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Abstract
This paper studies the effects of health shocks on the demand for health insurance and
annuities, precautionary saving, and the welfare implications of public policies in a simple
life-cycle model. I show that when the health shock simultaneously increases health expenses
and reduces longevity, the following results can be obtained via closed-form solutions. First,
utility-maximizing agents would neither fully insure their uncertain health expenses nor fully
annuitize their wealth, even in the absence of market frictions and bequest motives. Second,
the effect of uncertain health expenses on precautionary saving may be smaller than what
has been found in previous studies. Under certain conditions, uncertain health expenses may
even reduce precautionary saving. Third, mandatory health insurance (e.g. public health
insurance) tends to benefit the poor more, while mandatory annuitization (e.g. public pension) is more likely to favor the rich. A simple numerical application of the model to the US
long term care (LTC) insurance market suggests that the simultaneous effect of health shock
on health expenses and longevity is a quantitatively important reason why agents (especially
the rich) do not purchase more private LTC insurance.
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Introduction

It is well known that health expenses in developed countries have risen dramatically over the
last several decades and are projected to continue rising in the near future . For instance, the US
aggregate health expenses rose from 5.2% of GDP in 1960 to 16% of GDP in 2007, are projected
to be 25% in 2025 and 37 % in 2050.1 Importantly, health expenses are extremely volatile and
a significant portion of these expenses are not insured (out-of-pocket expenses). Meanwhile,
a large cohort of baby boomers are retiring in the next decade. Hence, it is important to
understand how health shocks affect retirees’ lifetime financial planning. On the other hand,
many developed countries have been considering policy reforms on their public pension and
public health insurance programs, thus it is also important to understand the implications of
health shocks for the welfare results of these public polices.
In this paper, I develop a simple life-cycle model and use it to study the effects of health
shocks on the demand for health insurance and annuities, precautionary saving, and the welfare implications of public policies. In particular, I focus on health shocks that simultaneously
increase health expenses and reduce longevity.
Many types of health shocks have simultaneous effects on health expenses and longevity.
For instance, entering into long term care not only significantly increases health expenses, but
also reduces survival probabilities to the future (Sinclair and Smetters (2004), Kopecky and
Koreshkova (2009), etc.) Hurd, McFadden, and Merrill (2001) found that a variety of health
conditions, e.g. cancer, heart disease, can reduce survival probabilities to the future. Similar
results are found for the general concept of health shock, a health status change. De Nardi,
French, and Jones (2010) documented in the AHEAD data that conditional on permanent
income, gender, and age, people in good health status spend around 50% less on health care
annually than those in bad health status, but they expect to live about 3 years longer than those
in bad health.
In the model, I show via closed-form solutions that when health shocks can simultaneously
increase health expenses and reduce longevity, several interesting results can be obtained. First,
utility-maximizing agents would neither fully insure their uncertain health expenses nor fully
annuitize their wealth, even when these insurance policies are actuarially-fair and there is no
bequest motive. Second, in contrast to the existing literature, uncertain health expenses may
even reduce precautionary saving under certain conditions. Third, mandatory health insurance
(e.g. public health insurance) tends to benefit the poor more, while mandatory annuitization
(e.g. public pension) is more likely to favor the rich.
1
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The intuition behind these results is simple. The simultaneous effect of health shocks on
health expenses and longevity provides agents with a self insurance channel for both uncertain
health expenses and uncertain longevity. When the agent is hit by a health shock (which simultaneously increases health expenses and reduces longevity), she can use the resources originally
saved for consumption in the reduced period of life to pay for the increased health expenses. As
a result, agents would neither fully insure their health expenses nor fully annuitize their wealth.
Furthermore, when the resources freed up from a reduction in longevity are more than enough
to pay for the simultaneous increase in health expenses, an increase in the uncertainty of health
expenses may even improve consumption smoothing, and decrease precautionary saving. Note
that the amount of resources freed up from a given reduction in longevity is usually higher for
richer agents. Hence, mandatory health insurance is likely to be welfare-decreasing for the rich
as the resources freed up from the reduction in longevity may be already more than enough to
compensate for the increase in health expenses. In contrast, mandatory annuitization is more
likely to be welfare-decreasing for the poor.
To assess the empirical relevance of the model implications, in section 6 I apply the model to
the US long-term care (LTC) insurance market. Using numerical simulation techniques, I study
to what extent the simultaneous effect of health shocks on health expenses and longevity can
explain the puzzling fact in the US LTC insurance market. That is, why most Americans do not
buy private LTC insurance? I find that the model can account for this LTC insurance puzzle
(especially for the rich). This finding complements the existing findings on this topic, which say
that Medicaid together with supply-side frictions can explain why Americans in the bottom two
thirds of the wealth distribution do not buy private LTC insurance, but cannot explain why the
rest of Americans (the rich) also do not buy LTC insurance.2
This paper is related to Sinclair and Smetters (2004) who have also studied the implications
from the simultaneous effect of health shocks on health expenses and longevity. In a quantitative OLG model, they show that the simultaneous effect of health shocks on health expenses
and longevity reduces the demand for annuities via numerical simulations. The same result is
also found in this paper. However, in contrast to their paper, I provide closed-form solutions.
Furthermore, I also derive new implications for the demand for health insurance, precautionary
saving, and the welfare effects of public policies.
This paper contributes to several literatures. First, it contributes to the literature on the
annuity puzzle by providing a new explanation for why people do not fully annuitize their
wealth.3 Second, this paper is also related to the recent literature that studies consumption
2
3

etc.

See Brown and Finkelstein (2007, 2008), etc.
Yaari (1965), Kotlikoff and Spivak (1981), Sinclair and Smetters (2004), Pashchenko (2010), Lockwood (2011),

and saving decisions when facing uncertain health expenditures.4 The results of this paper
suggest that the positive effect of uncertain health expenditures on saving may be overstated if
the simultaneous effect of health shocks on health expenditures and longevity is not taken into
account. Third, this paper is related to the recent public policy debate on health care reform in
the US. An important motivation behind the recent “Obamacare” reform (the Patient Protection
and Affordable Care Act) is to reduce the large number of uninsured Americans.5 However, the
results of this paper suggest that being uninsured may be the optimal choice for some households,
thus the optimal public health insurance policy should not aim to insure everyone. Last, the
finding from the numerical application of the model complements the existing literature on the
LTC insurance puzzle by showing that the simultaneous effect of LTC shock on health expenses
and longevity is a quantitatively important reason why people (especially the rich) do not buy
LTC insurance in the US.
The rest of the paper is organized as follows. In section 2, I present a simple example to
illustrate the intuition. In sections 3, 4, and 5, I present the full model and derive the analytical
results. In section 6, I conduct a numerical application of the model to the demand for long
term care insurance. I conclude in section 7.

2

A Simple Example

In this section, I present a simple numerical example to illustrate the intuition behind the main
findings of this paper. Here I only look at the problem after retirement. Assume that an agent
with endowment W faces the following two-period expected utility maximization problem,
max
C1 (h),C2 (h)

E[U (C1 (h)) + S(h)U (C2 (h))]

(1)

subject to
W − M (h) − C1 (h) = C2 (h), ∀h,

(2)

C1 (h) ≥ 0 and C2 (h) ≥ 0, ∀h
Here the utility function, U(C), is assumed to satisfy the Inada conditions. Consumption is
denoted by C, M is the health expense, and S is the survival probability to period 2. The agent
receives a health shock, h, at the beginning of period 1. When it is a bad shock, i.e. h = hb ,
the agent needs to pay health expenses M (hb ) =
4

W
2 ,

and she will not survive to period 2 for

Jeske and Kitao (2009), De Nardi, French, and Jones (2010), Kopecky and Koreshkova (2009), and Yogo
(2009), etc.
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sure, i.e. S(hb ) = 0. When it is a good shock, the agent needs to pay no health expense, i.e.
M (hg ) = 0, and she will survive to the second period for sure, i.e. S(hg ) = 1. For simplicity,
the discounting factor and the gross interest rate are both equal to one.
Assuming that there are neither health insurance nor annuities available, the agent’s optimal
decision can be easily derived: C1 (hg ) = C1 (hb ) =

W
2 ,

C2 (hg ) =

W
2 .

Note that the agent faces

both uncertain health expenses and uncertain longevity in this environment, but she is able to
achieve perfect consumption smoothing over different states and time periods, even without any
health insurance and annuities. The intuition behind this result is clear, the simultaneous effects
of health shock on longevity and health expenses provide the agent with a self insurance channel
for both uncertain longevity and uncertain health expenses. When the agent is hit by a bad
shock, she uses the resources originally saved for consumption in period 2 to pay the increased
health expenses.

3

The Model

There exist ex ante homogeneous agents of measure one. Again, here I only look at the problem
after retirement. I will extend the model to include the working period in section 5. Each agent
is initially endowed with asset W . At the beginning of time, she is hit by a health shock, h,
which will determine her lifetime health expenses, M (h), and longevity, T (h). For simplicity,
it is assumed that both the discounting factor and the gross interest rate are equal to one. To
have a meaningful problem, I also assume that the expected health expenses are less than the
initial endowment, i.e. E[M (h)] < W . Agents face the following expected utility maximizing
problem.
T (h)

Z
E[

max
T (h)

{C(t,h)}0

U (C(t, h))dt],

(3)

0

subject to
Z
W − M (h) =

T (h)

C(t, h), ∀h.

(4)

0

C(t, h) ≥ 0, ∀h, t,
Here U (.) satisfies the Inada Conditions, and C(t, h) represents the consumption at time t,
conditional on the health shock, h. The health shock, h, has the following properties: h = hg
(good shock) with a probability of 1 − P , and h = hb (bad shock) with a probability of P . The
lifetime health expenses and the longevity are determined by the health shock in the following
way, M (hg ) = 0, M (hb ) = M , and T (hg ) = T , T (hb ) = δT , where 0 < δ < 1.
Since both the discounting factor and the gross interest rate are equal to one, it is obvious
that rational agents will choose a flat consumption path after the health shock. That is, C(t, h) =

C(t0 , h), for any t, t0 ∈ [0, T (h)]. Using C(h) to represent the constant consumption per period,
the above utility maximizing problem is simplified to the following problem,
max E[T (h)U (C(h))]

(5)

C(h)

subject to
W − M (h) = T (h)C(h), ∀h

(6)

C(h) ≥ 0, ∀h.
Assuming that neither annuities nor health insurance are available, the optimal solution for
the above problem can be easily obtained. That is, C ∗ (hg ) =

W
T

and C ∗ (hb ) =

W −M
δT .

As can be

seen, health insurance or annuities before the health shock is revealed can be welfare-improving
as long as the following condition holds,
C ∗ (hg ) =

W −M
W
6=
= C ∗ (hb )
T
δT

(7)

M 6= W (1 − δ)

(8)

thus,

3.1

Health Insurance

Now I consider agents’ demand for health insurance in this model. Assume that the annuity
market is closed, but agents have access to actuarially-fair health insurance. That is, the price
of health insurance with a coinsurance rate of I is qI = P IM . Agents maximize their expected
lifetime utility by choosing the optimal coinsurance rate, I ∗ . That is, they face the following
expected utility-maximizing problem,
max E[T (h)U (C(h))]

(9)

C(h),I

subject to
W − M (h) − P IM + M (h)I = T (h)C(h), ∀h,

(10)

C(h) ≥ 0, ∀h, and I ≥ 0.
Let us study this problem in two different scenarios.
(1)M ≤ W (1 − δ). As shown in equations (7) and (8), even without any health insurance,
agents already have a higher consumption per period after a bad health shock than after a good
shock. Therefore, in this scenario, agents do not need any health insurance, i.e. I ∗ = 0 (corner
solution). The intuition behind this result is simple. If the health expenses (i.e. M ) are not

larger than the resources freed up from a reduction in longevity (i.e. W (1 − δ)), health insurance
is not needed, as the self insurance channel itself is enough to insure against the risk.
(2)M > W (1 − δ). In this scenario, there exists an interior solution for I. After substituting
the budget constraint into the objective function, the following First Order Condition (FOC)
can be obtained,
−(1 − P )T U 0 (

W − P IM P M
W − M − P IM + IM
1
)
− P δT U 0 (
)(M − P M )
=0
T
T
δT
δT

(11)

Rearranging the above equation and solving for I,
I∗ =

1− W
M (1 − δ)
1 − P (1 − δ)

(12)

The above equation describes the optimal solution for I ∗ . From this equation, the following
propositions can be obtained,
Proposition 1: (1) The optimal health coinsurance rate, I ∗ , is less than 1. In other words,
agents do not choose to fully insure their health expense risk. (2) The optimal health coinsurance
rate, I ∗ , decreases as the reduction in life expectancy increases, i.e.
the probability of getting a bad shock increases, i.e.
increases,

∂I ∗
∂W

∂I ∗
∂P

∂I ∗
∂δ

< 0, I ∗ increases as

> 0, and I ∗ decreases the endowment

< 0.

Proof: As for statement (1), since the expected health expense is less than the initial
endowment, the following inequation holds, E[M (h)] = P M < W . Rearranging and multiplying
both sides of this inequation by (1−δ), I obtain P (1−δ) <
1 − P (1 − δ), and thus I ∗ =

1− W
M

(1−δ)
1−P (1−δ)

W
M (1−δ).

As a result, 1− W
M (1−δ) <

< 1. Statement (2) can be simply obtained by taking the

first order derivative of equation (12) with respect to δ, P , and W , respectively.

3.2

Annuities

Now I consider agents’ demand for annuities in this model. Assume that the health insurance
market is closed, but agents have access to actuarially-fair annuities. That is, the price of
an annuity policy that pays A per period while alive is, qA = P δT A + (1 − P )T A. Note
that rational agents never spend more than W − M on annuities, otherwise they will not have
resources for consumption after a bad health shock. That is, they never choose an annuity level
A>

W −M
P δT +(1−P )T .

Therefore, the optimal annuity level, A∗ , solves the following problem,
max E[T (h)U (C(h))],
A

(13)

subject to
W − M (h) − (P δT A + (1 − P )T A) + T (h)A = T (h)C(h), ∀h

(14)

C(h) ≥ 0, ∀h, and A ≥ 0.
Again, I analyze the problem in two cases.
(1)M ≥ W (1 − δ). In this case, even without purchasing any annuity, the agent would
already have a higher consumption per period when she happens to live longer than expected.
Therefore, agents do not need any annuity, i.e. A∗ = 0. The intuition behind this result is
simple. If the health expense saved is larger than the resources needed for the extra years of
life, no annuity is needed.
(2)M < W (1 − δ). In this case, agents need annuities to insure against the risk of outliving
their resources (interior solution). After substituting the budget constraints into the objective
function, the following FOC can be obtained,
W
− (P δA + (1 − P )A) + A)[1 − (P δ + (1 − P ))] +
T
W −M
(1 − P )A
(1 − P )
− (P A +
) + A)[1 − (P +
)] = 0
P δT U 0 (
δT
δ
δ
(1 − P )T U 0 (

Rearranging the above equation and solving for A,
A∗ =

M
W − 1−δ
P δT + (1 − P )T

(15)

The above equation describes the optimal annuity level, and the price of this annuity policy is,
∗
qA
= (P δT + (1 − P )T )A∗ = W −

M
(1 − δ)

(16)

∗ ) is less than the total wealth available
As can be seen, the annuitized wealth (measured by qA

after the health shock (W or W −M ). In other words, agents do not fully annuitize their wealth. I
summarize the main properties of the optimal annuitization decision in the following proposition.
∗ < W − M or W . (2)
Proposition 2: (1) Agents do not fully annuitize their wealth, i.e. qA
∗ ) increases as the initial wealth increases, i.e.
The annuitized wealth (measured by qA

(3) The annuitized wealth decreases as the
annuitized wealth increases as the reduction

∂q ∗
health expenses increase, i.e. ∂MA <
∗
∂qA
in life expectancy increases, i.e. ∂(1−δ)

∗
∂qA
∂W

> 0.

0. (4) The
> 0.

Proof: Statement (1) is from the assumption 0 < δ < 1. Statements (2)-(4) can be easily
obtained by taking the first order derivative of equation (16) with respect to W , M , and 1 − δ,
respectively.

It is worth mentioning that people may also be interested in another measure of annuitization,
the fraction of wealth that is annuitized, which can be measured by
the first order derivative of

∗
qA

W

3.3

M
= 1 − (1−δ)W
. By taking

with respect to W , M , and 1 − δ, respectively, it is easily to

see that statements (2)-(4) in proposition 2 would still hold if
annuitization instead of

∗
qA
W

∗
qA
W

is used as the measure of

∗ .6
qA

Annuities and Health Insurance

Now I study a version of the model in which agents have access to both actuarially-fair health
insurance and actuarially-fair annuities. It is worth noting that here annuities and health insurance are linked together by the simultaneous effect of health shocks on longevity and health
expenses. In fact, these two products are insuring against the same risk in the model, but in
the opposite direction. This finding has an interesting implication, that is, when both products
are available in the market, the optimal demand for annuities and health insurance is indeterminate. The reason for that is agents can always increase their holdings of both annuities and
health insurance simultaneously and still achieve perfect consumption smoothing because the
extra annuities and health insurance offset each other. I rule out this possibility for the sake of
reality in the following analysis.7
Based on the analysis in sections 3.1 and 3.2, it is obvious that agents with endowment
W >

M
1−δ ,

only need annuities, while agents with endowment W <

M
1−δ ,

only need health

insurance. These results are summarized in proposition 3 below.
Proposition 3: When both annuity and health insurance markets are open, the optimal
solution for agents with W >
agents with W ≤

M
1−δ

M
1−δ

is, A∗ =

is, A∗ = 0, and I ∗ =

M
W − 1−δ
P δT +(1−P )T ,
1− W
(1−δ)
M
1−P (1−δ) .

and I ∗ = 0. The optimal solution for

The intuition behind proposition 3 is simple. Since the relatively rich (agents with W >
tend to consume more per period than the relatively poor (agents with W ≤

M
1−δ ),

M
1−δ )

for the same

reduction in longevity, the resources freed up for the relatively rich are usually more than those
for the relatively poor, and thus are more likely to be enough to compensate for the simultaneous
increase in health expenses. In other words, the simultaneous effects of health shocks on health
expenses and longevity has differential effects across the income distribution. It provides more
insurance against uncertain health expenses for the relatively rich, and more insurance against
uncertain longevity for the relatively poor.
As can be easily seen, the finding in proposition 3 has direct implications for the distributional
6

q∗

q∗

A
Note that the same result is obtained if W −M
is used instead of WA .
7
In reality, this result is not very likely to occur because there are entry costs and administrative costs in both
markets.

effects of relevant public policies, which will be considered in the next section.

4

Welfare Effects of Public Policy

In this section, I study the welfare effects of two relevant public policies, i.e. mandatory annuitization (e.g. public pension) and mandatory health insurance (e.g. public health insurance). I do
so in a version of the economy without private annuity and health insurance markets.8 Assume
that the economy contains an actuarially-fair mandatory annuity program and an actuariallyfair mandatory health insurance program. The annuity program pays A per year while alive
and collects qA = P δT A + (1 − P )T A at the beginning of time. The health insurance program
provides a coinsurance rate of I to health expenses and collects qI = P IM at the beginning of
time. To have a meaningful problem, I also assume that W − qA − qI > (1 − I)M , that is, the
initial endowment after taxes is enough to cover the out-of-pocket health expense after a bad
shock. As a result, agents face the following expected utility maximizing problem,
Z
max
T (h)

{C(t,h)}0

T (h)

U (C(t, h))dt],

E[

(17)

0

subject to
Z

T (h)

W − qA − qI − M (h) + IM (h) +

Z

0

T (h)

C(t, h), ∀h.

A=

(18)

0

C(t, h) ≥ 0, ∀h, t,
Since both the discounting factor and the gross interest rate are equal to one, it is obvious
that rational agents will choose a flat consumption path after the health shock. That is, C(t, h) =
C(t0 , h), for any t, t0 ∈ [0, T (h)]. Using C(h) to represent the constant consumption per period,
its optimal value, C ∗ (h), can be expressed as follows,
C ∗ (h) =

W − qA − qI − M (h) + IM (h) + T (h)A
, ∀h.
T (h)

(19)

Thus, agents’ maximized expected lifetime utility can be simply expressed as follows,
U = ET (h)U (C ∗ (h)).
8

(20)

One justification for this assumption is that these markets are very thin in most developed countries. Note
that when endogenous private markets are included, the effects of public policies may be smaller than what have
been found here because of the crowding-out effects of public insurance on private insurance. I leave this issue
for future research.

4.1

Mandatory Annuitization

To study the welfare effect of mandatory annuitization, I simply consider how a marginal increase
in annuity payment A affects individual welfare.9 This can be captured by the first order
derivative of the maximized expected lifetime utility U w.r.t. A,


∂U
0 W − qA − qI + T A
(P − P δ) −
= (1 − P )T U
∂A
T


W − qA − qI − (1 − I)M + δT A
(1 − P )(1 − δ)
PTU0
δT
As can be seen, the sign of

∂U
∂A

depends on whether the first term on the right-hand side is larger

than the second term. After some simple algebra, the following results about the welfare effect
of mandatory annuitization can be obtained.10
Proposition 4: (1) When
vidual welfare, i.e.

∂U
∂A

individual welfare, i.e.
is nil when

(1−I)M
1−δ

(1−I)M
1−δ

> 0. (2) When
∂U
∂A

+ qA + qI < W , mandatory annuitization increases indi(1−I)M
1−δ + qA + qI > W , mandatory annuitization reduces

< 0. (3) The marginal effect of mandatory annuitization on welfare

+ qA + qI = W .

This proposition says that there exists a cut-off level for initial endowment,

(1−I)M
1−δ

+ qA + qI ,

such that mandatory annuitization is welfare-improving for agents with initial endowment above
the cut-off level, but it is welfare-reducing for those with initial endowment below this cut-off
level. In other words, mandatory annuitization is more likely to benefit the rich.
It is worth noting that after rearranging, the condition,
qA = (W − qI ) −

(1−I)M
1−δ ,

(1−I)M
1−δ

+ qA + qI = W , becomes

which is in fact corresponding to the solution for optimal annuity

level derived in section 3.2 (equation (16)). Here W − qI it the wealth (net of health insurance
premium), and (1 − I)M is the out-of-pocket health expenses after a bad shock. Therefore, an
alternative interpretation of proposition 4 is that mandatory annuitization is welfare-improving
if the mandatory annnuity level is still lower than the optimal annuity level, and it is welfaredecreasing if the mandatory annuity level is above the optimal level.

4.2

The Welfare Effect of Mandatory Health Insurance

To study the welfare effect of mandatory health insurance, I consider how a marginal increase
in health coinsurance rate I affects individual welfare.11 This can be captured by the first order
9

Note that the corresponding annuity tax qA is also adjusted so that the annuity program is self-financing.
The algebra is available from the author upon request.
11
The corresponding health insurance tax qI is also adjusted so that the health insurance program is selffinancing.
10

derivative of the maximized expected lifetime utility U w.r.t. I,


PM
∂U
0 W − qA − qI + T A
= −(1 − P )T U
+
∂I
T
T


W − qA − qI − (1 − I)M + δT A (1 − P )M
P δT U 0
.
δT
δT
Again, the sign of

∂U
∂I

depends on whether the first term on the right-hand side is larger than

the second term. After some simple algebra, the following results about the welfare effect of
mandatory health insurance can be obtained.12
Proposition 5: (1) Mandatory health insurance increases individual welfare, i.e.
when

(1−I)M
1−δ

+ qA + qI > W . (2) It decreases individual welfare, i.e.

qA + qI < W . (3) Its marginal effect on individual welfare is nil when

∂U
∂I >
(1−I)M
1−δ

∂U
∂I < 0, when
(1−I)M
1−δ + qA + qI

0,
+

= W.

As can be seen, the cut-off wealth level for mandatory health insurance is the same as
mandatory annuitization, but its welfare effects are exactly the opposite of the welfare effects
of mandatory annuitization. In other words, mandatory health insurance is more likely to be
welfare-improving for the poor, while it can be welfare-reducing for the rich.
Rearranging the condition,

(1−I)M
1−δ

W −q

+ qA + qI = W , I obtain I =

1− M A (1−δ)
1−P (1−δ) ,

which corre-

sponds to the solution for optimal health coinsurance rate derived in section 3.1 (equation (12)).
Here W − qA it the wealth (net of the annuity premium). Therefore, an alternative interpretation of proposition 5 is that mandatory health insurance is welfare-improving if the coinsurance
rate is still lower than the optimal health coinsurance rate, and it is welfare-decreasing if the
coinsurance rate is already above the optimal rate.

4.3

The Interaction between Mandatory Annuitization and Mandatory Health
Insurance

It is also interesting to see whether mandatory annuitization and mandatory health insurance
interact with each other. That is, does mandatory health insurance (mandatory annuitization)
change the welfare effect of mandatory annuity (mandatory health insurance)? To answer this
question, I simply look at

∂U
∂I∂A ,

which is derived in the following,

∂U
W − qA − qI + T A
PM
= −(1 − P )T U 00 (
)P (1 − δ)(
) −
∂I∂A
T
T
W − qA − qI − (1 − I)M + δT A
M − PM
P T U 00 (
)(1 − P )(1 − δ)(
)
δT
δT
12

The algebra is available from the author upon request.

From the above equation, it is obvious to see that

∂U
∂I∂A

is positive because U 00 < 0. Therefore,

the following result can be obtained,
Proposition 6: Mandatory annuitization and mandatory health insurance positively interact with each other. That is, mandatory health insurance (mandatory annuitization) increases
the marginal effect of mandatory annuity (mandatory health insurance) on individual welfare.
This result has a very clear policy implication. That is, reforming one policy has a spill-over
effect on the welfare result of the other policy, which should be taken into account in any future
related policy studies.

5

Uncertain Health Expenses and Precautionary Saving

Economists have long argued that uncertain out-of-pocket health expenses generate precautionary saving. Recently, there has been a growing literature arguing that the precautionary saving
for uncertain health expenses is large and is quantitatively important for accounting for the US
wealth inequality.13 However, most studies in the literature do not take into account the fact
that uncertain health expenses are correlated with uncertain longevity, and how it implies for
precautionary saving.14
In this section, I show that when uncertain health expenses are correlated with uncertain
longevity, the effect of uncertain health expenses on precautionary saving may be different from
what has been found in previous studies.15 Under certain conditions, the effect may even be
negative (especially for richer households).
To study the saving behavior, I extend the model by introducing a working period before
retirement. The length of the working period is normalized to one, so the length of retirement,
T (h), measures the relative length of retirement compared to work. In the working period,
each agent receives income Y , and after that she chooses consumption for that period, C1 , and
savings for retirement, W = Y − C1 . In the retirement period, agents face the same problem as
in the benchmark model. It is assumed that private markets for annuities and health insurance
are closed. Agents face the following expected utility maximizing problem,
max
W,C1 ,C2 (h)
13

U (C1 ) + E[T (h)U (C2 (h))],

(21)

Hubbard, Skinner, and Zeldes (1995), De Nardi, French, and Jones (2010), Kopecky and Koreshkova (2009),

etc.
14

Note that a few studies do partially capture the correlation between uncertain health expenses and uncertain
longevity in their models. For instance, De Nardi, French, and Jones (2010) partially capture the correlation
through health status. Kopecky and Koreshkova (2009) partially capture the correlation through nursing home
shock. However, all these papers do not explore its implication for precautionary saving.
15
Note that the findings here are also related to the papers that study the saving effects of uncertain lifetime,
such as Davies (1981) and Leung (1994).

subject to
Y − W = C1

(22)

W = M (h) + T (h)C2 (h), ∀h

(23)

Substituting the budget constraints into the objective function, the first order condition w.r.t.
W can be derived,
U 0 (Y − W ∗ ) = EU 0 (

W ∗ − M (h)
)
T (h)

(24)

The above equation describes the optimal saving decision, W ∗ .
For the convenience of the analysis, I assume that health expenses and longevity have the
following properties: M (hg ) = M −
T (hb ) = T −

1−P
P ∆T .

P
1−P ∆M ,

M (hb ) = M + ∆M , and T (hg ) = T + ∆T ,

This assumption implies that the expected health expense (equal to M) is

independent of ∆M and the expected longevity (equal to T) is independent of ∆T . As a result,
the equation determining the optimal saving decision (equation (24)) becomes,
U 0 (Y − W ∗ ) = (1 − P )U 0 (C2∗ (hg )) + P U 0 (C2∗ (hb )),
where C2∗ (hg ) =

P
∆M
W ∗ −M + 1−P
,
T +∆T

and C2∗ (hb ) =

(25)

W ∗ −M −∆M
.
∆T
T − 1−P
P

To understand how uncertain health expenses affect saving in the model, I simply look at
the effect of a marginal increase in ∆M on W ∗ , i.e.
function theorem. Setting F =

−U 0 (Y

−

W ∗)

+ (1 −

∂W ∗
∂W ∗
∂∆M . To derive ∂∆M , I use the
P )U 0 (C2∗ (hg )) + P U 0 (C2∗ (hb )),

implicit

1
(1 − P )U 00 (C2∗ (hg )) (T +∆TP)(1−P ) − P U 00 (C2∗ (hb )) T − 1−P
∂W ∗
∂F/∂∆M
∆T
P
=−
=−
.
00 (C ∗ (h ))
00 (C ∗ (h ))
P
U
(1−P
)U
g
b
2
2
∂∆M
∂F/∂W
+
U 00 (Y − W ∗ ) +
1−P
T +∆T
T−
∆
P

(26)

T

Since U 00 < 0, the denominator in the above equation is negative. Hence, the sign of

∂W ∗
∂∆M

is

equivalent to the sign of the numerator,
(1 − P )U 00 (C2∗ (hg ))

P
1
− P U 00 (C2∗ (hb ))
.
1−P
(T + ∆T )(1 − P )
T − P ∆T

(27)

After some simple algebraic manipulation, the following proposition can be obtained.
Proposition 7: (1) Uncertain health expenses reduce precautionary saving, i.e.

∂W ∗
∂∆M

< 0,

if the following condition holds,
U 00 (C2∗ (hg ))[

T − 1−P
P ∆T
] − U 00 (C2∗ (hb )) < 0.
(T + ∆T )

(28)

Note that when the condition (28) does not hold, the effect of uncertain health expenses

on precautionary saving would be either positive or nil, which is the standard answer in the
literature.
To better understand the intuition behind the negative effect of uncertain health expenses
on precautionary saving (described in proposition 7), I consider the following two scenarios in
which condition (28) holds:
(1) U 00 (C2∗ (hg )) < U 00 (C2∗ (hb )). In this case, C2∗ (hg ) < C2∗ (hb ) as U 000 () > 0. That is, the
second-period consumption after a bad health shock is even higher than that after a good health
shock. The reason for that is the resources originally saved for the reduced period of life are more
than enough cover the extra health expenses after a bad health shock. As a result, an increase
in the uncertainty of health expense even improves consumption smoothing across states, thus
reducing precautionary saving.
(2) U 00 (C2∗ (hg )) ≥ U 00 (C2∗ (hb )) but [

∆T
T − 1−P
P
(T +∆T )

]<

U 00 (C2∗ (hb ))
U 00 (C2∗ (hg )) .

In this case, the intuition behind

the negative effect of uncertain health expenses on precautionary saving is less obvious. As can
be seen, C2∗ (hg ) > C2∗ (hb ) in this case as U 000 () > 0. That is the second-period consumption after
a bad health shock is lower than that after a good health shock, and thus an increase in the
uncertainty of health expense should reduce consumption smoothing across states. However, why
does it not increase precautionary saving? The intuition for that is as follows. According to the
existing literature on precautionary saving (e.g. Leland (1968), Kimball (1990)), precautionary
saving increases (decreases) when the shock increases (decreases) the expected marginal utility
function in the second period (EU 0 ). In a standard framework (in which the health shock does
not also affect longevity), the first order derivative of the expected marginal utility function with
respect to the uncertainty of health expenses (measured by ∆M ) is P [U 00 (C2∗ (hg ))−U 00 (C2∗ (hb ))].
Thus, as long as C2∗ (hg ) > C2∗ (hb ), an increase in the uncertainty of health expenses increases
precautionary saving. However, in this model, the first order derivative of the expected marginal
1
1
− U 00 (C2∗ (hb )) T − 1−P
]. As
utility function with respect to ∆M is P [U 00 (C2∗ (hg )) T +∆
T
∆
1
T − 1−P
∆T
P

P

T

1
T +∆T

<

, even when C2∗ (hg ) > C2∗ (hb ), the first order derivative of the expected marginal utility

function may be negative. Specifically, when [

T − 1−P
∆T
P
(T +∆T )

]<

U 00 (C2∗ (hb ))
U 00 (C2∗ (hg )) ,

the health shock decreases

the expected marginal utility in the second period, although it improves consumption smoothing
across states. As a results, uncertain health expenses reduce precautionary saving.
It is worth noting that everything else being equal, condition (28) is more likely to hold
for richer households. In other words, the effect of uncertain health expenses on precautionary
saving is more likely to be negative for them. This result can be easily obtained by looking
at the marginal effect of W on the left-hand side of condition (28). Substituting C2∗ (hg ) =
P
W ∗ −M + 1−P
∆M
T +∆T

and C2∗ (hb ) =

W ∗ −M −∆M
T − 1−P
∆T
P

into the left-hand side of condition (28) and taking

its first order derivative w.r.t. W , I find that the left-hand side of condition (28) decreases in

W . This implies that condition (28) is more likely to hold for agents with a higher value of
W . This implication is of particular interest because a major portion of aggregate saving is
from the rich. As a result, the negative saving effect of uncertain health expenses may be not
only a qualitative result, but also quantitatively relevant for understanding the effect of health
expenses on aggregate capital accumulation.
A recent quantitative literature has found that uncertain health expenses have a large positive
effect on saving and are quantitatively important for understanding capital accumulation in the
US.16 However, no studies in this literature consider health shocks that simultaneously affect
health expenses and longevity. According to the findings in this section, these studies may have
overestimated the effect of uncertain health expenses on saving (especially for the rich). As a
major portion of aggregate saving is from the rich, the effect of uncertain health expenses on
aggregate capital accumulation may also be significantly smaller than what has been found in
these studies.

6

A Numerical Application To Long Term Care Insurance

To assess the empirical relevance of the mechanisms emphasized in this paper, in this section I
apply the model to the US long term care (LTC) insurance market, and use numerical techniques
to study whether these mechanisms are quantitatively important for understanding the stylized
facts about the US private LTC insurance market.
Long term care is one of the largest uninsured financial risks facing elderly Americans. Long
term care expenditures were over $200 billion (approximately 1.4% of GDP) in 2008, and are
projected to increase significantly further in the near future due to population aging. However,
only about 14% of elderly Americans (aged 60+) have any private long term care insurance
(Brown and Finkelstein (2011)). Why do not Americans buy more private LTC insurance? This
question has attracted considerable attention in the literature.17 Two main findings have been
obtained so far. First, the supply-side problems (e.g. markups due to asymmetric information)
are not enough to explain why Americans do not buy private LTC insurance. Second, Medicaid
can explain why poor Americans do not buy private LTC insurance. However, to the best of
my knowledge, no study has explained why the rich also do not buy private LTC insurance.
Though the data show that richer Americans buy more private LTC insurance, LTC insurance
ownership rates are still low for the rich, i.e. only a quarter of Americans in the top wealth
quintile hold private LTC insurance. In this section, I attempt to fill this gap by assessing
whether the mechanisms emphasized in this paper can explain why richer Americans do not buy
16
17

E.g. De Nardi, French, and Jones (2010), Kopecky and Koreshkova (2009).
Brown and Finkelstein (2007, 2008), etc.

more private LTC insurance.
Consider the problem (after retirement) studied in section 3. I assume that the health shock
h in the model represents the risk of entering long term care, and agents can buy private LTC
insurance to insure the possible LTC expenses, M . The coinsurance rate of the LTC insurance
P
policy is I, and the insurance premium is qI = ni=1 Pi IM (hi ), where n is the number of possible
states. The discounting factor and the gross interest rate are both assumed to equal to one.
Then, agents are facing the following utility-maximizing problem,
max E[T (h)U (C(h))]

(29)

C(h),I

subject to
W − M (h) − qI + IM (h) = T (h)C(h), ∀h

(30)

Deriving the first order condition (FOC),
"
0

E U (C(h)) M (h) −

n
X

!#
Pi M (hi )

= 0.

(31)

i=1

The above equation determines the optimal I ∗ , which can be solved by numerical techniques
after parameterization.

6.1

Parameterization

I assume that the LTC shock h has four possible values: (1) no LTC (h = h1 ), (2) one year in
LTC (h = h2 ), (3) three years in LTC (h = h3 ), (4) five years in LTC (h = h4 ). According to
the estimates in Brown and Finkelstein (2008), the probability distribution of the shock h is set
as in the second column of Table 1.18
Table 1: Properties of The LTC Shock h
LTC shock h
h = h1
h = h2
h = h3
h = h4

probability P r(h)
P r(h1 ) = 0.6
P r(h2 ) = 0.4 × 0.63 = 0.252
P r(h3 ) = 0.4 × 0.2 = 0.08
P r(h4 ) = 0.4 × 0.17 = 0.068

health expenses M (h)
M (h1 ) = 0
M (h2 ) = L
M (h3 ) = 3L
M (h4 ) = 5L

longevity T (h)
T (h1 ) = T
T (h2 ) = δT
T (h3 ) = δ 3 T
T (h4 ) = δ 5 T

18
Brown and Finkelstein (2008) report the probability of ever using LTC, and among users, the probabilities
of using LTC more than 1 year, 3 years, and 5 years. Here I set P r(h1 ) to be one minus the probability of ever
using LTC, P r(h2 ) to be the probability of ever using LTC, but less than 3 years, P r(h3 ) to be the probability
of using LTC more than 3 years, but less than 5 years, and P r(h4 ) to be the probability of using LTC more than
5 years.

Assuming that L is one year of LTC expenses, and that the agent’s longevity is discounted
by 1 − δ for every year in LTC, the health expenses M (h) and longevities T (h) can be expressed
as in the third and fourth columns of Table 1.
According to Kopecky and Koreshkova (2009), one year of nursing home care expenses in a
semi-private room are about $64240 in 2005, and 37% of these expenses are paid out-of-pocket.
Thus, I set L = $64240 × 37% = $23769.19 Kopecky and Koreshkova (2009) also estimate that
conditional survival probability to the next year drops by 8.1% if entering into nursing home
care. Thus, I set δ = 1 − 0.081 = 0.919. The parameter, T , represents the life expectancy at
age 65 for people who will never enter LTC in the rest of life, which is calibrated to match the
average life expectancy at age 65 in 2005, that is, 18.2 years (CDC/NCHS).
Utility function U (C) takes the CRRA form, i.e. U (C) =

C 1−σ
1−σ ,

where σ is set to 2 based on

the existing literature. The following table summarizes the parameterization results.
Table 2: Parameterization
Parameter
L
δ
T
σ

Description
one year of LTC expenses
longevity shock parameter
maximum longevity
CRRA utility parameter

Value
$23769
0.919
18.2
2

With the parameterization described above, the first order condition for I ∗ (equation (31))
can be rewritten as follows,
W − (1 − I)L − qI
W − qI
)(−p) + P r(h2 )U 0 (
)(L − p) +
T
δT
W − (1 − I)3L − qI
W − (1 − I)5L − qI
P r(h3 )U 0 (
)(3L − p) + P r(h4 )U 0 (
)(5L − p) = 0
3
δ T
δ5T
P r(h1 )U 0 (

Using numerical techniques, I can solve the above equation for the optimal LTC coinsurance
rate I ∗ at any given level of wealth, W . Table 3 presents the optimal LTC coinsurance rate I ∗
at some selected levels of wealth.
As can be seen from the second column of Table 3, most agents do not choose to fully insure
against uncertain LTC expenses, even when LTC insurance is actuarially-far. Furthermore, as
the level of wealth increases, agents choose to have less LTC insurance. Agents with $50,000
wealth in age 65 only need a LTC insurance policy with a coinsurance rate of 91%. Agents with
a level of wealth above $340,000 do not need any LTC insurance. The intuition behind these
19

Note that nursing home care is the most important type of long term care, but long term care also includes
assisted living facilities care and home health care which are usually less expensive than nursing home care. Thus,
the value of L used here may be on the higher side.

Table 3: Results: the Demand for LTC Insurance (I ∗ )
wealth ($)
50,000
100,000
200,000
340,000

LTC insurance
(actuarially-fair)
91%
74%
43%
0

wealth ($)
50,000
100,000
200,000
250,000

LTC insurance
(with 0.18 load)
88%
66%
21%
0

results is simple. Entering LTC reduces longevity, and thus frees up the resources (originally
saved for the consumption in these extra years). Agents can use these resources to cover part
of the LTC expenses. As the level of wealth increases, the amount of resources freed up from a
given reduction in longevity increases. Therefore, richer agents need less LTC insurance.
It is worth noting that the US private LTC insurance market features serious supply-side
frictions. According to Brown and Finkelstein (2007), the available LTC insurance policies on
average have a load of 0.18. To investigate how these supply-side frictions affect the demand
for LTC insurance, I add a markup to the prices of LTC insurance policy and then recompute
the optimal condition for I ∗ . The results are reported in the fourth column of Table 3. As can
be seen, all the qualitative results remain, but the optimal demand for LTC insurance decreases
for any level of wealth. For instance, agents with a level of wealth above $250,000 do not need
to buy any LTC insurance.
So far I have assumed that agents can choose the coinsurance rate of the LTC insurance
policy, I. However, the choice facing most agents in reality is usually just whether or not to buy
an insurance policy with a specific coinsurance rate. Denoting the specific coinsurance rate by
b agents are facing the following discrete-choice utility-maximizing problem,
I,
max

E[T (h)U (C(h))]

(32)

b
C(h),I∈{0,I}

subject to
W − M (h) − qI + IM (h) = T (h)C(h), ∀h

(33)

As estimated by Brown and Finkelstein (2007), a typical LTC insurance policy in 2002 has
a daily benefit of $100 while a semi-private nursing home room costs $143 on average. Thus,
I set Ib to be 0.7 (that is 100
143 ). Table 4 reports the optimal choice for LTC insurance at some
selected levels of wealth when buying LTC insurance is a discrete choice. As can be seen, agents
with a level of wealth above $181,000 would not buy a typical LTC insurance policy available
in the US market. According to Hendricks (2007), the mean wealth at retirement in the US is

Table 4: Results: the Demand for LTC Insurance (Discrete Choice)
wealth ($)
< 235, 000
> 235, 000

LTC insurance
(actuarially-fair)
buy
not buy

wealth ($)
< 181, 000
> 181, 000

LTC insurance
(with 0.18 load)
buy
not buy

approximately $358,500 for couples, and $147,900 for singles (in 1994 dollars). These numbers
suggest that the cut-off wealth derived here, $181,000, is close to the average retirement wealth
in the US. In other words, the numerical result obtained here suggests that Americans with
above-average retirement wealth would not like to buy a typical LTC insurance policy available
in the private market.
It is worth noting that previous studies on LTC insurance have found that Medicaid (together
with supply-side frictions) can explain why Americans in the bottom two thirds of the wealth
distribution do not buy private LTC insurance (see Brown and Finkelstein (2008)). However,
none of them has not explained why the rich (e.g. the rest of Americans in the distribution)
also do not buy private LTC insurance. Therefore, the numerical results obtained in this section
complement the existing findings by providing an explanation for the LTC insurance puzzle for
the rich.

7

Conclusion

In this paper, I study a simple life-cycle model with health shocks that simultaneously increase
health expenses and longevity. Via closed-form solutions, I show that the model has several novel
and interesting implications. First, utility-maximizing agents would neither fully insure their
uncertain health expenses nor fully annuitize their wealth, even in the absence of market frictions
and bequest motives. Second, the effect of uncertain health expenses on precautionary saving
may be smaller than what has been found in previous studies. Under certain conditions, uncertain health expenses may even reduce precautionary saving. Third, mandatory health insurance
(e.g. public health insurance) tends to benefit the poor more, while mandatory annuitization
(e.g. public pension) is more likely to favor the rich.
The numerical application of the model conducted in the last section suggests that the mechanisms studied here are quantitatively important, and may have the potential to account for
some puzzling facts observed in the data, e.g. the LTC insurance puzzle. However, to fully
understand the quantitative implications of these mechanisms, the model needs to be extended
to incorporate more quantitatively-relevant elements, such as multiple-period overlapping gen-

erations, idiosyncratic income shocks, and general equilibrium elements. I leave this for future
research.
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