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Abstract

This paper studies communication in a static Cournot duopoly model under
the assumption that the firms have unverifiable private information about their
costs. We investigate the conditions under which the firms cannot transmit any
information through cheap talk, and show that when these conditions are vio-
lated, it may be possible to construct informative cheap-talk equilibria. If the
firms can communicate through a third party, communication can be informative
even when informative cheap talk is impossible. We exhibit a simple mediated
mechanism that ensures informative communication and interim Pareto domi-

nates the uninformative equilibrium for the firms.
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1 Introduction

It is well recognized in both the theoretical literature and the antitrust law that in-
formation exchange between firms in an oligopolistic industry can have several effects
(see, for example, Nalebuff and Zeckhauser (1986) and Kiihn and Vives (1994)). On the
one hand, more precise information about the market allows the firms to make more
effective decisions. On the other hand, information exchange may facilitate collusion
and increase barriers to entry, which reduce consumer surplus. Therefore, assessing the
effects of communication on equilibrium prices and production is both interesting from
the theoretical point of view and important for developing guidelines for competition
policy. This paper contributes to the discussion by studying the possibility of infor-
mative communication in a Cournot oligopoly model where the firms have unverifiable
private information about their costs.

There is a large literature on information exchange in oligopoly with private infor-
mation about costs. In a typical scenario, the firms participate in information exchange
before playing a one-shot Cournot game. Information is assumed to be verifiable, i.e. a
firm can conceal its private information but cannot misrepresent it. Examples include
Fried (1984), Li (1985), Gal-Or (1986), Shapiro (1986), Okuno-Fujiwara, Postlewaite
and Suzumura (1990), Raith (1996) and Amir, Jin and Troege (2010).! Most of these
papers assume that each firm decides whether to share its information or not before it
observes the cost realization. The conclusion from this literature is that in a Cournot
oligopoly with linear demand, constant marginal cost and independently distributed
cost shocks, each firm finds it profitable to commit to disclose its private information.

The paper by Okuno-Fujiwara, Postlewaite and Suzumura (1990) assumes that each

LA related strand of literature (Novshek and Sonnenschein, 1982; Vives, 1984; Gal-Or, 1985; Kirby,
1988) studies information sharing between firms having private information about demand; Li (1985),
Raith (1996) and Amir, Jin and Troege (2010) cover both cost uncertainty and demand uncertainty.



firm decides whether to reveal its cost realization after observing it. In this case, it is
shown that, due to an unravelling argument, under the standard conditions the firms

will fully disclose their private information about costs in all sequential equilibria.?

However, the assumption that private information is costlessly verifiable may be re-
strictive. Ziv (1993) notes that information about a firm’s cost function “is part of an
internal accounting system that is not subject to external audit and not disclosed in the
firm’s financial statements” (p. 456), which makes it potentially costly or impossible
to verify, and that even if the verification took place, punishment for misrepresenting
the information is unavailable in a one-shot game, because contracts that prescribe
such punishment may violate antitrust law. In some cases, external verification of in-
formation is impossible in principle, as when the communication between firms takes
the form of planned production preannouncements (an empirical investigation of infor-
mation exchange via production preannouncements can be found in Doyle and Snyder
(1999)). Therefore, one may wish to examine whether the conclusions of the literature
on information sharing in oligopoly are robust to the assumption that information is

verifiable.

Ziv (1993) addresses this question in the framework of a Cournot duopoly with
linear demand and constant marginal costs. He assumes that the marginal costs are
private information, and each firm can send a cheap-talk message to its competitors
before choosing its output. He shows that if the information is unverifiable, the con-
clusion that each firm will be willing to share the information no longer holds. To
understand this result, suppose that there exists an equilibrium where each firm an-
nounces its cost realization truthfully, the competitors take each announcement at face
value, and the output of each type of each firm is positive. Then, regardless of the true
cost realization, each firm would like to deviate and announce the lowest possible cost

in order to appear more aggressive and thus make the competitors reduce their output.

2These results have been further generalized in Van Zandt and Vives (2007).



Various mechanisms to make unverifiable cost announcements credible have been
considered in the literature. For instance, different announcements can be accompanied
by appropriate levels of ‘money burning’ (Ziv, 1993). Alternatively, the announcements
can determine the amount of side payments in a collusive contract (Cramton and
Palfrey, 1990) or the level of future ‘market-share favors’ from the competitors in

repeated settings (Chakrabarti, 2010).

In this paper, we consider a Cournot duopoly model which generalizes the linear
demand-constant marginal cost setting that is considered in almost all previous work.
Each firm has unverifiable private information about the value of its marginal cost.
We assume that the game is played only once, the firms cannot commit to information
disclosure ex ante, and the communication between the firms cannot be substantiated

by any costly actions.

First, we address the question of whether informative communication through cheap
talk is possible in our model. While the intuition behind the impossibility of informa-
tive communication in Ziv (1993) is compelling, the techniques of that paper are not
applicable to a nonlinear setting. More importantly, there are results in the cheap-
talk literature that show that informative communication is possible in some games
where all the sender’s types have the same preference ordering over the receiver’s ac-
tions.? Nevertheless, in Theorem 1 we show that no information transmission is possible
through one round of cheap talk in the environments where several assumptions are
satisfied, including: (i) all cost types always find it optimal to produce; (ii) the firms’
cost types are independently distributed; (iii) the inverse demand of a firm is additively
separable in outputs of all firms and is linear in the opponents’ output.

More generally, we prove that no cheap-talk game that lasts for a pre-determined
finite number of rounds has an informative equilibrium (Theorem 2). We also show

that assumptions (i)-(iii) are important for the impossibility of informative cheap-talk

3See Seidmann (1990), Baliga and Morris (2002), Baliga and Sjostrém (2004).
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communication. If either assumption is not satisfied, then there may exist equilibria
with informative cheap talk (Examples 2-4).

Next, we show that informative communication is possible even in the environments
that satisfy assumptions (i)-(iii) if the firms are allowed to use more complex commu-
nication protocols than one-shot cheap talk. In particular, we consider the scenario
where the firms can communicate through a neutral and trustworthy third party (a
mediator). The mediator can both receive costless and unverifiable reports from the
firms about their cost realizations and send messages back to the firms. In this setting,
we show that for a range of parameters there exists a simple communication protocol
that makes information transmission possible in equilibrium (Theorem 3) and leaves
every type of every firm better off than in the Bayesian-Nash equilibrium without com-
munication (Theorem 4).* The reason for this is that the mediator can play the role
of an information filter between the firms: a firm does not get to see the competitor’s
cost report directly, and the amount of information that it gets about the competitor’s
cost depends on its own report to the mediator.® Therefore, even though a higher
cost report may lead to higher expected output by the competitor, it can cause the
mediator to disclose more precise information about the competitor, which can make
truthful reporting by the firms incentive compatible.® Finally, we generalize Theorem
3 to the case of more than two firms (Theorem 5), and show that when the number
of firms is large enough, our communication protocol can be implemented without the

help of the mediator (Theorem 6).

4Liu (1996) considers communication protocols that make use of a third party (correlated equilib-
ria) in a Cournot oligopoly with complete information. He shows that the possibility of communication
does not enlarge the set of possible outcomes: the only correlated equilibrium is the Nash equilibrium.
We show that a similar result holds in our model too (Lemma 3). Therefore, for informative commu-
nication through a mediator to be possible, the mediator has to be able not only to send messages to
the firms, but to receive cost reports from them as well.

5The idea that introducing noise into communication in sender-receiver games can improve infor-
mation transmission was introduced by Myerson (1991) and analyzed in detail by Blume, Board and
Kawamura (2007).

6The idea that an informed party may be induced to reveal information by making the amount of
information it gets about its competitor contingent on its own message appears in Baliga and Sjostrom
(2004), although the model and the results of that paper significantly differ from ours.



Our results have two implications for competition policy. First, they add a new
aspect to the question of whether firms should be allowed to exchange disaggregated
versus aggregate data. This issue is currently viewed mainly from the perspective of
determining which of the regimes is more conducive to sustaining collusive equilibria
when the firms interact repeatedly. From this point of view, the exchange of disaggre-
gated data may be more harmful than the exchange of aggregate statistics, because, in
case of a deviation from the collusive agreement, the former regime allows to establish
the identity of the deviator (Kiithn and Vives, 1994). For this reason, the competition
policy views the exchange of aggregate statistics more favorably.” What we show is
that information aggregation can have another effect: it can relax the incentive com-
patibility constraint of the participants of the data exchange and thus lead to more
information revelation.®

Second, our results contradict the notion that efficiency-enhancing exchange of
unverifiable information is infeasible, and therefore the only possible purpose for the
exchange of such information is to sustain a collusive agreement.® We show that this
is not necessarily true, and that exchange of unverifiable information can be efficiency-
enhancing.

The rest of the paper is organized as follows. In Section 2 we describe an example

"For example, Kiihn and Vives (1994) note that the European Commission “has no objection to
the exchange of information on production or sales as long as the data does not go as far as to identify
individual businesses”.

8In their narrative analysis of the Sugar Institute, a cartel of sugar refiners that operated in
the US in 1928-1936, Genesove and Mullin (1997) note that the confidentiality procedures adopted
by the Institute in gathering and aggregating the data may have been adopted to ensure incentive
compatibility for participating firms. To our knowledge, this insight has never before been formalized
within a theoretical oligopoly model.

9For example, the 2010 OECD report on “Information Exchanges between Competitors under
Competition Law” states:

One important factor that the literature points out is that communications between
firms may have little value in facilitating coordination unless the information is verifi-
able. Information which is not verifiable can be dismissed as “cheap talk” and therefore
disregarded. However, some have suggested that “cheap talk” can assist in a meeting
of minds and allow firms to reach an understanding on acceptable collusive strategies.

(p.34)



that illustrates the ideas behind some of our results. Section 3 contains a description of
the model. In Section 4 we analyze unmediated public communication (cheap talk) and
show that under certain assumptions it cannot result in informative communication,
while informative cheap-talk communication may be possible if these assumptions are
not satisfied. In Section 5 we exhibit a simple mediated mechanism that ensures
informative communication. Section 6 contains various extensions; in particular, we
show that our mechanism can be implemented without a mediator when the number
of firms is large. All proofs are relegated to the Appendix and the Online Appendix

unless stated otherwise.

2 Example

Consider two symmetric firms producing a homogeneous good, the inverse demand for
which is P (Q) = 3 — Q. Each firm has a linear cost function, the value of the marginal
cost being its private information. Specifically, each firm can be either of type L, with
the marginal cost of 0, or H, with the marginal cost of 2. The types are independently
and identically distributed, and the probability of type L is p € (0,1). Regardless of
the type realization, each firm has a capacity constraint of x units, where x € (%, 1).
Suppose that firm i’s expectation of the opponent’s output is ¢)_;. Then firm ¢’s
optimal output maximizes its profit function m;(¢;, Q_i,¢;) = (3 — ¢ — Q—; — ¢)q,
where ¢; is the marginal cost of firm ¢. It is easy to check that for a firm of type L,
the capacity constraint binds whenever its expectation of the opponent’s output does
not exceed 1, and such a firm will find it optimal to produce x. On the other hand,

the capacity constraint never binds for a firm of type H, and its optimal output is

2
_ 1-Q- : : 1-Q—;
i (Q—;) = —5—*, which results in the profit of (T) )

To start, consider the Bayesian-Nash equilibrium of the Cournot game where the

firms simultaneously choose their outputs. In this equilibrium, a firm of type L chooses



x and a firm of type H chooses gy that satisfies the equation

_ 1=(pz+(1-pln)
2

qH

1—px
3—p

The solution to this equation is gy =

Now suppose that the firms can commit to truthfully disclosing their cost realization
to the competitor before making their production decisions. In this case, if the firms
learn that both of them are of type H, both will produce %; if they learn that one of the
firms is of type H and the other one of type L, the type-H firm will produce I’Tm As
before, a type-L firm will produce x regardless of what it knows about the opponent.
It is straightforward to check that in this case, the ex ante expected profit of each firm
is higher than in the case where the costs are private information.'® Therefore, if the
firms could participate in such an information-sharing agreement, they would have an

incentive to do so.

Suppose, however, that such an information-sharing agreement is infeasible, and
all a firm can do is make a public announcement about its marginal cost realization
before choosing its output level. The announcements are made simultaneously, and
are costless and unverifiable (“cheap talk”): a firm has no way to check whether its
opponent has told the truth about its marginal cost. Let us show that in this case, the

firms will not reveal their information truthfully in equilibrium.

Indeed, suppose a truthful equilibrium exists. In such an equilibrium, if a firm

truthfully announces type H, it will find it optimal to produce % if the opponent

announces H as well, and 1’79” if the opponent announces L. A firm of type L that

truthfully discloses its type will find it optimal to produce x no matter what the

opponent announces. Suppose that a type-H firm discloses its type truthfully. Then

10The difference in the ex ante expected profits between the complete information and the incomplete
(1—p)? (3z—1)(81a+5p—21—21px)
36(3—p)*

information case equals Z
1

, which is strictly positive for any p € (0,1) and



with probability p it will learn from its opponent’s announcement that the opponent
will produce z, and with the remaining probability it will learn that the opponent will

1

produce 3. But suppose that a type-H firm deviates and announces that its type is

L; then with probability p it will still learn that the opponent will produce x, but
with the remaining probability it will learn that the opponent will produce ka < %
Because the firm prefers the opponent to produce less, this deviation is profitable, and
a truthful equilibrium does not exist. Therefore, even though the firms have an ex ante
incentive to share their information, sharing it truthfully through cheap-talk messages
is impossible: a high-cost firm will have an incentive to pretend that its cost is low in

order to scare the opponent into producing less.!+12

To counteract this incentive, let us amend the information exchange scheme as
follows. Suppose that, instead of announcing their types to each other, the firms report
them privately to a neutral trustworthy third party (a mediator). We still assume that
the reports are costless and unverifiable. If both firms have reported that they are
of type H, the mediator makes a public announcement to that effect; otherwise the
mediator remains silent. We will show that in equilibrium, both firms will have an
incentive to report truthfully, and their ex ante welfare will be higher than without

communication.

Indeed, if both firms have truthfully announced that they are of type H, then they
learn that this is the case, and each of them chooses to produce % If a firm of type H

has truthfully reported its type, but the mediator remains silent, then the firm learns

that the opponent is of type L, and thus best responds with 1_79” A firm of type L

always finds it optimal to produce x. Therefore, conditional on any type profile, the

equilibrium outputs are the same as in the case when the firms commit to disclosing

HTf the private information about cost was verifiable, then type-H firms would not be able to
mimic the announcement of type-L firms, and there would exist an equilibrium with full information
revelation.

12Tn principle, the cheap-talk game could have a mixed-strategy equilibrium where the messages
were partially informative about the types; however, in this example such equlilibria do not exist.



their types truthfully, and therefore the ex ante profit is also the same. Let us now
check whether reporting truthfully is incentive compatible. Suppose a firm of type H
reports truthfully. Then, as in the case of full revelation, with probability p it will learn

that the opponent will produce = (and best respond with 1_7”), and with the remaining

probability it will learn that the opponent will produce % (and best respond with %)
If a type-H firm deviates and reports L, its opponent’s output will be equal to x with
probability p and I’T‘” with probability 1 — p, just as in case of full revelation; but
unlike that case, the firm will have to choose how much to produce without the benefit
of knowing how much the opponent will produce. Its best response to the lottery
over the opponent’s output is to produce %(1 — (pa:' +(1-— p)l’Tx)) The deviation is

unprofitable if

p(1;$>2+(1—p) (%)2 . (1— (pH;l_p)l_Tz))z

3x+7
9(3z—1)

which is true if p > . It is also easy to check that a type-L firm will find it

profitable to report truthfully for any values of p € (0,1) and z € (%, 1).

The intuition for why the mechanism above is incentive compatible is that, at the
reporting stage, it makes the firms face a tradeoff between inducing the opponent to
produce less in expectation (by sending message L) and learning exactly how much
the opponent is going to produce (by sending message H). Different types of the firm
resolve this tradeoff differently. A type-H firm values information about how much
the opponent will produce; in contrast, a type-L firm always finds it optimal to choose
the same output level and thus faces no need to coordinate with the opponent. This
makes it possible for the firms to truthfully reveal their information and improve their

expected profit relative to the no-communication case.'?

BFurthermore, it can be shown that for a range of parameters in this example, this mechanism
maximizes the ex ante joint profit of the firms in the class of all incentive compatible communication
mechanisms. The proof is available upon request.
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3 The model

We consider a model of Cournot competition between two firms, A and B, with
differentiated products. The inverse demand curve for firm ¢’s product is given by
P(qi,q—;) = max{p(q;) — Bq—i,0}, where ¢; is the output of firm i. We assume that
p(0) > 0 and —p'(¢;) > B > 0 for every ¢; > 0. The interpretation is that the
products of the two firms are perfect or imperfect substitutes, and “own effect” on
demand is greater than the “cross effect”.!* Firm i’s cost function is C(g;, ¢;) such that
C(0,¢) =0, %q’fi) > 0 with strict inequality for ¢; > 0, and 82%(—;_5"”) > 0. A higher
value of the parameter ¢; is associated with higher firm ¢’s total cost and marginal cost:
%&_’Ci) >0 and az%fgq’?) > 0. We assume that ¢; is privately observed by firm ¢, and
that c4 and cp are independently distributed on C' = [0,¢] according to continuous

distribution functions F4 with density f4 > 0 and Fp with density fg > 0.

Lemma A.1 in the Online Appendix shows that rational behavior by the firms
always results in strictly positive prices, and thus we can take P(q;,q—;) = p(q;) — 5q_;
from now on. The profit of firm ¢ of type ¢; when it produces ¢; and its competitor
produces q_; is

Ti(qi, 4, ¢i) = (p(ai) — Ba—i) ¢ — C(qs, &) (1)

Let q(q_i, ¢;) be the set of best responses of firm i of type ¢; to the opponent’s output
q—i:

q(q-i, ¢;) = argmax m;(¢;, ¢—i, ;) (2)
;>0

We will impose the following conditions on the best response correspondence ¢:

q(q_i, c;) is single-valued, continuous everywhere, C' on {(q_;,ci) : q(q_i,c;) > 0}

(C1)

14This is a standard assumption: see for example, Gal-Or (1986).
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If q(q_i,¢;) > 0, then W <0 and W € (—1+6,0) for some 6 > 0
(C2)
q(q(0,0),0) >0 (C3)

To guarantee C1 and C2, it is enough to assume that the components of the profit
are twice continuously differentiable and that p is “not too convex” (see Lemma A.1
in the Online Appendix for the precise statement). In particular, the best response is

f —azaocglg;fi) > 0 and 8 > 0. Condition C3 simply

nonincreasing in ¢; and g_; because o
requires that the most efficient type never chooses to shut down, even if facing the
most efficient opponent who chooses the monopoly output.

For some results in the next section, we will require that all types always choose

strictly positive output:

q(q—i,ci) > 0 for every ¢_; € [0,¢(0,0)] and every ¢; € C (C4)
This can be guaranteed, for example, by assuming %Sf) = 0 for every ¢; € C (see

Lemma A.1 in the Online Appendix).

Let us illustrate these conditions with an example.

Example 1 Let p(¢;) = K—q;, C(gi, ¢;) = %q] suchthat K >0,y > 1, and 8 € (0,1].

If v > 1, then q(q—;, ¢;) equals 0 if K — Bq_; <0, and solves the first-order condition
K —2¢—Bq-i—cq" ' =0

otherwise. 1t is easy to check that C1-C4 are satisfied. If v = 1, then q(q_;,c;) =
maX{O, % (K — Bq_; — cz)} It is easy to check that C1-C3 are satisfied, while C4 is

satisfied if ¢ < %

Substituting ¢(q_;, ¢;) into the expression for the profit (1), we obtain the indirect

12



profit function of firm i:

(g, ci) = max (i q—is i) = mi(q(q—i, ¢i), i, ¢i) (3)

qi =

4 Unmediated communication

4.1 Impossibility Results

In this section, we allow the firms to communicate directly with each other using costless
and unverifiable messages before choosing their output levels. First, to provide a
benchmark, we describe what happens in the game with no communication. After that,
we investigate the consequences of allowing one round of cheap talk communication.
Finally, we look at games with any pre-determined finite number of rounds of cheap
talk communication.

It is well-known that in the complete-information Cournot game with two firms, the
unique intersection of the firms’ best responses determines not only the unique Nash
equilibrium strategy profile, but also the unique outcome of the iterated elimination
of strictly dominated strategies.!® In our setting, we have an analogous result for the

game with no communication.

Lemma 1 Suppose that conditions C1-C8 hold. Then in the game with no communi-

cation the profile of strategies where each firm plays according to

aNC(ci) = a(QNC, cy) for every ci, where QVC = / (N (e)dFi(e), i € {A, B} (4)

1s the unique Bayesian-Nash equilibrium and the unique profile of strategies that sur-

vives iterated elimination of interim strictly dominated strategies.

The proof of Lemma 1 can be found in the Online Appendix.

15See for example Chapter 2 in Fudenberg and Tirole (1991).
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Note that in games with multiple equilibria, one possible role for preplay com-
munication is to allow the players to coordinate among equilibria. Given Lemma 1,
preplay communication in our setting cannot be used purely for coordination, but has
to involve some information revelation.

We consider the following game where the firms can engage in cheap-talk com-
munication before making their output choices. Let M4 and Mp be the sets of pos-
sible messages for firms A and B. Each firm 7 sends a costless message m; € M;,
and the messages are publicly observed. Firm i’s pure strategy is thus a pair of
functions (m;(c;), gi(mi,m_;,¢;)), where m; : C' — M; is a message strategy and
g : M; x M_; x C — R, is the output strategy in the continuation game follow-
ing a pair of messages (m;, m_;) being observed.

Let us first consider the continuation game after a pair of messages (m;, m_;) is
observed. Let Fj(-|m;) be the c.d.f. of firm —i’s equilibrium beliefs about ¢; after it
has observed firm #’s message m;.!% Similarly to Lemma 1, we can characterize what

happens in such a continuation game.!”

Lemma 2 Suppose that conditions C1-C3 hold. Then, in the game with one round of
cheap-talk communication after a pair of messages (m;, m_;) is observed, the profile of

strategies given by

qi(mi, m_;, ¢;) = q(Q—i(mi, m_;),c;) for every c;,

where Q;(m;,m_;) = /Q(Q—i(miam—i)vci)dFi(Ci‘mi)7 i € {A, B}

1s the unique Bayesian-Nash equilibrium and the unique profile of strategies that sur-

vives iterated elimination of interim strictly dominated strategies.

Next we consider how each firm chooses which message to send. Using Lemma 2

and the formula for the indirect profit function (3), we can compute the expected profit

16 F; does not depend on c_;, because the types are independently distributed.
1"The proof follows from Lemma 1.

14



following any pair of messages (m;, m_;). Hence, the problem of firm i of type ¢; is to
choose m; to maximize E,,_, [IT; (Q_;(m;,m_;),¢;)].

First, note that by the Envelope theorem ﬁl‘[i(q,i,ci) = —Bq(q_i,¢i), and thus
every cost type that chooses to produce is strictly better off if the opponent produces
less. Next, suppose there exists a message (or a set of messages) for firm 7 that mini-
mizes ()_;(m;, m_;) simultaneously for every message m_; that is sent in equilibrium
with positive probability. Then all types of firm ¢ only send such message(s), and thus
no informative communication is possible. Such a situation occurs, for example, when
firm —i¢ plays a “babbling” strategy: every type of firm —i plays the same message
strategy which leads to Q_;(m;, m_;) being independent of m_; for every m;. Another
case when it may be possible to minimize Q_;(m;, m_;) for every m_; is when @Q_; is
additively separable in (m;, m_;).

The question whether informative cheap talk between oligopolists is possible has
been considered by Ziv (1993) in the context of a symmetric model with undifferentiated
products, linear demand and constant marginal cost (which corresponds to Example 1
with 8 =~ =1 and F4 = Fp). Ziv’s Proposition 3 shows that if the parameters are
such that all cost types always find it optimal to produce, no informative equilibrium
exists.'® Specifically, he shows that firm —i’s expected equilibrium output depends on

its expectation of firm i’s cost, E [¢; | m;], as follows
Q,i(mi, m,i) = A + Oél'E [Ci ’ ml] — CY,iE [C,i ’ m,i]

where A, a;,«_; > 0. The higher the expectation of firm i’s cost, the more firm —i
will choose to produce, regardless of its cost type. Thus all types of firm ¢ only send
messages that minimize F [¢; | m;], and as a result no informative communication is

possible.

18Formally, Proposition 3 states that a fully revealing equilibrium does not exist; however, what is
in fact proved is that no information transmission is possible through cheap talk.
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When the demand or the cost functions are nonlinear, then )_; is unlikely to
be additively separable, and thus there may not exist a message m; that minimizes
Q_; (m;,m_;) simultaneously for every m_;. Despite this, we are able to show that if
all cost types always find it optimal to produce (condition C4), informative equilibria

do not exist in the game with one round of cheap talk.

Theorem 1 Suppose that conditions C1, C2 and C4 hold. Then the game with one
round of cheap talk has no informative equilibrium. That is, following any equilibrium
message profile (m;, m_;), the expected output of each firm i satisfies Q; (m;,m_;) =
QNC, and firm i plays the same strategy as in the game without communication:

q(Q_; (mi,m_y),c;) = ¢ (¢;), for every c;, i = A, B.

To illustrate the proof, let us show why in a symmetric environment there cannot
be an informative equilibrium which is symmetric and where each firm chooses between
two messages. Let F; = F' for « = A, B, and suppose there is a symmetric equilibrium

where each firm sends two messages m and m’. Let

BR (q_|) = / ¢ (g1, ¢;) dF (ci|)

be the “expected” best response of a firm which has sent m € {m,m’}. Denote by

Q(m,m) the expected output of a firm that has sent message m and received message

19We cannot, however, claim that in equilibrium the messages sent by the firms are independent of
their types. There may exist equilibria where different types use distinct message strategies, leading
to the posterior probability distribution over types being dependent on the reported message, as long
as the expected output conditional on every equilibrium message profile remains the same as in the
equilibrium without communication. To illustrate, consider the setting of Example 1 with v =1, and
suppose the parameter values are such that in equilibrium of the game without communication, all
types produce. Then in any equilibrium of the game with cheap talk, the outputs after any pair of
messages depend only on the expectation of the marginal costs conditional on the messages. Thus any
message strategy that satisfies Flc;|m;] = E[c¢;] for every ¢ and m; can be part of an equilibrium (e.g.

if ¢; ~ U[0,1], one such message strategy is m;(c;) = m if 1 < ¢; < 2, and m;(c;) = m’ otherwise).
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m. Then

Q(m,m) = BR(Q(m,m)|m), Q(m,m’) = BR(Q(m',m)|m), ()

Q(m',m') = BR(Q(m',m)|m’), Q(m’, m) = BR (Q(m,m)|m’).

Condition C2 implies that the slope of BR is negative. If @ (m’,m) = Q (m,m’) =
@, then (5) implies that Q(m,m) = Q(m/,m') = @ as well, and thus the equi-
librium is uninformative. Let @ (m’,m) # @ (m,m’), and without loss of general-
ity suppose @ (m',m) < @ (m,m’). Then (5) implies that Q (m,m),Q (m',m’) €
(Q(m/;m),Q (m,m’)). Thus Q (m,m) < @ (m,m’) and Q (m',m) < Q(m/,m’), ie.
message m’ leads to a higher expected opponent’s output than message m regardless
of the opponent’s message, which cannot happen in equilibrium.

The result of Theorem 1 extends to the setting where the firms can engage in
finitely many rounds of cheap talk.?? Specifically, suppose there are T' > 1 possible
communication stages, at each stage t = 1,...,T each firm simultaneously chooses a
message, and their choices become commonly known at the end of the stage. After
that, the firms choose outputs. We show that informative cheap talk is impossible in

such a game with a pre-determined finite number of rounds.?!

Theorem 2 Suppose that conditions C1, C2 and CJ hold. Then the game with finitely

many rounds of cheap-talk communication has no informative equilibrium.

The impossibility of informative cheap-talk communication in our model stands in
contrast with a number of results on two-sided cheap talk with two-sided incomplete
information. For example, informative cheap-talk equilibria have been shown to exist

in the double auction game (Farrell and Gibbons, 1989; Matthews and Postlewaite,

20Games with multi-stage cheap talk have been studied both in the context of one-sided incom-
plete information (Aumann and Hart, 2003; Krishna and Morgan, 2004), and two-sided incomplete
information (Amitai, 1996).

21Tt remains an interesting open question whether cheap talk can be informative when there is no
pre-determined bound on communication length.
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1989), in the arms-race game (Baliga and Sjostrom, 2004), and in the peace negoti-
ations game (Horner, Morelli and Squintani, 2011). However, in all these papers the
underlying games have multiple equilibria, and the ability to have different contin-
uation equilibria following different message profiles seems important for sustaining
informative communication. In our setting, there is a unique continuation equilibrium
for every posterior belief (Lemma 2), which makes it harder to sustain informative

communication.

4.2 Examples with Informative Cheap Talk

In this section we show that the cheap-talk game can have informative equilibria if we
relax some of the assumptions of our basic model. First we consider the case when
some of the firms’ cost types are so unproductive that they prefer to shut down under

all circumstances.

Example 2 Consider the setup of Fxample 1 when v =1, so that

q(q—i, ¢;) = max {07 % (K — Bq_; — Cz)} ,

and let ¢ > K. Note that if ¢; > K, then type c; is so unproductive that it produces
zero even if it is a monopolist: q(q_;,c;) = 0 for every q_; > 0. There exists the
following equilibrium with informative cheap talk: firm A sends message m when it is
“productive” (ca < K ) and message m’ otherwise; and firm B plays a babbling strategy.
To see that this is an equilibrium, first note that the “unproductive” types of firm A
are indifferent between sending either message because their profit is always zero. The
productive types prefer to tell the truth, because firm B behaves as a monopolist if
it believes that firm A is unproductive, and produces less if it believes that firm A is

productive.??

22Note that this equilibrium is not equivalent to the outcome under no communication. The pro-
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Next we show that informative cheap talk is possible if we perturb the original
information structure. The firms observe auxiliary correlated signals, and in the con-
structed equilibrium the interpretation of the messages depends on the realizations of
these signals. The idea of this example is similar to Example 2 in Forges (1993) and
Example 2 in Baliga and Morris (2002), who study a model of preplay communication
in a coordination game. It is also related to the model in Blume and Board (2013),
who study communication between players with differential privately known language

competence.

Example 3 Consider the setup of Fxample 1 when v = 1. Firm A has two equally
likely cost types {cp,cu}, firm B is known to have cost ¢y, (such that 0 < ¢, < ¢y <
%K). Suppose there is an auziliary random variable x that is equally likely to be m or
m/, and x is independent of the cost type of firm A. Firm B observes the realization of
x, while firm A observes x only if it has cost c.2> There exists the following equilibrium
with informative cheap talk: type ci of firm A sends message equal to x, while type
cy evenly randomizes between m and m’; and firm B plays a babbling strategy. To see
that this is an equilibrium, first note that if firm B receives a message that coincides
with the realization of x, then its belief that firm A is of type cy, is revised to %; iof the
message does not coincide with x, then firm B learns that firm A s of type cy. Type
cr, of firm A has no incentive to deviate from the equilibrium because it wants firm B
to believe that it has a lower expected cost. Type cy of firm A would also like to send

message equal to x, but, since it has an equal chance to quess x correctly with either

message, it is willing to randomize.

Finally, we show that informative cheap talk is possible if we allow the inverse

demand to be nonlinear in ¢_; and nonseparable in (g;, ¢—;). As in the original setting

ductive types of firm A can credibly reveal their productivity, and thus enjoy lower expected output
of firm B than in the case of no communication.

23The Bayesian-Nash equilibrium of the game without communication remains unaffected by the
presence of auxiliary random variable x. This is because x is payoff-irrelevant, and the game without
communication is interim dominance solvable.
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each firm prefers the opponent to produce less. However, because of the nonlinearity of
the inverse demand in q_;, the firm now cares not just about the expected output of the
opponent but also about other properties of the distribution of the opponent’s output.
Nonseparability of the inverse demand in (g;, g_;) leads different types of firm i to have
different preferences over distributions over ¢_;, which allows to sustain informative
communication. The idea of this example is similar to Example 2 in Seidmann (1990)
in a sender-receiver setting, and Example 1 in Baliga and Morris (2002). Seidmann
(1990) conjectured that an example of this kind is possible in an oligopoly model with

incomplete information.

Example 4 Let P (g, q-;) =40 — ¢ — 35¢—; — 1055907 — 1o559°:4 and C(¢i, ¢;) = ciq;.
Firm A has three equally likely types {cr,cnr,cux}, and firm B has two equally likely
types {cr, car}. For certain parameter values there exists the following equilibrium with
informative cheap talk: type cpr of firm A sends message m, while types ¢, and cy
send m'; and firm B plays a babbling strategy. We present here the main idea of the
construction, and the details are in the Online Appendiz.

Note that the expected inverse demand depends not only on the mean but also on
the variance of the opponent’s output. This is because E [¢%;] = p2, + o%;, where
p_; = Elq;] and 6%, = var (q_;). Firm i’s profit decreases in both u_; and o*;, but
different cost types of firm i may be willing to trade pu_; and o2, at different rates.
Moreover, if we consider the mazximized profit II; as a function of (,u_i,azi,ci), the

marginal rate of substitution of I1; between p_; and o2,

; 18 monmonotonic in c;.

In the constructed equilibrium, types cpr of each firm wvalue the reduction in the
variance of the opponent’s output relatively more than the other types. In the equilib-
rium, we have E [qg | m] > E[qg | m'] and var (qgg | m) < var (¢gg | m’), which helps
to induce type cpr of firm A to send message m, and types c; and cy to send m/'.
The mean and the variance of the output of firm B behave this way, because type cr,

of firm B produces more after message m than after message m’, while type cyr pro-
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duces more after message m' than after message m. The different types of firm B
are induced to behave this way, because in the equilibrium E [qa | m] > E [qa | m'] and

var (qa | m) =0 < wvar (qa | m').

5 Mediated Communication

In this section, we assume that, before choosing how much to produce, the firms can
communicate with a neutral and trustworthy third party (a mediator), which is initially
ignorant of the firm’s private information. Both firms, as well as the mediator, can send
private or public messages according to a mediation rule, or mechanism, which specifies
what messages the parties can send, in what sequence, and whether the messages are
public or private. After the communication has ended, the firms simultaneously choose
their outputs.

We assume that the mediator’s role is limited to participating in communication
between the firms and that it has no enforcement power over the firms’ output choices.
This distinguishes our setting from a standard mechanism design problem, where the
mechanism designer can enforce the mechanism outcome, and makes it a mechanism
design problem without enforcement. The literature on such problems, which dates
back to Myerson (1982), suggests that in certain settings, mediated communication
allows the players to strictly improve upon cheap talk.?*

First, we note that if the mediator is able only to send, but not to receive, messages
from the firms, improving upon the uninformative Bayesian-Nash equilibrium outcome
is impossible. More formally, suppose all the mediator can do is send the firms private
messages m4 and mp from some message sets My and Mpg, generated according to
a commonly known probability distribution p € A(M4 x Mpg). (The Bayesian-Nash

equilibria of communication games of this form are called the strategic form correlated

24Gee, for example, Banks and Calvert (1992), Goltsman, Hérner, Pavlov and Squintani (2009) and
Horner, Morelli and Squintani (2011).
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equilibria of the game with no communication (Forges, 1993).) The following lemma is
an immediate consequence of the fact, established in Lemma 1, that the game without

communication is interim dominance solvable.

Lemma 3 Under conditions C1-C3, all strategic form correlated equilibria are outcome

equivalent to the Bayesian-Nash equilibrium of the game without communication.

If the mediator can also receive messages from the firms, this result is no longer
valid, as the example in Section 2 suggests. What we will do next is generalize the
mechanism described in the example, and provide sufficient conditions for it to result
in informative communication in our model.

For the rest of the section, let us assume that the cost parameters are i.i.d. across
the firms (F4 = Fp). Let ¢* € (0,¢), and consider the mechanism which works as
follows. Each firm ¢ sends a private message ¢; € [0,¢], which is interpreted as the
firm’s report about its cost, to the mediator. The mediator then publicly announces
one message, m®, if min {¢4, ¢g} < ¢* and another message, m!, otherwise. After that,
the firms choose their outputs. Let us call such a mechanism the “min” mechanism
with threshold c*.?

This mechanism induces a game between the firms, where a pure strategy for firm
i € {A, B} consists of a reporting strategy ¢;(c;) and an output strategy g;(c;, ¢, m),
where m € {m° m'}. We will say that the mechanism is incentive compatible
if it has an equilibrium where the firms report their types truthfully: ¢;(c;) = ¢,
Ve, € 10,¢),i € {4, B}.

As in Section 2, the idea behind this mechanism is to give each firm a choice between
having the competitor produce less in expectation and getting more information about

how much the competitor will produce. Specifically, suppose that firm ¢ reports ¢; < ¢*.

25This mechanism is similar to the AND mechanism analyzed by Lehrer (1991), Gossner and Vieille
(2001) and Vida and Azacis (2013). Hugh-Jones and Reinstein (2011) suggest that a similar mech-
anism may improve welfare in a matching problem where a player suffers disutility in the event a
prospective partner knows of his interest and rejects him.
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Then, if firm j has reported ¢; > ¢*, the mediator will announce message m°, and firm
j will learn that firm 7 has reported its cost to be low. This will make firm j produce
less in expectation, which is favorable to firm 7. However, firm ¢ reporting ¢; < ¢*
also deprives it of an opportunity to learn anything about firm j’s report, because
the mediator will announce m® regardless of firm j’s report. Conversely, reporting
¢; > ¢ will result in firm j producing more in expectation, but will enable firm ¢ to
learn whether ¢; is above or below ¢*. The mechanism will be incentive compatible
if different types of the firm resolve this tradeoff differently: types above ¢* value
additional information about the opponent more than the reduction in the opponent’s

expected output, while types below ¢* exhibit the reverse preference.?%

To guarantee the incentive compatibility of our mechanism, we will impose the

following additional condition on the best response functions:

9*In (q (g-i, ¢;))
Jc;0q_;

q(q_;,c;) is C*, and <0on {(qg_i,¢): q(q,c) >0} (C5)

The second part of Condition C5 is a joint requirement on the demand and the cost that
ensures that the optimal output of the firm with a higher cost type is relatively more
responsive to the changes in the expected output of the opponent than the optimal
output of the firm with a lower cost type. This condition is more likely to be satisfied
the “more concave” is the marginal revenue p’ (¢;) ¢; + p (¢;) — Bq—;, the “more convex”
is the marginal cost C,, and the “less convex” is the cost disadvantage from having a

higher cost type C, (see Lemma A.2 in the Online Appendix for the precise statement).

In addition, we will impose a condition that guarantees that each firm’s output

26Similar logic lies behind the results of Seidmann (1990) and Watson (1996), who show that
in a sender-receiver game with two-sided private information, an informative equilibrium can exist
even if all the sender’s types have the same preference ordering over the receiver’s actions. This is
because different types of the receiver respond differently to the sender’s messages, and thus, from
the sender’s viewpoint, each message corresponds to a lottery over the receiver’s actions. Informative
communication is possible if different sender types have a different preference ranking over these
lotteries. This effect has also been emphasized by Baliga and Sjostrom (2004) in the context of an
arms-race game. Unlike our model, however, these settings admit informative cheap talk.
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sufficiently varies with respect to its type.

lim ¢(q_;,¢;) =0 for every ¢_; > 0 (C6)

Cc;—00

We illustrate these conditions with examples.

®nqla—ic) _  28(y=2)q] "
Db = —r3- Lhere-
09— (2gi+ei(v=1)g] ")

fore, C5 holds if v < 2, and C6 s always satisfied.

Example 1 (continued) In this example,

DN — PIng(g_ici) B 20/ (a)+40" (ai)ai+p" (ai)a} )
Example 5 Let C(q;,¢;) = ¢;q;. Then B P Y (PP PR There

fore, a sufficient condition for C5 to hold is p' (¢;), p" (¢), " (¢;) < O for every ¢; > 0,

and C6 is always satisfied.

To interpret condition C5, note that

aczﬁq,i B aci %’(qfiv ci) - aci gqri

15) —i,Cq 621—[2’
*Ing(g_i,c;) 0 < % ) 0 9¢%,

The denominator of the latter expression measures how much the indirect profit of
firm ¢ changes with the expected output of the opponent, so it shows how much firm
1 values a reduction in the opponent’s output. The numerator measures how convex
the indirect profit function is, and thus how much the firm values information about
the opponent’s output. Condition C5 is a “single-crossing condition” on the firm’s
preferences: it says that the higher the firm’s cost, the more it values information
about the opponent relative to reduction in opponent’s expected output.

Condition C5 implies that to ensure that the “min” mechanism is incentive com-
patible, it is enough to choose threshold ¢* to be the type that is indifferent between
reporting ¢ < ¢* and ¢ > ¢*: if type ¢* is indifferent, then any type above ¢* will strictly
prefer reporting ¢ > ¢*, and any type below ¢* will strictly prefer reporting ¢ < c*.
The following theorem shows that when the support of the cost distribution is large

enough, such ¢* can be found.
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Theorem 3 Suppose that Fy = Fg = F, conditions C1-C3, C5 and C6 hold, and
¢ is large enough. Then there exists ¢* € (0,¢) such that the “min” mechanism with

threshold ¢* is incentive compatible.

It remains an open question whether it is possible to construct an informative
mechanism when conditions C5 or C6 do not hold. Suppose, for example, that C5
holds with the reverse inequality for every (¢_;, ¢;). A natural guess is that one could
construct an informative “max” mechanism, whereby the mediator announces whether
max {¢4,¢p} < ¢*. However, this guess is incorrect: if such a mechanism was in
place, a low cost report would both lower the opponent’s output and result in more
information about the opponent, and therefore every cost type would have an incentive
to send a low report. We conjecture that in that case, informative communication is
impossible. We also conjecture that C6 could be somewhat relaxed; however, sufficient
heterogeneity in the behavior of different cost types seems essential for sustaining
informative communication.

The next theorem shows that whenever a “min” mechanism is incentive compatible,
it interim Pareto dominates the Bayesian-Nash equilibrium without communication for

the firms.

Theorem 4 Suppose that Fy = Fg = F. If an incentive compatible “min” mechanism
exists, then every type of every firm is better off under this mechanism than in the
Bayesian-Nash equilibrium without communication. If, in addition, condition C4 holds,

then every type of every firm is strictly better off.

The intuition behind this theorem is that, when a “min” mechanism is in place,
reporting ¢ < ¢* results in higher expected profit for every type than the Bayesian-Nash
equilibrium without communication. This is because in both cases, the firm gets no
information, but reporting ¢ < ¢* results in lower expected output by the opponent

than the uninformative equilibrium. Since reporting ¢ < ¢* is possible for every type
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and the mechanism is incentive compatible, in equilibrium every type’s expected profit

must be at least as high as the one guaranteed by this action.

While we are unable to provide a general result on how the total surplus and the con-
sumer surplus under the “min” mechanism compare to those in the no-communication
equilibrium, the following example shows that in some cases, the “min” mechanism

results in a higher total surplus (although a lower consumer surplus).

Example 1 (continued) Suppose that 5 =~ =1 and ¢; ~ U[0,¢|]. Then an in-
centive compatible “min” mechanism exists if and only if ¢ > %K If K e (%E — ¢, %E),
then every type’s output is strictly positive both under the incentive compatible “min”
mechanism and in the no-communication Bayesian-Nash equilibrium (the proof is in
the Online Appendiz). Under this condition, the ex ante expected total surplus in the
no-communication equilibrium equals

4 2\’ @&
TNC:_ K- = i
S 9( 2) 16

and the total surplus under the incentive-compatible “min” mechanism equals

g _ 4 (K _ §)2 Nl Gt LR
9 2 16 144 (¢ + c*)
where ¢* is the threshold of the incentive compatible “min” mechanism (which depends

on K and ¢). The ex ante expected consumer surplus in the no-communication equi-

librium equals

—\ 2 -2
OSNC:;(K—E) +=

and the consumer surplus under the incentive-compatible “min” mechanism equals

cgmin — 2 (K_ E)z P eyl (5e— <)
9 43 144 (T + ¢*)

It is obvious that TSNC < TS™n" and CSNY > CS™n.  Intuitively, information
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sharing makes oligopolists coordinate their outputs, which reduces the variability of
aggregate output. This decreases consumer surplus, because it is a convex function of

output.*”

Other incentive compatible mechanisms exist in our model as well. For example, one
can show that in the case of homogeneous good, linear demand and constant marginal
cost (Example 1 with =~ = 1), under certain conditions the following “N-step min
mechanism” is incentive compatible and superior to the “min” mechanism in terms
of ex ante profit: the mediator announces a public message m* (k = 0,1,...,N) if
min {¢a,¢p} is between cf and ™1 where 0 = & < ¢! < ... < NV < N = 1.
It is also plausible that in some cases, mechanisms where the mediator sends private
messages may improve upon public mechanisms. For example, suppose that only firm
A has private information about costs, and firm B’s cost is commonly known. In this
case, public or deterministic mechanisms cannot support informative communication:
firm A can precisely anticipate firm B’s output choice, and thus there is no residual
uncertainty about firm B’s output, which is essential for sustaining information rev-
elation by firm A. Nonetheless, one can construct an informative mechanism of the
following form. After receiving the cost report from firm A, the mediator sends a noisy
(but informative) private signal to firm B, and, in addition, a blind carbon copy of this
signal is sent to firm A if and only if its reported costs are high. As a result, the types
of firm A that report high costs expect on average a higher output by firm B, but are

compensated by information useful for predicting firm B’s output.

2"Note that if the firms could commit to revealing their information truthfully, the ex ante expected
total surplus would also be higher and the consumer surplus lower than in the no-communication
equilibrium: see e.g. Amir et al. (2010).
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6 Extensions and Discussion

6.1 More than Two Firms

Our model can be extended to accommodate the case of n > 2 firms. Specifically,
suppose that the inverse demand for firm i’s product is max {p (¢;) — g, 0}, where
q_; = Zj 245 18 the aggregate output of all firms other than ¢, and, as before, let
q(q—i, ¢;) be the best response function of each firm. Let the “min” mechanism with
threshold ¢* € (0,¢) be the mechanism whereby each firm i sends a private mes-
sage ¢; € [0,¢] to the mediator, who then publicly announces one message, m?, if
min {¢,...,¢,} < ¢* and another message, m', otherwise. The following result gener-

alizes Theorem 3 to the case of more than two firms.?®

Theorem 5 In the model with n > 2 firms, suppose that F; = F, 1 = 1,...,n,
conditions C1-C3, C5 and C6 hold, and that ¢ is large enough. Then there exists

c¢* € (0,¢) such that the “min” mechanism with threshold ¢* is incentive compatible.

Given the results in Section 4.1, plain cheap talk cannot sustain informative com-
munication when n = 2. When n > 2, however, this is not necessarily the case: the
literature on “universal mechanisms” (Forges, 1990; Gerardi, 2004) suggests that if n
is large enough, any incentive compatible communication mechanism can be imple-
mented without a mediator. The results in this literature are not directly applicable to
our case, as they assume a finite number of possible types and actions for each player;
nevertheless, the next theorem shows that they can be generalized to cover the “min”

mechanism in our environment.

Theorem 6 Suppose that n > 5 and a “min” mechanism is incentive compatible.

Then there exists a game with finitely many rounds of cheap-talk communication, such

28The proof is a straightforward generalization of the proof of Theorem 3 and can be found on the
authors’ webpages, as well as the proof of Theorem 6.
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that the firms are able to send private messages to a subset of other firms, that has a
weak perfect Bayesian equilibrium that is outcome equivalent to the truthful equilibrium

of the “min” mechanism.

The proof of Theorem 6 consists of several steps. First, a “min” mechanism is
constructed for a particular auxiliary game with finitely many cost types and possible
outputs. By Theorem 2 of Gerardi (2004), this auxiliary game can be augmented
with a particular pre-play communication protocol so that it admits an equilibrium
that is outcome equivalent to the “min” mechanism. Finally, it is shown that if the
original game is augmented with the same communication protocol, then there exists
an equilibrium that replicates the “min” mechanism.

The ability of each firm to send private messages to a subset of other firms is the
key feature of the proof of Theorem 6. If the firms can only send public messages,
then informative cheap talk may be impossible. Indeed, if the firms can only send
public messages, then it is straightforward to show that the proofs of Theorems 1 and

2 go through if the second part of Condition C2 is replaced by a stronger assumption

9q(q—i,¢:) 1-6 29
—qaqq_ic € (—E,O).

6.2 Optimal Mechanisms

One might ask which mechanism maximizes some particular objective, like the ex ante
joint profit or the ex ante total surplus, in this environment. To address this question,

we can use the revelation principle (Myerson, 1982) and restrict attention to direct

29To see how the proof of Theorem 1 should be modified, fix any firm i, and let (m;,m_;) be a
message profile. Let BR_;(g;|m—;) = Z#i qj, where (qj)j# are a solution to the system of equations
¢; = BRj(q—jlm;), j € {1,...,n} \ {i} (this solution, and therefore the function BR_;, depends

on m; and ¢;). Then define (gi,ﬁi,gii,q_i) analogously to (QA,QA,QB,QB). As in Theorem 1,
we get TIL;_‘; (q_i —gﬂ.) >4 —4q; On the other hand, it is easy to see that Z#i (Qj _Qj) >

v

q_; —g_,- Combining these inequalities and summing up over i results in (1 —§) (Z?:I (@i - QJ)

n —_ . . . . — .
D it (qi - gi), which is impossible unless g; = q, for every i.
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revelation mechanisms, whereby the firms privately report their costs to the media-
tor, who then makes private output recommendations. Furthermore, the revelation
principle states that without loss of generality, one may consider only incentive com-
patible direct revelation mechanisms, where in equilibrium the firms report truthfully

and follow the mediator’s recommendations.°

Each of these conditions defines a continuum of constraints, and solving for the
optimal mechanism is a difficult problem. However, if we consider cost distributions
that are concentrated on a finite number of points, and restrict outputs to be chosen
from a finite grid, it is possible to solve for the optimal mechanism numerically. We
have performed calculations for the linear case (Example 1 with § = v = K = 1),
when ¢; takes two values, 0 and ¢ € {0,%,...,1}, Pr{c; =0} € {O,lio,...,l}, and
outputs are allowed to be chosen from {0, 4—10, - %} The results indicate that the
profit-maximizing mechanism is generally more complex than the “min” mechanism:
whenever an informative mechanism is optimal, it is stochastic, features private mes-
sages, and involves some information revelation to both types (although it is not clear
whether the optimal mechanism that we find is the unique one). If the objective is to
maximize the total surplus, the optimal mechanism often resembles the “min” mecha-

nism in that it involves a public message informing the firms that both of them have

high cost; however, the mechanism is typically stochastic and reveals some information

30Formally, a direct revelation mechanism is a family of probability measures g (:|¢4,ép) over the
set of pairs of output recommendations (Ri), indexed by the pair of cost reports submitted to the
mediator ((é4,ép) € C?). A direct revelation mechanism {g (-|éa, ¢B)}e, op 18 incentive compatible if
every firm finds it optimal to report its true cost, conditional on the opponent reporting its true cost
and following the mediator’s recommendation:

Eq4 [i(Ey_, lg—i | ¢i,@i], i) | ei] = Eq, [Ii(Eq_, la—i | &6, i) | &] for every ¢;,¢; € C

and every firm that has reported its cost truthfully is willing to be obedient upon receiving the output
recommendation, conditional on the opponent being truthful and obedient:

@ = q(Bq_ [q-ilci, @il ¢i) for every ¢; € C, q; € Ry
where E, ., [g—; | é;,d;] is the expected output of firm —i conditional on firm 7 reporting ¢é; and receiving

recommendation ¢;. (Distribution of §; conditional on ¢; and distribution of ¢_; conditional on (¢;, §;)

are derived from {g (-|¢a,¢p)};, s, and the prior.)
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to the low-cost type. We leave further investigation of optimal mechanisms for future

research.

6.3 Other Settings

Suppose that, instead of cost shocks, the firms face private demand shocks. In par-
ticular, suppose 6; is a private (i.i.d.) demand shock that affects firm i as follows:
P(qi,q-i,0;) = max{p(q;,0;) — Bq_i,0} with py < 0. Then we can define the best
response function ¢ (¢_;, 6;), make the same assumptions C1-C6 with 6; in place of ¢;,

and replicate all the analysis.

The question of whether any of the results would extend to the case where cost
or demand shocks are correlated is more difficult. To see why, suppose that each firm
receives a signal about a common cost parameter. Now each firm might prefer to be
perceived as having a high cost signal rather than a low cost signal, because if the
opponent believes the report about the high cost signal, then it may decide to produce

less. We leave this question for future research.

Finally, one may also ask whether the results of the paper apply to a Bertrand model
with differentiated products. Because prices are strategic complements, each firm will
have an incentive to overstate its type, which is the opposite of what happens in the
Cournot model. Nevertheless, we believe that, when the assumptions are adjusted to
reflect this change, the results of the paper will go through with the “max” mechanism
(the mediator announcing whether the maximum of the cost reports exceeds a certain

threshold) replacing the “min” mechanism in Theorem 3.
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7 Appendix

7.1 Proofs of Section 4

Before proving Theorems 1 and 2, we need some preliminary results.

Define
BR; (q—; | mi) = /q(q_i,ci) dF; (¢; | my;) for i € {A, B} (6)

Suppose there exists an informative cheap talk equilibrium. Let My = M and Mg = N
be the sets of equilibrium messages for firms A and B, respectively, and let (m,n)
be a representative element of M x N. The fact that the equilibrium is informa-
tive implies that max {|M|,|N|} > 2. We will assume, without loss of generality,
that every message induces a different distribution over the opponent’s output. To
state this assumption formally, let o;(+|c;) be a probability distribution over M; defin-
ing the message strategy of firm 4, and let G_;(z|m;) = Pr(Q_i(m;,;m_;) < z|m;) =
I [ 110 somim_n<erdo_i(m_;|c_;)dF_;(c_;) be the distribution function of firm —i’s ex-
pected output conditional on firm ¢ sending message m;. Then we will assume that

G_i(xz|m;) # G_i(x|m}), Ym;,m), € M;, i € {A, B}.

Lemma 4 Suppose C1-Cj hold. For every m,m’ € M such that m # m’', there
exist n,n' € N such that Qgp(m,n) > Qp(m’,n) and Qp(m,n') < Qp(m’,n'). Sym-
metrically, for every n,n’ € N such that n # n', there exist m,m’ € M such that

Qa(m,n) > Qa(m,n’) and Qa(m’,n) < Qa(m’,n’).

Proof. Suppose the conclusion of the lemma does not hold for m,m’ € M; e.g.
Vn € N, Qp(m,n) > Qp(m/,n). This implies that Yz > 0, Gg(x|m) < Gg(x|m’).

Then the difference in expected profit of type ¢4 from sending message m as opposed
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to m' is

/ I (g5, c4) dG (g5 | m) — / I (g5 ) dGs (g5 | m)

/M(l—GB(qB‘m))qu_/M

dun i (1-Gg(gp | m))dgs
- 5 / 0 (s ea) (G (ap | ) — G (i | m)) dgs < 0

where the first equality is obtained through integration by parts (the validity of inte-
gration by parts is guaranteed by Theorem I1.6.11 of Shiryaev (2000), which applies
because the support of ¢ is bounded and 1T, is decreasing in ¢g), and the second
equality is by the Envelope Theorem. Moreover, C4 implies that ¢ (¢g,ca) > 0 for
every (gp,ca), so, because Gg(x|m) # Gg(z|m’), the inequality is strict. Hence every

type ca strictly prefers sending message m’ to message m, which is a contradiction. m

Lemma 5 Suppose C1-C4 hold. For every n,n’ € N such that n # n', 3¢*(n,n’) =
(¢a(n,n"), q5(n,n")) such that g (n,n") = BRp(qi(n,n')|n) = BR(q4(n,n")|n). More-
over, Im,m’ € M s.t. ¢i(n,n’) is strictly between Qa(m,n) and Qs(m',n). A sym-

metric statement holds for any m,m’ € M such that m # m/.

Proof. By Lemma 4, there must exist m,m’ € M such that Q4 (m,n) > Q4 (m,n’)
and Q4 (m',n) < Qa (m',n').
Let

¥ (qa) == BRp (qa | n') — BRp (qa | )

and

¢ (qa;m,7) := BRp (qa | 1) — BR;" (qa | ™)

Function ¢ is increasing in ¢4, since BRZ1 is steeper than BRp. In equilibrium,
QA(ﬁl7 ﬁ) = BR4 (QB(ma ﬁ)‘ﬁl) and QB(ﬁlv ﬁ) = BRp (QA(ﬁlv ﬁ)|ﬁ) ThUS, (b (QA(mv ,ﬁ')a ﬁla ﬁ) =

0 for every (m,n).
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Note that

(0 (QA (m7 n)) =¢ (QA(m’ n); m, n/) > ¢ (QA(m7 n/); m, n/) =0 (7)

where the equalities use (6); the inequality holds because Q4 (m,n) > Q4 (m,n’) and

because ¢ is increasing. Similarly,
d} (QA (m/a n)) = ¢ (QA(mla n)7 mla n/) < ¢ (QA (m,7 n/) ; mla TL/) =0 (8)

Since the best responses, and thus v, are continuous, from (7) and (8) it follows that
there exists ¢*(n,n') at which BRg (- | n) and BRp (- | n’) intersect, and ¢’ (n,n’) is
strictly between Q) 4(m,n) and Q4(m’,n) by construction. =

For i € {A, B}, let g, = nfnemxn Qi:(m,n); that is, V(m,n) € M x N,
Qi(m,n) > g, and Ve > 0, I(m,n) € M x N: @Q;(m,n) < ¢, + . Similarly, let
Qi = SUD(mmemxn Qi(m,n). Note that g; is finite, because Q;(m,n) < ¢;(0,0) < oo.
By definition, 4, < G;; the fact that the equilibrium is informative implies that q, <7
(indeed, if ¢, = g; = ¢;, then Q;(m,n) = ¢;, V(m,n) € M x N; therefore, Q;(m,n) is
also constant with respect to (m,n), and the equilibrium is uninformative).
Proof of Theorem 1. Suppose an informative equilibrium exists. Let us first prove

that

(1-0)(aa—a,) 25—, ()

For this, it is sufficient to prove that for any € > 0, however small,

(1—5)(§A—2A)>§B—QB—25 (10)

Fix any € > 0. By definition of G, there exists (m,n) € M x N such that Qg(m,n) €
(@g — €, qpg|. Similarly, there exists (m/,n’) € M x N such that Qg(m’,n’) € [QB’QB + 6).

Since ¢, < qp, @p(m,n) > Qp(m’,n’) if ¢ is small enough.

34



Ifn = TL,, both Q(m7 n) = (QA(ma ’I'L), QB(m7 n)) and Q(m/7 nl> = (QA(mla ’I’Ll), QB(mlv TL/))
satisfy the equation gg = BRg(ga|n). Then by C2, and since Q4(m,n) < Qa(m',n’),

we have

(1 - 5) (QA(m/7 n,) - QA<m7n>> > QB(mvn) - QB(ml7n/) (11)

Since Qa(m/,n') <G, and Qa(m,n) > gq,, we have g, — g, > Qa(m',n) — Qa(m, n).
By the choice of (m,n) and (m’,n’), we also have Qp(m,n) —Qp(m/,n') > gg—q,—2¢.

Combining this with (11), we get (10).

If n # n', by Lemma 5 there exists ¢* (n,n') = (¢} (n,n),q5 (n,n’)) such that
q¢5(n,n') = BRp(q4(n,n')|n) = BRp(g(n,n')|n'), and ¢ (n,n') € (Qa(m,n), Qa(1m, n))

for some m,m € M. There are three cases to consider.
Case 1: QA(’ITL,TL) < q,tl(n7 n/) < QA(mlun/)'
The first inequality, together with the fact that both Q(m,n) and ¢*(n,n’) satisfy

the equation gg = BRpg(qa|n), implies

(1 =6) (ga(n,n') = Qa(m,n)) > @p(m,n) — qp(n,n) (12)

Similarly, the second inequality implies

(1 =6) (Qa(m',n') — qi(n,n")) > qp(n,n') — Qp(m’,n') (13)

Summing up (12) and (13) gives (11), which, as when n = n/, implies (10).

Case 2: ¢i(n,n') < Qa(m,n) < Qa(m',n’).

Like in Case 1, ¢4(n,n') < Qa(m/,n') implies (13). Since ¢, < Qa(m,n) <
¢y (n,n'), we have g, —q,> Qa(m/,n') — qi(n,n’). Since ¢*(n,n’') and Q(m,n) lie on
the curve gg = BRp(qa|n), which is downward sloping, ¢5(n,n’) > Qg(m,n) > Gz —e¢.
Hence, ¢5(n,n’) — Qp(m’,n’) > G5 — q, — 2¢. Combining this with (13), we get (10).

Case 3: Qa(m,n) < Qa(m/,n') < ¢(n,n').
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Like in Case 1, Qa(m,n) < ¢’ (n,n’) implies (12). Since ¢}y (n,n') < Qa(m,n) < Gy,
we have g, —q, > ¢i(n,n') — Qa(m,n). Since ¢*(n,n’) and Q(m',n’) lie on the curve
g5 = BRp(qa|n’), which is downward sloping, ¢j;(n,n') < Qp(m',n') < g, +¢. Hence,

Q@z(m,n) — qi(n,n') > qp — q,, — 2¢. Combining this with (12), we get (10).

Symmetrically, we can show

(1-0) (a5 - a,) 20u—a,

which is in contradiction with (9) and the fact that 6 € (0,1). m

Proof of Theorem 2. Suppose there exist no informative t-round cheap talk equilib-
rium. We will show that then every ¢+ 1-round cheap talk equilibrium is uninformative
as well. Suppose the message profile in the first round is (ma, mp), and the posterior
beliefs are (F4 (- | ma), Fp (- | mp)). The continuation game starting from period 2
has no informative cheap talk equilibrium. That is, the expected quantities are always

the same as in the game without communication, (QY%, Q%) calculated for beliefs

(Fa (- [ma), Fp (- [ mp)):

N =DBRA(QYY | ma), QX = BRp (QY° | mp)

Thus if in £ 4+ 1-round cheap talk game there exists an informative equilibrium,
then there exists an outcome equivalent informative equilibrium where the firms use
the same first-period communication strategies, and use babbling strategies in the
remaining periods. However this implies that in one-round cheap talk game there
exists an outcome equivalent informative equilibrium where the firms use the same
first-period communication strategies as above, which is a contradiction with Theorem

1. m
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7.2 Proofs of Section 5

Proof of Theorem 3.

The proof will proceed by a series of lemmas, the proofs of which can be found in
the Online Appendix.

Consider a “min” mechanism with threshold ¢* € (0,¢). After m! is announced,

the expected output of firm —i is Q2 (¢*) that solves

[e.e]

QY = %(C*)/c q (Q"2,¢;) dF (c;) (14)

"

Lemma 6 Suppose that conditions C1-C3 and C6 hold. For every c*, there exists a
unique Q2 (c*) that solves (14), and thus there exists a unique continuation equilibrium

following message m*, which is symmetric. The function QH%(c*) is continuous and

decreasing in c*, Q2 (0) = QN°, lim Q"2 (¢*) = 0.
c*—0o0

Let QF (¢*) be the expected output of firm —i if m® was announced and firm 4 re-
ported ¢ < ¢*, and let Q! (¢*) be the expected output of firm —i if m® was announced

and firm 4 reported ¢; > ¢*. Then QF (¢*) and Q¥ (¢*) solve

L=y a (@) dF (e) + [ q (Q i) dF ()

) (15)
I—{il = F(lc*) f() q (Qezu Ci) dF (CZ)

Lemma 7 Suppose that conditions C1-C3 hold. For every c* there exist unique QF (c*)
and QM1 (c*) that solve equations (15), and thus there erists a unique continuation
equilibrium after public message m®, which is symmetric. Both QF(c*) and QM(c*)
are continuous; Q¥ (c*) is increasing and Q"1 (c¢*) is decreasing in c*; Q¥ (c*) < QHY(c*);

Q" (0) > 0; Jim Q*(¢') = lim Q" (') = QVC.

For firm i of type ¢;, let All(¢;;¢*) be the gain from reporting ¢; < ¢* relative to
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reporting ¢; > ¢* when the “min” mechanism with threshold ¢* is in place:

Al (¢;;¢*) =1L (Q" (¢") ;) — F (¢ 1L (Q™ (¢*) ,ei) — (1 = F (") IL; (Q™* (") , &)

=I5 (Q" (¢") i) =L (Q™ (¢") i) — (1 = F(c")) (IL (Q™* (¢") i) — T (@™ (¢") . cs))

A“min” mechanism with threshold ¢* is incentive compatible if Al (¢;c¢*) > 0 for
c <c*, and All (¢;¢*) <0 for ¢ > ¢*. The next lemma ensures that if Al (¢*;¢*) =0,

then the “min” mechanism with threshold c¢* is incentive compatible.

Lemma 8 Suppose that conditions C1-C3 and C5 hold. If All (c;c*) = 0, then either

ATl (d;¢*) =0,V > ¢; or MHB—(CC;C*) < 0.

The next lemma establishes that under the conditions of Theorem 3, there exists a

value of ¢* € (0,¢) such that AII (¢*;¢*) = 0.

Lemma 9 Suppose that conditions C1-C3, C5 and C6 hold. If¢ is large enough, then

there exists ¢* € (0,¢) such that AIl (¢*;¢c*) = 0.

The conclusion of the theorem follows from Lemma 9. m

Proof of Theorem 4. By Lemma 7, Q%(c*) < QNY; therefore 7;(g;, Q*(c*), c;) >
7i(qi, QN ¢;), for every ¢; > 0 and ¢; € [0,¢], and m;(q;, QX (c*), ¢;) > mi(qi, QN ;) if
¢; > 0. This implies that IT;(Q%(c*), ¢;) > IL(QNY, ;).

Consider firm i of type ¢;. If ¢; < ¢* and it reports its type truthfully, its in-
terim expected profit equals IL;(Q%(c*),c;) > IL(QNY ¢;). If ¢; > ¢* and it re-
ports its type truthfully, its interim expected profit equals F(c¢*)IL(QM(c*), ¢;) + (1 —
F(eNIL(QM2(c*), ¢;) > TLi(QF(c), ¢;) > TL(QNY, ¢;), where the first inequality follows
from the incentive compatibility of the “min” mechanism.

By condition C4, ¢(q_;,¢;) > 0, for every q_; € [0,¢;(0,0)], ¢; € [0,¢]. There-
fore ¢(QNY, ¢;) > 0, so IL(QNY, ¢;) < mi(q:(QNC, i), QL (¢*), ;) < TL(Q*(c*), ¢;). Thus
max {IL;(Q" ("), i), F(c)IL(QM (¢*), ci) + (1 = F(e)IL(Q(c*), ci) } > IL(QYY, c),
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and every type is strictly better off under the “min” mechanism than in the Bayesian-

Nash equilibrium without communication. m
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