny + 7o) dy

= 1,7) (510/ K’ (y ny'i'%)dy"’ﬁm/ K ( (hny—l—vo)dy)

(10 w(1,70) (2 (/310‘*‘520)170—#0(71%)) ,

where the last equality can be derived by expanding p (-) at -4, and similarly,
() [ 7 Gy 30) By (0, ) 80K () (e -+ 30) dy = O (k2)

In the same manner, it can be deduced that

(12) /f (hny +70) (1, hy + 70) K () p (hay + 7o) dy = wf (v9) po + O (k) -

However, the first order condition implies that

EB, = ([2) - () - @) = O (k7).

For nh,, var (B,,), we refer to Lemma 2 of Seo and Linton (2007), which shows the
negligibility of the sum of autocovariance terms across t, that is, writing B, =

% Z?:l Bnt>
nhy var (By) = hy (EBZt - (EBM)Q) = haEBZ, — O (h5),
and the same algebra as above yields

1
h,EBZ, — Zw4p0/|IC'|2
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Then, consider

C, =

S|

NgERI M:

Bo (770 ) (Ye—1) Ty 00k

(1 (g1 > Y0) — Ky (Wi—1)) ke (2400)%

S|

&~
Il

1

since (1 = x,) (¥) = (L(y >7) =K ((y =) /hn)) (=1,1) ® (1,))". We may note
the fact that [ (1(y > 0) — K (y)) K’ (y) dy = 0 to deduce

BC, = [ (1> 0) = K@)K () (Lhoy +10)50)° (o + ) dy.
= s o (30) + 2] [ (L > 0) = K () K (5) ey + 0 ().
It can be shown that [ (1 (y > 0) — K (y)) K’ (y) ydy > 0 by integral by parts and by

noting that (1 (y > 0) — K (y))y is symmetric. Proceeding similarly for var (B,),
define C,,; and deduce nh,, var (Cy,) = h,EC2, + o0 (1), where

hEC2, — w?po / (1(y > 0) - K ) 1K () dy.

Finally, nh,, cov (A, B,) = nh, cov (A, C,) =0 and
nhy, cov (B, Cp) = hpE (ByiCri) = O (hy,) .

Turning to

3

2 n = (yt — 1By — 20K, (Ye—1)) we
(13) =3 v — wBa} @y (ye) ;
t=1 \ @40 (e + f (ye—1) — 21 (By + B2) /2) ku

we examine the last element in at § = 6y, which is 2 (A,, + D,,), where

n

Dn = % Z (f e—1) — =y (Bro + Bao) /2) xi0 ke
=1

Applying the change of variables, expansions, , and Assumption [3| (a), we may
deduce

50, = [ (760 - 22522ty + Z 00202 ) (1 9000

XK' (y) p (hny + 7o) dy,
= O(h).

And, defining D,,; as in B,,; and proceeding as in the calculation of ED,,,

ooz = [ (#0022 ) hay P D0 ) (o ) 07

<K' (y)? p (hny + 7o) dy

— 0.

Lemma 7. v/nh, (é* — 90) =0, (1), and \/nh, (@+ — 90) =0, (1).
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Proof. We apply Theorem 3.4.1 in van der Vaart and Wellner (1996) . Let S (0) =
ES} (0). The first condition, which concerns —S}, is obvious from its differen-

tiability. Conditions are verified for —S} and —S; as their theorem is for the
maximization problem. The second condition is

(14) E sup |(S5—55)(6)— (S5 — S%) ()] S —
10—00]<¢ nhy,

Some algebra yields that

Vil [(85, = $2) (6) = (S5 — S3) (60) |

= —VhaGu (250 — 2} (B1 + Buo) — 220K+, (y1-1)) 7 (B1 — Bro)
VG (291 — 221B19 — 2} (8 + 60)) Ky, (ye-1) 4 (5 — 60)
VoG, 241 — 7} (By + B3)} B (x7 - x%) (ye-1) .-

&~

&~

Since X, (y) — X, (v) = —(L,y,—1,—y) K’ (yhj hl (v —70), it is sufficient to

n

show that the terms preceding (5, — f19), (6 — o), and (v —7,) have bounded
variances. However, this can be shown by direct calculation as in Lemma [6}

A+ .
For 6 |, we may write

Vinh (85 = 81) (0) - (87 = 51) (60) |
= [B+80) VEnGnx, X,y = 23R (0, 1)) | (B = B0)
~VhaGy, {2% (X7 + X%)] (X7 - XWD)/ﬂv

and proceed similalry as above. U

Proof of Theorem[4] In view of Lemma 3 of Seo and Linton (2007), Lemma [f] is
sufficient to claim that /nh, T} (0y) is asymptotically normal and it remains to
derive the convergence of the second derivative matrix Q;, which is given explicitly
by

n L Ky (yi-1) / xxh 0kt (7y)
E [ - Ky (Ye—1) © BT (e} By — yravy) ke ()
n = . ,’EQ(S (yt _ 3?; 51;52) K (yt—lnf’Y) h%

Given Lemmal[7] it is sufficient to show that
Q;, (6) = 2Q,

uniformly in 6 such that |§ — 6y < C (nhn)fl/2 for any C' < oco. However, Lemma
5 and 6 of Seo and Linton (2007) derived the uniform convergence of QZ in a o (hy,)
neighborhood of 6y and (nhn)fl/ % is smaller order than h,, under the condition of
the theorem. The pointwise convergence of each term follows from direct calculation
similarly as above. We only illustrate the convergence of the last diagonal element,
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F1GurE 1. Plot of S (v)

for which we apply the change of variables and reall to deduce

E [m;(s (et + f (x¢) — 3 (By + Bo) /2) K" <yt—}1l_7> ;21}

- / (1, hny + o) 8o ((f’ (yo) — 8F 0‘2) y+ &) hnzﬁ) K" (y) p (hny + 7o) dy

2 2
B+ 8
~ o (1w -0n By,
as [yK" (y) dy = —1. This completes the proof. O
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