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Abstract

Characterizing reduced-form allocations is an unavoidable step in many applica-

tions of mechanism design. This paper provides a necessary and sufficient condition

to validate a tractable characterization of reduced-form allocations in various models.

The contemporary main findings in the separate models of paramodularity and total

unimodularity are unified as simple applications of this condition, allowing for com-

binatorial complications among multiple objects, ex-post-state-dependent constraint

structures and multidimensional types. The condition leads to a novel finding that

the characterization is valid in two one-to-one matching models, and a social choice

model, where a player can have any number of possible types. The condition reduces

the agenda of characterizing reduced forms to a problem analogous to decentralizing

the social optima in a classical linear economy.
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1 Introduction

Like the prisoners in Plato’s Cave who, chained to an inside wall, see only the shadows

projected on the wall from objects of higher dimensions, a player in a Bayesian allocation

game such as auctions sees only a projection from the actual game onto the subdimension

that contains only his private information, or his type. The projection collapses all other

players’ types, in the spirit of the revelation principle, and reduces the game to an interim

allocation that maps only this player’s own type to a lottery of allocation outcomes. That

is what determines the player’s best response in the game. The design of a Bayesian alloca-

tion game therefore amounts to designing a profile of such interim allocations, one for each

player to induce from him the strategy that the designer desires. The question is how to

tell whether a profile of such interim allocations does constitute a Bayesian game feasible

from the ex post standpoint that takes into account the realized types of all players. This

question, the literature has long recognized, is unavoidable in models with nonlinearity of

the expected payoff functions, which prevents the interim allocations from being replaced

by the underlying ex post allocations. Examples include auctions with risk aversion, dating

back to Maskin and Riley [21] and Matthews [22], endogenous valuation such as Gershkov et

al. [10], information acquisition such as Li [19], and budget constraints such as Boulatov and

Severinov [4]. In such models, to define the designer’s choice set we need a characterization

of the reduced forms of feasible mechanisms, namely, a necessary and sufficient condition for

an interim allocation profile to be generated by an ex post feasible allocation mechanism.1

There are two approaches to address this issue. One is to take a design problem as

given and find out a tractable characterization of its reduced forms. The other approach

is to take a tractable characterization of reduced forms as given and identify a sufficiently

rich family of models where the characterization is valid. Both approaches start with the

set of support functions (or the projection cone) for the reduced forms. The set of support

functions is proposed as a characterization of reduced forms by Goeree and Kushnir [11] and

Cai et al. [6]. Since the set of support functions (or the projection cone) is often deemed

intractably large, much of the literature takes further steps to find an irreducible subset of

1While the reduced form issue could be partially avoided through restricting attention to dominance-

rather than Bayesian incentive compatible mechanisms, the restriction has loss of generality because the

equivalence between dominance- and Bayesian incentive compatibility requires other conditions such as that

each bidder’s type be one-dimensional (cf. Manelli and Vincent [20] and Gershkov et al. [9]).
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support functions (or extreme rays of the projection cone) that suffice to characterize all

the reduced forms. The first approach would compute such irreducible characterizations in

a case-by-case manner, as in Toikka et al. [26]. In search for a general pattern, the second

approach would look for various models where the same kind of irreducible characterizations

is valid. This paper contributes to the second approach.

The kind of irreducible characterizations pursued in the second approach is first ob-

tained by Border [2] in a single-unit symmetric auction model. The Border-like characteri-

zation is extended to asymmetric single-unit models by Border [3], Manelli and Vincent [20],

Mierendorff [23], Goeree and Kushnir [11]2 and Yang [28], and generalized to multiple units

of a single object by Che et al. [7]. Che et al. introduce a paramodular assumption to reg-

ulate the ceiling and floor constraints on the total quantities of the good among any set of

bidders. But the assumption does not allow for the combinatorial complexity among mul-

tiple objects such as the unit-demand preference in matching models. The contemporary

work by Lang and Yang [18] proposes a total unimodular condition to generalize Border’s

characterization without paramodularity, but no example satisfying their condition has been

found to allow a player to have more than two possible types.3 Noting the difficulty without

paramodularity, the contemporary work by Valenzuela-Stookey [27] proposes an approximate

characterization, providing only a sufficient but not necessary condition for reduced forms.

This paper provides a general condition, both necessary and sufficient, to validate

the Border-like characterization of reduced forms. It unifies the paramodular and total

unimodular results as simple applications. It leads to a novel finding, beyond paramodularity

and total unimodularity, that the characterization of reduced forms is valid in two one-to-one

matching models with any number of possible types. The method is explicit, elementary,

and economically meaningful, in contrast to the heavy formalisms in the literature. The

entire agenda of characterizing reduced forms in the Border-like format is now boiled down

to a problem analogous to decentralizing a social optimum in a classical linear economy.

The method can be outlined through an economic analog of characterizing reduced

forms. We wish to tell whether an interim allocation from a player’s perspective comes

from some unobserved ex post feasible mechanism as we wish to tell whether a firm’s own

2Goeree and Kushnir propose the aforementioned support-function characterization for a social choice

model and specialize it to Border’s condition in the finite-type one-unit auction special case.
3Budish et al. [5] have introduced a special case of total unimodularity in a complete-information assign-

ment model.
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production plan coincides with an unobserved social optimum. The key to decentralization

is to implement any social optimum through a price system. Analogously, characterizing

reduced forms boils down to replacing any linear valuation of the interim allocation profiles

by a combination of some positive prices.

Specifically, the question whether or not an interim allocation profile is the reduced

form of some ex post feasible mechanism is analogous to the question whether or not the

quantity of an output is equal to the sum of the inputs it receives through an unobserved input

dispatch program. That is, we can think of any interim state, which specifies a pairing (i, j)

between a bidder i and an object j together with a type ti of the bidder, as an output;

and think of any ex post state, a profile (t′1, . . . , t
′
n) of realized types across all bidders, as

a firm. The “firm” can supply inputs to the “output” iff t′i = ti, with (i, j) acting as the

“pipeline” through which the supply is delivered. To supply inputs to a set of outputs say

(i, j, ti) and (i′, j′, ti′), a firm needs to satisfy the individual and joint capacity constraints of

the pipelines (i, j) and (i′, j′). In other words, the quantity of good j allocated to bidder i,

and that of good j′ allocated to bidder i′, need to satisfy the individual and joint quantity

constraints among the pairs (i, j) and (i′, j′). The social planner’s problem is to optimally

dispatch the inputs from every firm subject to all such pipeline constraints that are specific

to the firm. Decentralizing a social optimum amounts to assigning prices to some bundles

of outputs so that any firm pays the associated price for the amount by which it violates a

pipeline constraint in delivering inputs to the outputs contained in a bundle.

Importantly, not all output bundles can be assigned a nonzero price. An output bundle

can be assigned a nonzero price only if it satisfies a “universal binding condition,” which

requires that every firm should face a binding constraint in supplying inputs to this bundle

according to the optimal dispatch. Intuitively speaking, if one firm faces binding constraints

while another firm does not, the former needs to pay a price to use the pipelines while the

latter can use them for free, and then the two would deviate from the planner’s optimal

dispatch plan. The main step in characterizing reduced forms is therefore to locate such

output bundles, or sets of interim states, that can support the said prices.

Where to find such price-supporting sets of interim states? None other than the upper

and lower contour sets with respect to the revealed preference from the optimal dispatch

solution. For every ex post state, the optimal dispatcher makes an allocation to one interim

state or another among those that can take the ex post state as an input. That leads to a
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revealed preference relation among all interim states and hence the upper and lower contour

sets thereof. An upper contour set satisfies the universal binding condition because its

elements are revealed to be preferred to those outside the set. Thus, for every ex post state,

our optimal dispatcher would max out the total quantity that the ex post state can contribute

to the members of the upper contour set before she allocates it elsewhere. Consequently,

this ex post state faces a binding ceiling constraint in contributing to the upper contour set

according to the optimal dispatch. This true for all ex post state, the upper contour set

satisfies the universal binding condition. The reasoning for lower contour sets is symmetric.

In models with the paramodular assumption, the optimal dispatch solution is easy

to characterize, and the revealed preference is directly derived from our social planner’s

valuation on interim allocation profiles (the parameter of the optimal dispatch problem).

Thus the method outlined above applies simply and leads to a generalization of Che et al.’s [7]

characterization that allows for multiple heterogeneous objects and ex-post-state-dependent

constraint structures. In Lang and Yang’s [18] model, the total unimodular assumption

guarantees that our optimal dispatcher is the conic combination of a set of planners, each

having a ternary preference: every interim state is either “good” or “bad” or “neutral.” The

good interim states constitute an upper contour set, and the bad interim states, a lower

contour set. Doing that across these ternary planners, we obtain the support of the desired

price vector and hence a characterization similar to Lang and Yang’s.4

Constructing the upper and lower contour sets in matching models is more involving.

I consider two matching models where a bidder can have any number of possible types.

Two objects are to be assigned to two bidders and no one can get both objects. In the

full assignment model, each object has to be assigned. In the partial assignment model,

an object need not be assigned. The literature has not found a characterization of reduced

forms in either model, except for Valenzuela-Stookey’s [27] approximate characterization in

the second one (with more than two bidders and objects). The complication comes from the

interdependency at the ex post stage where a bidder’s chance to win one object depends on

the other bidder’s chance to win the other object, whereas in the interim stage a bidder’s

4My result corresponding to Lang and Yang’s main theorem assumes an implication of total unimodularity

instead of total unimodularity per se and may inherit the two-type restriction of their theorem. In addition,

I assume that a particular function in their model is linear, so that my conclusion requires only a test against

all sets of interim states while theirs requires a test against all pairs of disjoint sets of interim states.
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Figure 1: Full assignment matching: An ex post outcome can only be {a, c} or {b, d}

expected probability of winning an object has no reference to whether or not the other object

is allocated to the other bidder.

Specifically, Figure 1 labels the pairings between bidders and objects as a, b, c and d.

A feasible ex post allocation in the full assignment model is either a and c, or b and d.

Thus, from the optimal dispatch perspective, a and c are complements, and so are b and d.

Consequently, the optimal dispatcher’s choice between two interim states say (a, t1) and (b, t2)

is interdependent on her choice between their respective complements, (c, t2) and (d, t1). In

other words, we cannot derive the revealed preference between two interim states purely by

the optimal dispatcher’s choice between them. To disentangle the interdependency, note the

rivalry between the interim states (a, t1) and (d, t1) in the sense that any ex post state (t′1, t
′
2)

that can contribute to (a, t1) (and hence t′1 = t1) can also contribute to (d, t1) as the exclusive

alternative. Thus, calculate the magnitude by which the optimal dispatcher prefers (a, t1)

over (d, t1). This cardinal difference, one for each interim state in the form of (a, t1) or (b, t2),

leads to the revealed preference among such interim states. The revealed preference among

those in the form of (c, t2) and (d, t1) are derived symmetrically. Then we obtain the upper

and lower contour sets, and the characterization of reduced forms, as desired.

I also consider a simple case of social choice. A society consisting of two players

has to make a social choice between two alternatives. Each alternative, if chosen for the

society, may affect each player’s utility. Even for this case, the literature has not had a

characterization of the reduced forms that is subject to only the sets of interim states, with

the condition proposed by Goeree and Kushnir [11] subject to all possible weights across the

sets of interim states. Figure 1 can be adopted to depict this social choice problem. Different
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from the matching model, an ex post outcome is either {a, b}—choosing social alternative 1—

or {c, d}—choosing social alternative 2. That is, instead of having the complementarity

between a and c, and that between b and d, in the matching model, we have here the

complementarity between a and b, and that between c and d. Then we can mimic the

derivation in the full assignment matching model, swapping the roles between b and c.

That gives us the revealed preference from the optimal dispatch on the interim states and

consequently the reduced form characterization.

Since the characterization of reduced forms is all based on Farkas’s lemma (Separating

Hyperplane Theorem), which has dozens of equivalent versions (Perng [24]), other than the

universal binding condition to validate reduced-form characterizations, there should be other

conditions for such (one is in the contemporary work of Valenzuela-Stookey’s [27]). The value

of my condition is that it unifies most of the findings in the literature and leads to a novel

finding in matching models. In addition, the condition is economically meaningful.

Contributing to the second approach mentioned at the beginning, my characterization

of reduced forms is a natural extension of Border’s characterization. This Border-like format

is simple in the sense that the characterization requires a test only against arbitrary sets of

interim states, rather than against the arbitrary weights across such sets (as in the support-

function characterizations mentioned before). From a majorization perspective, a reduced-

form characterization different from the Border format is offered by Hart and Reny [12] and

generalized by Kleiner et al. [15] and Kolesnikov et al. [16] assuming symmetric bidders and

symmetric mechanisms. In the single-object multiunit case of [15], Gershkov et al. [10] find

a connection between the majorization and the Border-like characterization.

2 The Model

Let I1 be the set of bidders, I2 the set of objects, both assumed to be finite. Let

I := I1 × I2

denote the set of all possible bidder-object pairs. For any i1 ∈ I1, let Ti1 be the set of the

possible types of bidder i1. Any (i, ti1), with i := (i1, i2) ∈ I and ti1 ∈ Ti1 , is called interim

state. Let T :=
∏

i1∈I1 Ti1 be the type space, and (T,T , µ) the measure space such that the

ex post state, or the profile

t := (ti1)i1∈I1
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of types across bidders, is drawn from T according to probability measure µ. If the cardinal-

ity |T | of T is finite, assume µ{t} > 0 for all t ∈ T , µ{t} the measure of the singleton {t}.
Denote R for either the set R of real numbers or the set Z of integers, and let R+ be

the set of nonnegative elements of R. For any t ∈ T , let Xt ⊆ RI be the set of allocation

outcomes that are feasible when t is the ex post state. An element of Xt is in the form of

x := (xi)i∈I , or (xi1,i2)(i1,i2)∈I , with xi1,i2 being the quantity of object i2 allocated to bidder i1.

(Thus, quantities are divisible if R = R, and indivisible if R = Z. Also note that the set Xt

of feasible allocation outcomes may vary with the ex post state t.) The mapping t 7→ Xt is

called constraint structure. For each t ∈ T , denote cvXt for the convex hull of Xt. Assume

that Xt is nonempty and compact for all t ∈ T .

An ex post allocation is a profile (qi)i∈I of measurable functions qi : T → R (∀i ∈ I) such

that (qi(t))i∈I ∈ cvXt for µ-a.e. t ∈ T .5 Thus, an ex post allocation can randomize on the

feasible allocation outcomes, and its range is a subset of RI even when Xt ⊆ ZI . An interim

allocation is a profile Q := (Qi)i∈I of measurable functions Qi : Ti1 → R (∀i := (i1, i2) ∈ I).

For each i1 ∈ I1, let µi1 be the marginal measure of µ onto Ti1 ; let T−i1 :=
∏

j∈I1\{i1} Tj,

and denote µ−i1(·|ti1) for the conditional measure on T−i1 according to µ conditional on ti1 .

An interim allocation (Qi)i∈I is said to be the reduced form of some ex post allocation (qi)i∈I

if and only if Qi is the marginal of qi onto Ti1 for all i := (i1, i2) ∈ I, namely,

Qi(ti1) =

∫
T−i1

qi(ti1 , t−i1)dµ−i1(t−i1|ti1) (1)

for any i := (i1, i2) ∈ I and any ti1 ∈ Ti1 .
Denote Q for the set of interim allocations that are reduced forms of some ex post

allocations. Denote the set of interim states by

Z :=
⋃

(i1,i2)∈I

({(i1, i2)} × Ti1) .

For any (i, t′i1) ∈ Z , the right-hand side of (1) allows only those ex post states t := (ti1)i1∈I1 ∈
T whose component ti1 at the position i1 is equal to t′i1 . Thus we say that any t ∈ T can

contribute to (i, t′i1) ∈ Z iff ti1 = t′i1 . Therefore, within any S ⊆ Z , an ex post state t ∈ T
can contribute to only those members (i, t′i1) for which t′i1 = ti1 . Thus

I(S, t) := {i ∈ I | (i, ti1) ∈ S} (2)

5It is immaterial to strengthen the condition (qi(t))i∈I ∈ Xt to all t ∈ T (cf. Border [2, Proposition 3.1]).
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is the set of the bidder-object pairs each of which is part of some interim state in S that

the ex post state t can contribute to. For any S ⊆ Z and any t ∈ T , with Xt assumed

nonempty and compact, define

f(S, t) := max
x∈Xt

∑
i∈I(S,t)

xi, (3)

g(S, t) := min
x∈Xt

∑
i∈I(S,t)

xi. (4)

One readily sees that f(S, t) is the maximum total quantity that an ex post state t can

contribute, and g(S, t) the minimum total quantity that t has to contribute, to the interim

states in S. Both the maximum and the minimum are driven by the set Xt of feasible

allocation outcomes.

An interim allocation (Qi)i∈I is said to satisfy the Border condition if and only if∫
T

g(S, t)dµ(t) ≤
∑
i∈I

∫
T

Qi(ti1)χS(i, ti1))dµ(t) ≤
∫
T

f(S, t)dµ(t) (5)

for all measurable S ⊆ Z (χS denotes the characteristic function of S; S ⊆ Z is said

measurable iff {ti1 ∈ Ti1 | (i, ti1) ∈ S} is measurable for all i ∈ I).6 Denote QB for the set of

interim allocations that satisfy the Border condition. The characterization of reduced forms

is the claim QB = Q. The question is: When is QB = Q true?

3 The Universal Binding Condition

One direction of the equality QB = Q is trivial: The Border condition is always necessary for

an interim allocation to be the reduced form of an ex post feasible allocation (Appendix A):

Lemma 1 QB ⊇ Q.

To establish the converse, we assume the cardinality |T | of the type space T to be

finite. Some of our results are generalized to infinite type spaces in Section 8.

Now that |T | is finite, the set of interim allocations is a Euclidean space RZ , which

is its own dual via the inner product 〈·, ·〉 defined by, for any Q,α ∈ RZ such that Q =

6In Border’s [2] single-unit symmetric model, bidders are ex ante identical, so an interim state needs no

label for the bidder, and hence an S ⊆ Z is simply a set of some possible types of any bidder.
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(Qi(ti1))(i,ti1 )∈Z and α = (α(i, ti1))(i,ti1 )∈Z ,

〈Q,α〉 :=
∑
i∈I

∑
ti1∈Ti1

Qi(ti1)α(i, ti1)µi1{ti1}. (6)

The next lemma (proof in Appendix B), due to the separating hyperplane theorem,

provides a starting point to establish QB ⊆ Q.

Lemma 2 Suppose that |T | is finite. Then QB ⊆ Q if and only if, for any α ∈ RZ ,

max
Q∈QB

〈Q,α〉 ≤ max
Q∈Q
〈Q,α〉. (7)

As (7) indicates, α acts as a valuation of the interim states, with α(z) being the value

of interim state z. The problem on the right-hand side, maxQ∈Q〈Q,α〉, is called optimal

dispatch for a reason that will be clear soon.

The following theorem (proof in Appendix C) results from comparing the dual of the

left-hand-side problem in (7) with its right-hand-side, the optimal dispatch problem. It

provides the general direction to validate QB ⊆ Q.

Theorem 1 Assume that |T | is finite. Then QB ⊆ Q if and only if for any α ∈ RZ there

exist (p+, p−) : 2Z → R2
+ and q∗ := (q∗i )i∈I : t 7→ (q∗i (t))i∈I ∈ cvXt such that

α(z) =
∑
S⊆Z

p+(S)χS(z)−
∑
S⊆Z

p−(S)χS(z) (8)

for all z ∈ Z ,

q∗(t) ∈ arg max(xi)i∈I∈cvXt

∑
i∈I

xiα(i, ti1) (9)

for all t := (ti1)i1∈I1 ∈ T , and, for all S ⊆ Z ,

p+(S) > 0 ⇒ ∀t ∈ T
[
f(S, t) =

∑
i∈I q

∗
i (t)χS(i, ti1)

]
p−(S) > 0 ⇒ ∀t ∈ T

[
g(S, t) =

∑
i∈I q

∗
i (t)χS(i, ti1)

]
.

(10)

Eq. (8) says that any valuation α of the interim states needs to be a conic combination

among some characteristic functions or the negative thereof. Eq. (10), coupled with (9),

regulates such characteristic functions so that we know where to find them. Together, (9)

and (10) are called universal binding condition, as they require that the optimal dispatch

quantity
∑

i∈I q
∗
i (t)χS(i, ti1) within any set S of interim states reach either the maximum

f(S, t) or the minimum g(S, t) quantity for every ex post state t.
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The insight of Theorem 1 can be articulated easily in terms of its economic analog.

Eq. (1), the condition that a reduced form Q be the marginal of some ex post allocation q,

can be viewed as a client-server relationship: The interim probability Qi(ti1) corresponds

to the quantity of an “output” (i, ti1), and the ex post probability qi(ti1 , t−i1), the quantity

of an “input” supplied by a firm named by the ex post state (ti1 , t−i1) ∈ T . A firm t′ :=

(t′i1)i1∈I1 ∈ T can supply its input to an output (i, ti1) if and only if t′i1 = ti1 . Now think

of the i in the name of any output (i, ti1) as the “pipeline” through which its inputs are

delivered. For each t ∈ T , Xt corresponds to the set of feasible capacities of the pipelines

that firm t gets to use to deliver its inputs. A reduced form corresponds to an output plan

that satisfies all such pipeline constraints. Note that these constraints are firm-specific.

In this economy, the social planner’s problem corresponds to the optimal dispatch

problem maxQ∈Q〈Q,α〉 on the right-hand side of (7): given any valuation α of the outputs,

maximize the total value among the output plans that satisfy the pipeline constraints. Since

these constraints are firm-specific, the planner may have to micromanage the dispatch, firm

by firm. By contrast, the problem on the left-hand side of (7) is subject to only the constraints

on the output level that aggregates across firms (cf. (5)). Can the social planner’s firm-specific

instructions be disseminated through such seemingly broader constraints? And if yes, how?

The answer from Theorem 1 is that the dissemination is possible if and only if any

valuation α of the outputs can be replaced by a combination of prices for some bundles S of

outputs. In line with the traditional economic interpretation of duality, applied to the dual

of the left-hand side problem in (7), the price p+(S) is the shadow price for the ceiling con-

straint that the aggregate quantity of the outputs in S should not exceed
∑

t∈T µ{t}f(S, t),

and p−(S) is the shadow price for the floor constraint that the said quantity not fall below∑
t∈T µ{t}g(S, t). Thus, one can interpret p+(S) as the penalty for any firm t who exceeds

the total capacity ceiling of the pipelines that the outputs in bundle S rely on, and p−(S)

the penalty for any firm who falls short of the total capacity floor thereof. Then Eq. (8) is

the firm’s first order condition for profit maximization given this price system.

The universal binding condition—(9) and (10)—is the main substance. It tells us that

only a certain kind of output bundles S can be assigned a nonzero price: A bundle S can be

assigned a nonzero price p+(S) for exceeding the ceiling constraints only if all firms’ ceiling

constraints are binding in supplying inputs to the bundle according to the optimal dispatch,

and S can be assigned a nonzero price p−(S) for falling short of the floor constraints only if all
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firms’ floor constraints are binding in the said endeavor. Constructing such output bundles

to support the price vector is the crucial step to validate the reduced-form characterization.

While the rest of this paper is mainly to apply the sufficiency assertion in Theorem 1

to validate the reduced-form characterization in various models, Appendix D applies the

necessity assertion of the theorem to falsify the reduced-form characterization in an example.

4 Paramodularity

Paromodularity is conventional in the generalized polymatroid literature (Frank, Király,

Pap and Pritchard [8], Schrijver [25], etc.). For any set I, a function φ : 2I → R is said

submodular on 2I iff φ(E)−φ(E∩E ′) ≥ φ(E∪E ′)−φ(E ′) for all E,E ′ ⊆ I. Any ordered pair

(φ, γ) of functions 2I → R is said compliant on 2I iff φ(E ′)− φ(E ′ \E) ≥ γ(E)− γ(E \E ′)
for all E,E ′ ⊆ I. Any ordered pair (φ, γ) of functions 2I → R is said paramodular on 2I

iff φ and −γ are submodular on 2I , and (φ, γ) is compliant on 2I .

For any t ∈ T and any E ⊆ I, define

ft(E) := max
x∈Xt

∑
i∈E

xi, (11)

gt(E) := min
x∈Xt

∑
i∈E

xi. (12)

A constraint structure (Xt)t∈T is said to be paramodular iff, for any t ∈ T , the pair (ft, gt),

defined above completely characterizes Xt in the sense that

Xt =

{
(xi)i∈I ∈ RI

∣∣∣∣∣ ∀E ⊆ I

[
gt(E) ≤

∑
i∈E

xi ≤ ft(E)

]}
, (13)

and (ft, gt) is paramodular on 2I .

Intuitively, in a paramodular constraint structure, any set Xt of feasible allocation

outcomes is defined by the upper and lower bounds of the total quantities for various sets

of bidder-object pairs. With respect to the set-inclusion ordering, submodularity of ft cor-

responds to a notion of diminishing marginal ceiling capacities, and submodularity of −gt a

notion of increasing marginal floor capacities. Compliance of (ft, gt) means that the marginal

ceiling capacity is never smaller than the marginal floor capacity.

A main case of paramodularity is Che et al.’s multiunit homogeneous object model,

where I is the set of bidders, and f(E) and g(E) are the ceiling and floor total quantities

12



across the bidders in E. This includes the single-unit model as a special case (f(E) = 1

and g(E) = 0 for all nonempty E ⊆ I). Another special case is the two-person bargaining

model where players 1 and 2 are to split an object so that they totally need to have the

entire object, and each needs to have a nonnegative share. Formally, this means g{1, 2} = 1,

g{1} = g{2} = 0, and f{1, 2} = f{1} = f{2} = 1 (detailed in Corollary 3, Section 8).

This paper concerns multiple heterogeneous objects. So I is the set I of bidder-object

pairs; ft(E) and gt(E) concern the total quantity allocated to the bidder-object pairs in E.

For example, ft(E) can be the maximum total number of some internet service licenses that

a collection of hi-tech firms is allowed to have according to some “Glass-Steagall” antitrust

legislation. Analogously, gt(E) can be the minimum number of college admissions for the

applicants of certain ethnic groups that the ivy league colleges are required to have.

The following theorem extends Che et al.’s main result to multiple heterogeneous ob-

jects and state-dependent allocation constraints.

Theorem 2 If a constraint structure is paramodular and if |T | is finite, QB ⊆ Q.

Proof To apply Theorem 1, pick any α ∈ RZ . List all interim states as

z1, z2, · · · , zn∗ , · · · , z|Z |, (14)

in descending order of α(z), so that

α(z1) ≥ α(z2) ≥ · · · ≥ α(zn∗) ≥ 0 > α(zn∗+1) ≥ · · · ≥ z(α|Z |).

Note that n∗ is the maximum n for which α(zn) ≥ 0. For any n = 1, . . . , |Z |, define

Sn :=

 {zk | 1 ≤ k ≤ n} if n ≤ n∗

{zk | n ≤ k ≤ |Z |} if n ≥ n∗ + 1.

Note: Sn ⊆ Z , S0 = S|Z |+1 = ∅, and the nested property of (Sn)n∗n=0 and (Sn)
|Z |+1
n=n∗+1:

∅ = S0 ⊆ S1 ⊆ S2 ⊆ · · · ⊆ Sn∗ and Sn∗+1 ⊇ · · · ⊇ S|Z |−1 ⊆ S|Z | ⊇ S|Z |+1 = ∅.

For any t := (ti1)i1∈I1 ∈ T , by the paramodular assumption, the following greedy-

generous solution (q∗i (t))i∈I ∈
∏

t∈T Xt solves maxx∈cvXt
∑

i∈I xiα(i, ti1) (Appendix E):

q∗i (t) =

 f (Sn, t)− f (Sn−1, t) if n ≤ n∗

g (Sn, t)− g (Sn+1, t) if n > n∗
(15)
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for any i ∈ I such that (i, ti1) = zn. Define

S+ :=

{
S ⊆ Z

∣∣∣∣∣ ∀t ∈ T
[
f(S, t) =

∑
i∈I

q∗i (t)χS(i, ti1)

]}
, (16)

S− :=

{
S ⊆ Z

∣∣∣∣∣ ∀t ∈ T
[
g(S, t) =

∑
i∈I

q∗i (t)χS(i, ti1)

]}
. (17)

Claim: Sn ∈ S+ for any n ≤ n∗, and Sn ∈ S− for any n > n∗. To prove that, pick

any t ∈ T . For any n ≤ n∗,∑
i∈I

q∗i (t)χSn(i, ti1) =
∑
i∈I

{q∗i (t) | (i, ti1) = zk for some k ≤ n}

=
n∑
k=1

(
f
(
Sk, t

)
− f

(
Sk−1, t

))
= f (Sn, t) ,

where the first line is due to the definition of Sn and its implication Sn =
⋃n
k=1 S

n (nestedness

of (Sn)n∗n=0), the second line due to (15), and the third line telescoping. The above calculation

true for all t ∈ T , Sn ∈ S+ for all n ≤ n∗. Analogously, for any n > n∗, S
n ∈ S−.

We now construct a (p+, p−) : 2Z → R2
+ such that p+ is positive only on Sn for which

n ≤ n∗, and p− positive only on Sn for which n > n∗. By Theorem 1 and the claim just

established, it suffices to show that (8) has a nonnegative solution for such (p+, p−). Since

the sequences (Sn)n∗n=0 and (Sn)N+1
n=n∗+1 are each nested, the system (8) is:

α(z1) = p+(S1) + p+(S2) + · · ·+ p+(Sn∗)

α(z2) = p+(S2) + · · ·+ p+(Sn∗)

...

α(zn∗−1) = p+(Sn∗−1) + p+(Sn∗)

α(zn∗) = p+(Sn∗)

α(zn∗+1) = −p−(Sn∗+1)

α(zn∗+2) = −p−(Sn∗+1)− p−(Sn∗+2)

...

α(z|Z |−1) = −p−(Sn∗+1)− p−(Sn∗+2)− · · · − p−(S|Z |−1)

α(z|Z | = −p−(Sn∗+1)− p−(Sn∗+2)− · · · − p−(S|Z |−1)− p−(S|Z |).

14



The solution obviously exists: p+(Sn) = α(zn) − α(zn+1) for all n < n∗, p+(Sn∗) = α(zn∗),

p−(Sn∗+1) = −α(zn∗+1), and p−(Sn) = α(zn−1)− α(zn) for all n > n∗ + 1.

Theorem 2 constitutes much of the findings in the literature. Although similar versions

of Theorem 2 are also observed in the contemporary works of Lang and Yang [18] and

Valenzuela-Stookey [27],7 the proof just presented demonstrates how simple the theorem

actually is. Thanks to the paramodular assumption, the optimal dispatch follows the greedy-

generous algorithm, which ranks the interim states purely by their α-values, maxes out the

allocations to the positively valued interim states in descending order of their ranks, and

minimizes the allocations to the negatively valued ones in ascending order of their ranks.8

Consequently. the revealed preference of the optimal dispatch among interim states is simply

this ranking, with respect to which we obtain the upper and lower contour sets. Each upper

contour set satisfies the universal binding constraint required by Theorem 1 because the

optimal dispatcher would max out the total quantity supplied to the set before making any

allocation to its outsiders, which she prefers less, and so the ceiling constraint for any ex

post state to contribute to this set is always binding. Symmetrically, each lower contour set

satisfies the universal binding constraint because the optimal dispatcher would minimize the

total quantity supplied to the set before she does so to its outsiders, which she prefers more.

Thus the floor constraint to any ex post state contributing to this set is always binding.

7Valenzuela-Stookey’s observation considers only ceiling constraints. Lang and Yang’s observation con-

siders only indivisible quantities (i.e., R = Z). As noted by Lang and Yang, this author had made a similar

observation with divisible quantities (i.e., R = R) through a different approach.
8The greedy-generous algorithm is similar to the hierarchical allocation in the optimal auction literature

except for two nuances. First, in addition to the ceilings that the quantities cannot exceed, there are

also floors that the quantities cannot fall below. Thus, we add to the hierarchical allocation—a greedy

algorithm—its a mirror image, the “generous” algorithm, reducing the quantities allocated to the negatively

valued items, one by one in ascending order of their α-values, down to the minimum levels. Second, in

addition to the usual constraint that the total quantity allocated cannot exceed a constant, there are other

constraints on the total quantities among various combinations of bidders and objects. For instance, in

trying to max out the quantity for an item that ranks higher than the rest, we might have to reduce the

quantity for another item to satisfy the ceiling constraint on the total quantity of the two items, but we

cannot reduce the quantity of the latter item because it is already at its minimum level. The paramodular

assumption rules out such situations.
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5 Total Unimodularity

Lang and Yang [18] consider constraint structures in the form of (F ,G , f̂ , ĝ) such that

F ,G ⊆ 2I , f̂ : F → Z+, ĝ : G → Z+, f̂ = ĝ on F ∩ G , ∅ ∈ F ⇒ f̂(∅) = 0,

∅ ∈ G ⇒ ĝ(∅) = 0 and, for any t ∈ T ,

Xt = X =

{
(xi)i∈I ∈ ZI

∣∣∣∣∣ ∀E ∈ F

[∑
i∈E

xi ≤ f̂(E)

]
;∀E ∈ G

[∑
i∈E

xi ≥ ĝ(E)

]}

such that X is nonempty and compact. Given (F ,G , f̂ , ĝ), let P be the set of vectors((
(λ(i, ti1))ti1∈Ti1

)
i∈I , ((ϕ(F, t))F∈F , (γ(G, t))G∈G )t∈T

)
∈ RZ × RF×T

+ × RG×T
+

such that

∀i ∈ I ∀t ∈ T : λ(i, ti1)−
∑
F∈F

ϕ(F, t)χF (i) +
∑
G∈G

γ(G, t)χG(i) = 0. (18)

It will be clear that ϕ(F, t) plays the role of a Lagrange multiplier for the ceiling constraint

associated with the set F of bidder-object pairs and ex post state t, and γ(G, t) a Lagrange

multiplier for the floor constraint associated with set G and state t.

Lang and Yang’s total unimodular assumption is that the matrix [M1 M2]
T that char-

acterizes P as P = {v | M1v = 0;M2v ≥ 0} has the property that every square submatrix

of every order has determinant 0, 1, or −1. They assert (without proof) that the total

unimodular assumption implies

cvX =

{
(xi)i∈I ∈ RI

∣∣∣∣∣ ∀E ∈ F

[∑
i∈E

xi ≤ f̂(E)

]
; ∀E ∈ G

[∑
i∈E

xi ≥ ĝ(E)

]}
, (19)

namely, the set of randomized ex post allocation outcomes is fully characterized by (F ,G , f̂ , ĝ)

as X is. My proof in the following does not rely on the formal definition of their assumption

but rather uses (19) and another (proved) implication of their assumption, defined below.

A constraint structure (F ,G , f̂ , ĝ) is said to be decomposable iff the set P is contained

in the cone generated by a finite set {vk | k ∈ K} ⊂ P such that, for any k ∈ K,

vk =
(
((λk(i, ti1))ti1∈Ti1 )i∈I , ((ϕk(F, t))F∈F , (γk(G, t))G∈G )t∈T

)
∈ P , (20)

∀t ∈ T ∀F ∈ F ∀G ∈ G : [ϕk(F, t) ∈ {0, 1}, γk(G, t) ∈ {0, 1}] , (21)

∀i ∈ I ∀ti1 ∈ Ti1 : λk(i, ti1) ∈ {0, 1,−1}. (22)
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As the proof will make clear, decomposability implies that the optimal dispatch problem

can be decomposed into a conic combination of some optimization problems the solutions to

which have only 0 or 1 as Lagrange multipliers and the objectives of which are weighted by

a vector whose components are only 0, 1, or −1. A constraint structure is decomposable if it

satisfies total unimodularity, as proved by Lang and Yang’s [18] Lemma 13, or Hoffman’s [14]

Lemma 3.1.

For any F,G ⊆ I such that F ∩G = ∅, define

h(F,G) := max
x∈cvX

(∑
i∈F

xi −
∑
i∈G

xi

)
. (23)

Instead of requiring (5) for any set S ∈ 2Z of interim states, Lang and Yang’s reduced-form

characterization is the condition that∑
i∈I

∑
t∈T

µ{t}
(
Qi(ti1)χS+(i, ti1)−Qi(ti1)χS−(i, ti1)

)
≤
∑
t∈T

µ{t}h (I(S+, t), I(S−, t))

hold for any pair (S+, S−) ∈
(
2Z
)2

of sets of interim states such that S+ ∩ S− = ∅ (I(S, t)

defined in (2)). This condition, as they have noted, becomes “(5) for any S ∈ 2Z ” if h is

linear in the sense that

h(F,G) = h(F,∅) + h(∅, G)

for all (F,G) ⊆ I such that F ∩G = ∅. Thus I assume linearity of h to have my characteri-

zation (that Q ∈ Q iff it satisfies (5) for any set S ∈ 2Z ).

Theorem 3 Assume that |T | is finite, that the construct structure (F ,G , f̂ , ĝ) is decompos-

able and satisfies (19), and that h is linear. Then QB ⊆ Q.

Proof To apply Theorem 1, pick any α ∈ RZ . Since X is assumed compact, so is cvX.

Thus there exists q∗ that satisfies (9). Pick any such q∗. Thus q∗ solves

max
(q(t))t∈T∈

∏
t∈T cvX

∑
i∈I

qi(t)α(i, ti1).

By (19) and µ{t} > 0 for all t ∈ T (|T | <∞), the above problem is equivalent to

max
(qi)i∈I)∈(RT )I

∑
t∈T

∑
i∈I

α(i, ti1)qi(t)µ{t}

s.t.

(
f̂(F )−

∑
i∈F

qi(t)

)
µ{t} ≥ 0 (∀F ∈ F ∀t ∈ T )(∑

i∈G

qi(t)− ĝ(G)

)
µ{t} ≥ 0 (∀G ∈ G ∀t ∈ T ).
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Now that q∗ := (q∗i )i∈I is a solution to this problem, for any t ∈ T , any F ∈ F and any

G ∈ G , there exist ϕ(F, t) ≥ 0 and γ(G, t) ≥ 0 such that (q∗, ϕ, γ) is a saddle point of the

Lagrangian

L :=
∑
i∈I

∑
t∈T

α(i, ti1)qi(t)µ{t}+
∑
F∈F

∑
t∈T

ϕ(F, t)

(
f̂(F )−

∑
i∈F

qi(t)

)
µ{t}

+
∑
G∈G

∑
t∈T

γ(G, t)

(∑
i∈F

qi(t)− ĝ(G)

)
µ{t}.

For any i ∈ I and any t ∈ T , the saddle point condition implies the first-order condition for

q∗i (t)µ{t} to maximize L, and hence (α, ϕ, γ) satisfies (18) for all i and all t, where the role

of λ is played by α. Then (α, ϕ, γ) ∈ P and so the decomposability assumption implies that

there exist {vk | k = 1, . . . , K} ⊂ P and (βk)
K
k=1 ∈ RK

++ that satisfy (20), (21) and (22) for

any k = 1, . . . , K and, for all i ∈ I, all ti1 ∈ Ti1 , all F ∈ F , all G ∈ G and all t ∈ T ,

α(i, ti1) =
K∑
k=1

βkλk(i, ti1), (24)

ϕ(F, t) =
K∑
k=1

βkϕk(F, t),

γ(G, t) =
K∑
k=1

βkγk(G, t).

Plug them into the formula of L to obtain L =
∑K

k=1 βk
∑

t∈T Lk(t) such that, for any

k = 1, . . . , K and any t ∈ T ,

Lk(t) =
∑
i∈I

λk(i, ti1)qi(t)µ{t}+
∑
F∈F

ϕk(F, t)

(
f̂(F )−

∑
i∈F

qi(t)

)
µ{t}

+
∑
G∈G

γk(G, t)

(∑
i∈G

qi(t)− ĝ(G)

)
µ{t}.

Claim: For any k = 1, . . . , K and any t ∈ T , q∗(t) := (q∗i (t)i∈I is a solution of

max
(qi(t))i∈I∈RI

∑
i∈I

λk(i, ti1)qi(t)µ{t} (25)

s.t.

(
f̂(F )−

∑
i∈F

qi(t)

)
µ{t} ≥ 0 (∀F ∈ F )(∑

i∈G

qi(t)− ĝ(G)

)
µ{t} ≥ 0 (∀G ∈ G ).
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We prove the claim by showing that (q∗(t), ϕk(·, t), γk(·, t)) is a saddle point of problem (25).

First, since (λk, ϕk, γk) satisfies (18), q∗(t) maximizes Lk(t), the Lagrangian associated

with (25). Second, since (q∗,
∑

k βkϕk,
∑

k βkγk) is a saddle point with respect to L, L

is minimized by (
∑

k βkϕk,
∑

k βkγk) given q∗. Consequently, since βk > 0 for all k, L =∑K
k=1 βk

∑
t∈T Lk(t), and (ϕk(·, t), γk(·, t)) does not enter Lk′(t

′) for any (k′, t′) 6= (k, t),

(ϕk(·, t), γk(·, t)) minimizes Lk(t) given q∗(t), for any k and any t. Thus, (q∗(t), ϕk(·, t), γk(·, t))
is a saddle point with respect to Lk(t), and hence q∗(t) a solution of (25).

It follows from the above claim, as well as µ{t} > 0 and (19), that for any k = 1, . . . , K

and any t ∈ T , (q∗i (t))i∈I solves maxx∈cvX
∑

i∈I λk(i, ti1)xi. By (22), λk is {0, 1,−1}-valued

for all k. For any k ∈ {1, . . . , K}, define

Sk,+ := {z ∈ Z | λk(z) = 1},

Sk,− := {z ∈ Z | λk(z) = −1}.

For any t := (ti1)i1∈I1 ∈ T , the sets I(Sk,+, t) and I(Sk,−, t) are defined by (2). Since λk is

{0, 1,−1}-valued,

max
x∈cvXt

∑
i∈I

λk(i, ti1)xi = max
x∈cvXt

 ∑
i:λk(i,ti1 )=1

xi −
∑

i:λk(i,ti1 )=−1

xi

 = h
(
I(Sk,+, t), I(Sk,−, t)

)
for any t ∈ T , where the last “=” uses (23), which applies because I(Sk,+, t)∩I(Sk,−, t) = ∅.

Since h is assumed linear,

h
(
I(Sk,+, t), I(Sk,−, t)

)
= max

x∈cvX

∑
i∈I(Sk,+,t)

xi − min
x∈cvX

∑
i∈I(Sk,−,t)

xi

= max
x∈X

∑
i∈I(Sk,+,t)

xi −min
x∈X

∑
i∈I(Sk,−,t)

xi,

where the first line is due to linearity of h and (23), and the second line due to the

fact that X contains all extremal points of its convex hull. Let (x+i )i∈I be a solution to

maxx∈X
∑

i∈I(Sk,+,t) xi, and (x−i )i∈I a solution to minx∈X
∑

i∈I(Sk,−,t) xi. Since (q∗i (t))i∈I is a

solution to maxx∈cvXt
∑

i∈I λk(i, ti1)xi, the two formulas displayed above together yield∑
i∈I(Sk,+,t)

q∗i (t)−
∑

i∈I(Sk,−,t)

q∗i (t) =
∑

i∈I(Sk,+,t)

x+i −
∑

i∈I(Sk,−,t)

x−i .

Since I(Sk,+, t) ∩ I(Sk,−, t) = ∅, the above equation implies that q∗i (t) = x+i for all i ∈
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I(Sk,+, t), and q∗i (t) = x−i for all i ∈ I(Sk,−, t). Thus,∑
i∈I

q∗i (t)χSk,+(i, ti1) = maxx∈Xt
∑

i∈I(Sk,+,t) xi = f
(
Sk,+, t

)
,∑

i∈I

q∗i (t)χSk,−(i, ti1) = minx∈Xt
∑

i∈I(Sk,−,t) xi = g
(
Sk,−, t

)
,

where the last “=” on each line uses the notation defined in (3) and (4).

Since the above reasoning holds for all k ∈ {1, . . . , K} and all t ∈ T , we have Sk,+ ∈ S+

and Sk,− ∈ S− for all k (S+ and S− are defined in (16) and (17) wherein the role of q∗ is

played by our q∗ here). Finally, use (24) and the definition of Sk,+ and Sk,− to obtain

α(i, ti1) =
K∑
k=1

βk (χSk,+(i, ti1)− χSk,−(i, ti1))

for any i ∈ I and any ti1 ∈ Ti1 . Thus, (8) is satisfied when p+(Sk,+) := p−(Sk,−) := βk for

all k and p+(S) := p−(S) := 0 for all other subsets S of Z . Since Sk,+ ∈ S+ and Sk,− ∈ S−

for all k, (10) is satisfied. Thus, the condition in Theorem 1 holds.

The proof just presented displays how the total unimodular assumption drives the

reduced form characterization. Without paramodularity, the greedy-generous solution ac-

cording to the α-values of the interim states no longer works, because in maxing out the

quantity for a high-ranked interim state we may violate the constraint on the total quantity

between this interim state and a low-ranked one. This would have complicated the deriva-

tion of the revealed preference that we need for the support of the price vector. But thanks

to the total unimodular assumption, the optimal dispatch problem is decomposed into a

conic combination of individual problems each of which puts the interim states into only

three categories, “good,” “bad,” or “neutral.” The good interim states constitute an upper

contour set, and the bad ones a lower contour set. Since the members in such a contour

set are equally weighted, the solution for each individual problem simply raises their total

quantity to the ceiling if it is an upper contour set, or reduces the total quantity to the floor

if it is a lower contour set. Thus they satisfy the universal binding condition in Theorem 1.

6 Matching

Going beyond paramodularity and total unimodularity, let us consider a matching model.

Two indivisible objects are to be assigned to two bidders so that a bidder is assigned at most
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one object. Formally, I = I1× I2 such that I1 := {1, 2} is the set of bidders, I2 := {1, 2} the

set of objects, and R = Z (indivisible quantities); independent of the ex post state t, the

set Xt of feasible allocation outcomes is a set X defined by either

X :=

(x11, x12, x21, x22) ∈ Z4
+

∣∣∣∣∣∣ ∀k ∈ {1, 2} : x1k + x2k ≤ 1

∀j ∈ {1, 2} : xj1 + xj2 ≥ 1

 (26)

or

X :=

(x11, x12, x21, x22) ∈ Z4
+

∣∣∣∣∣∣ ∀k ∈ {1, 2} : x1k + x2k ≤ 1

∀j ∈ {1, 2} : xj1 + xj2 ≤ 1

 . (27)

The model is called full assignment if (26) is required, and partial assignment if (27) is

required. Thus, each bidder needs to be assigned at least one object in the full assignment

model, and no bidder can get more than one object in the partial assignment model.

Label the bidder-object pairs by a, b, c and d as in Figure 1. So ta1 and td1 each refer

to bidder 1’s type t1, and tb1 and tc1 each refer to bidder 2’s type t2.

Any set of bidder-object pairs corresponds to a matching in the sense that if i belongs

to the set then the entire object i2 is assigned to bidder i1 (quantities assumed indivisible:

R = Z). For example, in either model, {a, c} is a feasible matching, while {a, b} and {a, d}
are not: {a, b} violates x11 + x21 ≤ 1 because it means assigning object 1 to both bidders 1

and 2 (cf. Figure 1); {a, d}, assigning both objects to bidder 1, violates x21 + x22 ≥ 1 in the

full assignment model and violates x11 + x12 ≤ 1 in the partial assignment model.

The set X of feasible allocation outcomes is equivalently expressed as the set of feasible

matchings. In the full assignment variant, the set of feasible matchings is {{a, c}, {b, d}}. In

partial assignment, the set of feasible matchings is {{a, c}, {b, d}, {a}, {b}, {c}, {d},∅}.
It is easy to see that the two matching models each violate the paramodular assumption

(Appendix F). Intuitively speaking, the impact is that in choosing an allocation outcome

the planner cannot follow the convenient greedy-generous algorithm. For instance, suppose

that the values for the pairings are $10 for a, $9 for b, $2 for c, and $4 for d. The greedy-

generous algorithm would start by assigning full capacity to a, i.e., setting xa := 1, whereas

the revenue maximum would assign full capacities to b and d, and zero quantity to a and c.

Such combinatorial complication is unavoidable.

In the rest of this section, an interim state (i, ti1) is denoted by iti1 , such as at1 and ct2,
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so α(ct2) stands for α(c, t2), etc. Denote:

Z := {at1 | t1 ∈ T1} ∪ {bt2 | t2 ∈ T2},

Z∗ := {ct2 | t2 ∈ T2} ∪ {dt1 | t1 ∈ T1}.

Thus, Z t Z∗ is the set Z of all interim states. Define a bijection ψ : Z → Z∗ by

at1 7→ dt1 and bt2 7→ ct2. (28)

6.1 Full Assignment

The constraint structure X is given by (26), so the set of feasible matchings is {{a, c}, {b, d}}.
Thus, given any α ∈ RZtZ∗ , the optimal dispatch problem and any t ∈ T becomes

max
x∈cvX

∑
i∈I

xiα(iti1) = max
M∈{{a,c},{b,d}}

∑
i∈M

α(iti1). (29)

To apply Theorem 1, we need to decentralize any given α ∈ RZtZ∗ into a price vector

(p+, p−) supported only by those sets of interim states that satisfy the universal binding

condition. To get an idea how such sets should be, let us start with a singleton say {at1} for

some t1 ∈ T1. The “output” at1 can take the input from any “firm” (ex post state) (t1, t2)

for some t2 ∈ T2. The maximum supply that (t1, t2) can dispatch to at1 is equal to one:

f({at1}, (t1, t2)) = 1. However, the ceiling is not binding under optimal dispatch if

α(at1) + α(ct2) < α(bt2) + α(dt1),

because then the optimal dispatch would have the firm supply to bt2 instead of at1. To fix the

problem, add bt2 to the set to make it {at1, bt2}. Then the ceiling constraint is binding for

the firm, which can supply to at1 or bt2 up to one unit in total (i.e., f({at1, bt2}, (t1, t2)) = 1),

and under optimal dispatch the firm does supply one unit to bt2. However, the addition is

not yet complete, as the ceiling is non-binding to another firm (t′1, t2) such that

α(at′1) + α(ct2) > α(bt2) + α(dt′1).

That is because optimal dispatch would have this firm supply to at′1 but not at all to bt2

or at1, whereas the firm can supply to bt2 up to one unit (i.e., f({at1, bt2}, (t′1, t2)) = 1).

Thus we need to add at′1 to the set as well. Note that the bt2 added to {at1} is revealed
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preferred to at1, and the at′1 added to {at1, bt2} revealed preferred to bt2, according to optimal

dispatch. Continue in this fashion until the set includes all the outputs that are revealed

preferred to some member of the set, so that the ceiling constraint is binding for all firms.

The set that we end with is the upper contour set relative to at1 within Z according to the

revealed preference alluded before. The intuition for the lower contour sets is symmetric.

Motivated by the above idea, we derive a revealed preference from the optimal dispatch

given α. For any α ∈ RZtZ∗ and any z ∈ Z, define

δ(z) := α(z)− α(ψ(z)),

where ψ is defined in (28). For each i1 ∈ I1 (= {1, 2}), pick any linear ordering . on Ti1

(namely, a total, transitive and anti-symmetric binary relation on Ti1). Define a binary

relation � on Z by

at1 � bt2 ⇐⇒ δ(at1) ≥ δ(bt2), (30)

bt2 � at1 ⇐⇒ δ(bt2) > δ(at1), (31)

at1 � at′1 ⇐⇒ [δ(at1) > δ(at′1) or [δ(at1) = δ(at′1) and t1 . t
′
1]] , (32)

bt2 � bt′2 ⇐⇒ [δ(bt2) > δ(bt′2) or [δ(bt2) = δ(bt′2) and t2 . t
′
2]] . (33)

Note: � is a total, antisymmetric and transitive binary relation on Z. (It is the lexicographic

ordering that puts the ranking of δ as the first priority, the alphabetical order from a to b

as the second, and the . on the types as the third.)

By the definition of �, a solution to maxM∈{{a,c},{b,d}}
∑

i∈M α(iti1) is

M∗(t1, t2) :=

 {a, c} if at1 � bt2

{b, d} else (i.e., bt2 � at1).
(34)

Thus, M∗ is a q∗ that satisfies (9) in Theorem 1. By the universal binding condition in the

theorem, following are the collections of the sets that can supportp+ and p− respectively:

S+ :=

S ⊆ Z

∣∣∣∣∣∣ ∀t ∈ T
f(S, t) =

∑
i∈M∗(t)

χS(iti1)

 , (35)

S− :=

S ⊆ Z

∣∣∣∣∣∣ ∀t ∈ T
g(S, t) =

∑
i∈M∗(t)

χS(iti1)

 . (36)
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Define the weak counterpart � of � by, for any z, z′ ∈ Z,

z � z′ ⇐⇒ [z � z′ or z = z′] .

For any z ∈ Z, define:

U(z) := {z′ ∈ Z | z′ � z},

L(z) := {z′ ∈ Z | z � z′}.

Thus U(z) is the upper contour set, and L(z) the lower contour set, for z with respect to �.

To define the upper and lower contour sets in Z∗, keep in mind that � is meant

to capture the revealed preference among interim states in optimal dispatch. Thus the

preference on Z∗ is the reverse of that on Z. For example, if at1 � bt2, between their

counterparts dt1 and ct2 we have ct2 preferred to dt1, because

at1 � bt2 ⇐⇒ α(at1) + α(ct2) ≥ α(bt2) + α(dt1) ⇐⇒ α(dt1)− α(at1) ≤ α(ct2)− α(bt2).

Thus, denote ψ−1 for the inverse of the bijection ψ : Z → Z∗, so that ψ−1 is: dt1 7→ at1 and

ct2 7→ bt2. For any ζ ∈ Z∗, define

U(ζ) :=
{
ψ(z′) | ψ−1(ζ) � z′

}
,

L(ζ) :=
{
ψ(z′) | z′ � ψ−1(ζ)

}
.

For example, if ζ = ct2 for some t2 ∈ T2, then ψ−1(ζ) = bt2 and

U(ct2) = {ct2} t {dt′1 | t′1 ∈ T1, bt2 � at′1} t {ct′2 | t′2 ∈ T2, bt2 � bt′2}.

That is, U(ct2) is the upper contour set of ct2, and L(ct2) the lower contour set of ct2, if we

extend � to Z∗ by ζ � ζ ′ ⇐⇒ ψ−1(ζ ′) � ψ−1(ζ). Illustrated below are some upper and

lower contour sets.

Z :

U(zn)︷ ︸︸ ︷
· · · � zn−1 � zn �

L(zn+1)︷ ︸︸ ︷
zn+1 � zn+2 � · · ·

↓ ↓ ↓
Z∗ : · · · ≺ ψ(zn−1) ≺ ψ(zn)︸ ︷︷ ︸

L(ψ(zn))

≺ ψ(nn+1) ≺ ψ(zn+2) ≺ · · ·︸ ︷︷ ︸
U(ψ(zn+1))

(37)

Lemma 3 In the full assignment model:
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i. for any z ∈ Z t Z∗, U(z) ∈ S+ and L(z) ∈ S−;

ii. for any z ∈ Z, {z, ψ(z)} ∈ S+ ∩S−.

The above lemma (proved in Appendix G) presents the sets of interim states that

constitute the supports of the price vector (p+, p−) needed to recover the values of α (in

the sense of (8)). This task of recovering α, by the next lemma (proved in Appendix H), is

reduced to recovering δ.

Lemma 4 In the full assignment model, the condition in Theorem 1 is satisfied if there exist

p+ : {U(z) | z ∈ Z t Z∗} → R+ and p− : {L(z) | z ∈ Z t Z∗} → R+ such that

δ(z) =
∑

z′: z�z′
(p+(U(z′)) + p−(L(ψ(z′))))−

∑
z′′: z′′�z

(p−(L(z′′)) + p+(U(ψ(z′′)))) (38)

for any z ∈ Z.

Theorem 4 In the full assignment model, if |T | is finite then QB ⊆ Q.

Proof By Theorem 1 and Lemma 4, it suffices to prove existence of p+ : {U(z) | z ∈
Z t Z∗} → R+ and p− : {L(z) | z ∈ Z t Z∗} → R+ that satisfy (38) for all z ∈ Z. To that

end, list the elements of Z in descending order of �, and the elements of Z∗ right below the

corresponding elements in Z:

Z : z1 � z2 � · · · � zn � · · · � z|Z|

↓ ↓ · · · ↓ · · · ↓
Z∗ : ψ(z1) ≺ ψ(z2) ≺ · · · ≺ ψ(zn) ≺ · · · ≺ ψ(z|Z|)

(39)

By the definition of U(·) and L(·), the upper and lower contour sets are nested: U(z1) ⊂
U(z2) ⊂ · · · ⊂ U(z|Z|), L(z1) ⊃ L(z2) ⊃ · · · ⊃ L(z|Z|), U(ψ(z1)) ⊃ U(ψ(z2)) ⊃ · · · ⊃
U(ψ((z|Z|)), and L(ψ(z1)) ⊂ L(ψ(z2)) ⊂ · · · ⊂ L(ψ((z|Z|)). Thus (38) is equivalent to

δ(zn) =

|Z|∑
k=n

(
p+(U(zk)) + p−(L(ψ(zk)))

)
−

n∑
k=1

(
p−(L(zk)) + p+(U(ψ(zk)))

)
(40)

for all n = 1, . . . , |Z|. Subtracting (40) by the instance of (40) where n is replaced by n+ 1,

we have for any n = 1, . . . , |Z| − 1,

δ(zn)− δ(zn+1) = p+(U(zn)) + p−(L(zn+1)) + p−(L(ψ(zn))) + p+(U(ψ(zn+1))). (41)
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Since zn � zn+1, δ(zn)− δ(zn+1) ≥ 0. Thus, for any n = 1, . . . , |Z| − 1, there exists

(p+(U(zn)), p−(L(zn+1)), p−(L(ψ(zn))), p+(U(ψ(zn+1))) ∈ R4
+ (42)

that solves (41). Meanwhile, the instance of (40) when n = |Z| is

δ(z|Z|) = p+(U(z|Z|)) + p−(L(ψ(z|Z|)))−
|Z|∑
k=1

(
p−(L(zk)) + p+(U(ψ(zk)))

)
. (43)

By the definition of U(·) and L(·), U(z|Z|) = L(z1) = Z and L(ψ(z|Z|)) = U(ψ(z1)) = Z∗.

Thus, denote p(Z) := p+(Z)− p−(Z) and p(Z∗) := p+(Z∗)− p−(Z∗), so (43) is equivalent to

δ(z|Z|) = p(Z)− p(Z∗)−
|Z|∑
k=2

(
p−(L(zk)) + p+(U(ψ(zk)))

)
.

Note that p(Z) and p(Z∗) are not subject to any sign restriction. Thus, there exist p(Z) ∈ R

and p(Z∗) ∈ R (and hence p+(Z), p−(Z), p+(Z∗), p−(Z∗) ∈ R+) that, coupled with the

solution (42), satisfy the above-displayed equation and hence (43). Add (43) to (41) for

n = |Z| − 1 to obtain the instance of (40) when n = |Z| − 1. Then add this equation to (41)

for n = |Z| − 2 to obtain the instance of (40) when n = |Z| − 2. Repeat this procedure in

descending order of n until n = 1 is reached. Then (40) is satisfied for all n, as desired.

Eq. (38) indicates how to disseminate the solution of optimal dispatch, which is specific

to each ex post state, through a price vector that is specific only to sets of interim states:

Such prices are assigned to the upper and lower contour sets for each interim state so that

combinations of these prices convey the revealed preference of optimal dispatch.

6.2 Partial Assignment

The constraint structure X is given by (27), so the set of feasible matchings is

M := {{a, c}, {b, d}, {a}, {b}, {c}, {d},∅}.

Without subject to any positive floor constraint, the optimal dispatch allocates zero quantity

to any negatively valued interim state. That is, for any α ∈ RZtZ∗ and any t ∈ T ,

max
x∈cvX

∑
i∈I

xiα(iti1) = max
M∈{{a,c},{b,d}}

∑
i∈M

max{0, α(iti1)} = max
M∈M

∑
i∈M

α(i, ti1).

As before, we shall construct a family of upper and lower contour sets with respect to

the revealed preference according to the optimal dispatch given α. While the idea is similar
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to that in the previous model, since an interim state can now be assigned zero quantity, the

preference relation needs to be derived from the following modified definition of δ: With the

bijection ψ : Z → Z∗ such that at1 7→ dt1 and bt2 7→ ct2, define for any z ∈ Z

δ(z) := max{0, α(z)} −max{0, α(ψ(z))}. (44)

With this definition of δ, a binary relation � on Z is defined by (30)–(33). (As in the

previous model, the preference relation on Z∗ is the reverse of � via the bijection ψ.) As in

the previous model, define the weak counterpart � of � by, for any z, z′ ∈ Z, z � z′ ⇐⇒
[z � z′ or z = z′]. By the definition of �, a solution to maxM∈M

∑
i∈M α(iti1) is

M∗(t1, t2) :=

 {i ∈ {a, c} | α(iti1) > 0} if at1 � bt2

{i ∈ {b, d} | α(iti1) > 0} else (i.e., bt2 � at1).
(45)

Thus, M∗ corresponds to a q∗ that satisfies (9) in Theorem 1, and hence it suffices QB ⊆ Q

to have a nonnegative price vector (p+, p−) such that (8) holds and the supports of p+ and p−

are contained in S+ and S− respectively, which, according to (10) in Theorem 1, are given

by (35) and (36), where the role of M∗ is played the M∗ defined in (45).

A complication due to the possibility of no-assignment is that an interim state may get

zero quantity in the optimal dispatch even when it is the preferred one. For example, suppose

that α(at1) = −1, α(bt2) = 2, α(ct2) = 4 and α(dt1) = 1. Given ex post state (t1, t2), the

solution of maxM∈M

∑
i∈M α(i, ti1) is {c}, assigning zero to a. Whereas, at1 � bt2 because

δ(at1) = max{0,−1}−max{0, 1} = −1 and δ(bt2) = 2−4 = −2. Consequently, there can be

upper contour sets that violate the universal binding condition.9 However, it turns out that

the construction of the price vector can do without those upper contour sets that contain an

element of nonpositive α-value.

With the above consideration in mind, we define, for any z ∈ Z,

U(z) :=

 {z′ ∈ Z | z′ � z} if α(z′) > 0 for all z′ � z

∅ else.

9Consider the set S := {at1, bt2} in the above example, where at1 is preferred to bt2. At the ex post

state (t1, t2), {i ∈ I | iti1 ∈ S} = {a, b} and hence f(S, (t1, t2)) = 1. However, the optimal dispatch assigns

zero quantity to both a and b and hence
∑

i∈M∗(t1,t2)
χS(iti1) = 0. Thus the ceiling constraint is not binding

for this (t1, t2), violating the universal binding condition if it were to support p+.
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Z:

Z∗:

z1

ψ(z1)

z2

ψ(z2)

z3

ψ(z3)

z4

ψ(z4)

z5

ψ(z5)

z6

ψ(z6)

Figure 2: Upper contour sets in the partial assignment model

Thus U(z) is the upper contour set for z if neither z nor those that rank before z is assigned

zero quantity in the optimal dispatch. The other U(z)’s are defined to be empty so that

they have no effect in (8) (and satisfy the universal binding condition vacuously).

The definition of the upper contour sets for elements of Z∗ is analogous. As in the full

assignment model, note the reversal of the preference ordering on Z∗ from that of Z. So ct2

is chosen over dt1 if and only if at1 is chosen over bt2, namely, ψ−1(dt1) � ψ−1(ct2). Thus,

for any ζ ∈ Z∗, define:

U(ζ) :=

 {ζ ′ ∈ Z∗ | ψ−1(ζ) � ψ−1(ζ ′), } if ψ−1(ζ) � ψ−1(ζ ′)⇒ α(ζ) > 0

∅ else.

Figure 2 illustrates the upper contour sets in a case where the interim states in Z are

listed in descending order of �, with the corresponding elements of Z∗ right below. There,

α(zk) > 0 for k = 1, 2, 3, α(z4) ≤ 0, α(ψ(zk)) > 0 for k = 3, 4, 5, 6, and α(ψ(z2)) ≤ 0. Each

blue box contains the elements of a nonempty U(z) in Z, and each red box the elements of

a nonempty U(ζ) in Z∗. Note that the blue boxes are nested, and so are the red boxes.

Lemma 5 In the partial assignment model, the following are true for any z ∈ Z:

i. α(z) ≤ 0⇒ {z} ∈ S−;

ii. if α(z) > 0 and α(ψ(z)) > 0, then {z, ψ(z)} ∈ S+ ∩S−;

iii. U(z) ∈ S+ and U(ψ(z)) ∈ S+.

Based on Lemma 5 (proved in Appendix I), we construct a nonnegative price vector

(p+, p−) such that p+(S) > 0 only if S is a nonempty set in (ii) or (iii) of the lemma, and
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p−(S) > 0 only if S is a nonempty set in (i) or (ii) of the lemma. The construction leads to

the next theorem (proved in Appendix J).

Theorem 5 In the partial assignment model, if |T | is finite, QB ⊆ Q.

Let us illustrate the proof with the case in Figure 2. Analogously to the Lemma 4

in the full assignment model, it suffices to construct a price vector (p+, p−) to recover the

δ-values of the interim states in Z. That is, in Figure 2, we need only to have a nonnegative

solution for the following system, with unknowns p+(U(zk)) and parameters δ(zk):

δ(z1) = p+(U(z1)) + p+(U(z2)) + p+(U(z3)) (46)

δ(z2) = p+(U(z2)) + p+(U(z3))

δ(z3) = p+(U(z3))− p+(U(ψ(z3)))

δ(z4) = −p+(U(ψ(z3)))− p+(U(ψ(z4)))

δ(z5) = −p+(U(ψ(z3)))− p+(U(ψ(z4)))− p+(U(ψ(z5)))

δ(z6) = −p+(U(ψ(z3)))− p+(U(ψ(z4)))− p+(U(ψ(z5)))− p+(U(ψ(z6))). (47)

Take z1 for example. Since α(z1) > 0 and z1 is contained by the three blue boxes, Eq. (8)

for z1 is that α(z1) equals the right-hand side of (46) plus p+{z1, ψ(z1)} − p−{z1, ψ(z1)}.
Since ψ(z1) is contained in none of the boxes, Eq. (8) for ψ(z1) is that α(ψ(z1)) is equal to

p+{z1, ψ(z1)}− p−{z1, ψ(z1)} if α(ψ(z1)) > 0, and equal to p+{z1, ψ(z1)}− p−{z1, ψ(z1)}−
p−{ψ(z1)} if α(ψ(z1)) ≤ 0. Plug them into the definition (44) of δ(z1) to obtain (46).

Within the above system, successively subtract one equation by the next to obtain

δ(z1)− δ(z2) = p+(U(z1))

δ(z2)− δ(z3) = p+(U(z2)) + p+(U(ψ(z3)))

δ(z3)− δ(z4) = p+(U(z3)) + p+(U(ψ(z4)))

δ(z4)− δ(z5) = p+(U(ψ(z5)))

δ(z5)− δ(z6) = p+(U(ψ(z6))).

The first, fourth and fifth equations give us the solution for p+(U(z1)), p+(U(ψ(z5))) and

p+(U(ψ(z6))), which are nonnegative as required because zk’s are listed in descending order

of δ. The only tricky part is the second and third equations (caused by the fact that both the

blue and red boxes reach z3 or its counterpart ψ(z3)). We need to split δ(z2)−δ(z3) between
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p+(U(z2)) and p+(U(ψ(z3))), and split δ(z3) − δ(z4) between p+(U(z3)) and p+(U(ψ(z4))),

so that the share for each is nonnegative, p+(U(z2))+p+(U(z3)) = δ(z2) (to guarantee (46)),

and p+(U(ψ(z3))) + p+(U(ψ(z4))) = −δ(z4) (to guarantee (47)). Such splitting is done by

assigning values to them in the following sequence:

p+(U(z2)) := min
{
δ(z2)− δ(z3), δ(z2)

}
,

p+(U(z2)) := δ(z2)− p+(U(z2)),

p+(U(ψ(z3))) := δ(z2)− δ(z3)− p+(U(z2)),

p+(U(ψ(z4))) := δ(z3)− δ(z4)− p+(U(z3)).

It can be verified that p+(U(ψ(z4))) ≥ 0 and we have a splitting as desired.

The end outcome turns out to be surprisingly simple. The prices are similar to those

for the greedy algorithm in the paramodular model, with the δ here playing the role of the α

there. Only for the interim states in the middle ranks do we need to split the marginal

δ-values between two upper contour sets.

7 Social Choice

Consider a social choice problem between two players with two social alternatives. This

corresponds to the case where I1 = I2 = {1, 2} and, for all t ∈ T , Xt = X such that

X =
{

(x11, x12, x21, x22) ∈ {0, 1}I1×I2 | x11 = x21, x12 = x22
}
. (48)

That is, the social alternatives corresponds to the “objects” in our model, labeled as al-

ternative 1 and alternative 2. Different from the case of auctions, the alternative has to be

“awarded” in its entirety to each player. An interim state is therefore in the form of (i1, i2, ti1)

for some player i1 ∈ {1, 2}, social alternative i2 ∈ {1, 2}, and player i1’s type ti1 . Corre-

spondingly, an interim allocation Q := (Qi)i∈I is interpreted as a profile of Qi := (Qi1,i2)
2
i2=1

such that Qi1,i2(ti1) is the interim probability for social alternative i2 to be chosen condi-

tional on player i1’s type ti1 . In general, Qi1,i2(ti1) enters player i1’s interim expected payoff

function for each social alternative i2 ∈ {1, 2}. (Otherwise, if any social alternative that

enters a player’s utility is different from any alternative that enters the other player’s utility,

the case reduces to a single-unit private-value auction model, cf. Goeree and Kushnir [11].)
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Now that the social choice problem is mapped into a special case of our model, we can

apply Theorem 1 to characterize its reduced forms. Since |I1| = |I2| = 2, let us label the

elements of I (= I1 × I2) as the a, b, c and d in Figure 1. By (48), an allocation outcome is

either {a, b} (xa = xb = 1 and xc = xd = 0, namely, choosing social alternative 1) or {c, d}
(xa = xb = 0 and xc = xd = 1, namely, choosing alternative 2). For any α ∈ RZ and any

t ∈ T , the optimal dispatch problem is

max
x∈cvX

∑
i∈I

xiα(iti1) = max
M∈{{a,b},{c,d}}

∑
i∈M

α(iti1).

Note that this problem is the same as the optimal dispatch problem (29) in the full assignment

matching model if we swap the roles between b and c. That is, to derive the revealed

preference from the optimal dispatch, define

Z := {at1 | t1 ∈ T1} t {ct2 | t2 ∈ T2},

Z∗ := {dt1 | t1 ∈ T1} t {bt2 | t2 ∈ T2},

so the set Z of interim states is equal to Z t Z∗. Define the bijection ψ : Z → Z∗ by

at1 7→ dt1 and ct2 7→ bt2.

For any α ∈ RZ , define δ(z) for any z ∈ Z by δ(z) := α(z)−α(ψ(z)). From this the revealed

preference � is defined by (30)–(33), and then the upper and lower contour sets are the same

as in the full assignment model, with the roles of b there played by the c here, and the c there

played by the b here. It then follows from Theorem 4 that the reduced-form characterization

is also valid in this social choice model.

Theorem 6 In the social choice model defined by (48), if |T | is finite, QB = Q.

8 Infinite Type Spaces

The type space T has been assumed to be of finite cardinality in previous sections (except

Lemma 1). Some of the results therein are generalized to include infinite cardinality type

spaces by the next theorem, proved in Appendix K.
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Theorem 7 If the (ft, gt) defined by (11) and (12) is some pair (f, g) independent of the

ex post states t, and if there exists ε > 0 such that for any integer m > 1/ε, QB = Q holds

given |T | <∞ and constraint structure (f, gm), where gm is defined by

∀E ⊆ I : gm(E) := max{0, g(E)− 1/m}, (49)

then QB = Q given constraint structure (f, g), whether |T | is finite or not.

The proof of Theorem 7 is an extension of a passing-to-limit argument in Che et

al. [7, Online Appendix B.2]. The main assumption around (49) is to ensure that, when we

approximate any given interim allocation by slightly reducing it to the nearest nonnegative

grid points, the discrete approximation thereof satisfies the floor constraints in the Border

condition within the discretized model. This assumption is true when paramodularity holds.

It is also satisfied in the partial assignment matching model because the floor constraint

there is merely nonnegativity. Thus follow the next two corollaries (proofs in Appendix L).

By contrast, the assumption is not satisfied in the full assignment model, because its floor

constraint involves positive integers and hence cannot be perturbed downward. By the same

token, neither is the assumption satisfied by Lang and Yang’s [18] total unimodular model,

which allows for positive integer floor constraints.

Corollary 1 If (f, g) is constant across ex post states t ∈ T and is paramodular on 2I , and

if R = R, then QB = Q.

Corollary 2 In the partial assignment model of matching, QB = Q.

As mentioned at the start of Section 4, the two-person bargaining model is a special

case of the paramodular model and hence Corollary 1 implies the following characterization

of reduced-form bargaining outcomes (proof in Appendix L).10

Corollary 3 In the two-person bargaining model defined in Section 4, QB = Q.

10Lang [17] has obtained a special case of the characterization based on an assumption that |T | is finite

and that at least one of the two players has only a binary type space.
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9 Conclusion

Characterizing the reduced-form allocations is an unavoidable step in the design of optimal

Bayesian allocation mechanisms when agents’ interim expected payoffs are nonlinear in their

interim allocations. It has been a technical challenge to obtain such characterizations. And

the methods thereof have been separate, specific to various models, and involving heavy

formalisms and lengthy proofs. By contrast, this paper finds that most of the existing re-

sults, contemporary ones included, are unified as simple applications of an economically

meaningful condition, the universal binding condition. Its derivation is straightforward and

explicit. Its content has an insight that characterizing reduced-form allocations, analogous

to decentralizing a social planner’s optimum, amounts to forming some sets of interim states

that satisfy the condition and then constructing a price vector on such sets. Guided by this

condition, the paper presents a novel finding that the characterization of reduced forms is

valid in a matching model with arbitrarily many interim types, whether no-assignment is

allowed or not. As a starting point to the unknown, the matching model is restricted to

the case of two objects being assigned to two bidders. Nonetheless, the combinatoric pat-

terns uncovered therein are nontrivial. At least for such two-by-two matching models, with

the exact characterization of reduced forms available, the full-blown approach of Bayesian

mechanism design, which was unavailable to the matching literature until now, is at hand.
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A Proof of Lemma 1

Since Xt is assumed compact for all t ∈ T , it follows from (1) that every element of Q is

µ-essentially bounded. Thus, following Border [2], treat Q as a subset of the L∞(µ)-space of

functions Z → R, treat QB as the set of L∞(µ)-functions Z → R that satisfy the Border

condition, (5). For any L∞-function Q := (Qi)i∈I ∈ RZ and any L1-function ϕ ∈ RZ , define

〈Q,ϕ〉 :=

∫
T

∑
i∈I

Qi(ti1)ϕ(i, ti1)dµ(t).

Then 〈·, ϕ〉 is a continuous linear functional on the L∞-space of interim allocations. Since Q

is a subset of this space, 〈Q,ϕ〉 ≤ supQ′∈Q〈Q′, ϕ〉 for all Q ∈ Q. We show that this inequality

implies (5) and hence Q ∈ QB: Pick any measurable S ⊆ Z . To obtain the second inequality

in (5), apply 〈Q,ϕ〉 ≤ supQ′∈Q〈Q′, ϕ〉 to the case where ϕ = χS. Since Q′ ∈ Q, Q′ satisfies (1)

with respect to some ex post allocation q′. Thus

sup
Q′∈Q
〈Q′, χS〉 = sup

(q′(t))t∈T∈
∏
t∈T cvXt

∑
i∈I

∫
Ti1

∫
T−i1

q′i(ti1 , t−i1)χS(i, ti1)dµ−i1(t−i1|ti1)dµi1(ti1)

=

∫
T

sup
q′(t)∈cvXt

∑
i∈I

q′i(t))χS(i, ti1)dµ(t)

=

∫
T

sup
q′(t)∈Xt

∑
i∈I

q′i(t))χS(i, ti1)dµ(t)

≤
∫
T

f(S, t)dµ(t),

with the third line due to the fact that Xt contains all extremal points of its convex hull,

and the last line due to (3). Thus the second inequality in (5) follows. The first inequality

in (5) is analogous via ϕ := −χS. Thus Q ∈ QB. �

B Proof of Lemma 2

Since T is assumed finite, the set of interim allocations is a Euclidean space RZ , which is

its own dual space. Thus, a continuous linear operator on interim allocations is equivalent

to a vector α ∈ RZ via the bilinear operator 〈·, ·〉 defined by (6). Also note that the set Q
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of reduced forms is convex and compact, since the set of ex post allocation is convex and

compact (each assigning to each state t an element of the convex hull of the compact Xt) and

the mapping from ex post allocations to their reduced forms, Eq. (1), is linear and continuous.

It then follows from a finite-dimensional application of the separating hyperplane theorem

(Theorem 7.51 of Aliprantis and Border [1, p288]) that

Q =

{
Q̄ ∈ RZ

∣∣∣∣ ∀α ∈ RZ

[〈
Q̄, α

〉
≤ max

Q∈Q
〈Q,α〉

]}
.

We prove that QB ⊆ Q if and only if (7) holds for all α ∈ RZ . Clearly QB ⊆ Q implies (7)

for all α ∈ RZ . To prove the converse, suppose that (7) is true for all α ∈ RZ . If Q̄ 6∈ Q

then, by the displayed equation, there exists an α given which
〈
Q̄, α

〉
> maxQ∈Q〈Q,α〉.

Then
〈
Q̄, α

〉
> maxQ∈QB

〈Q,α〉 by (7). Thus Q̄ 6∈ QB. �

C Proof of Theorem 1

By the definition of QB (condition (5)), the left-hand side of (7) is equivalent to

max
(Qi)i∈I∈RI

∑
i∈I

∑
ti1∈Ti1

µi1{ti1}Qi(ti1)α(i, ti1)

∀S ⊆ Z :
∑
i∈I

∑
i1∈Ti1

µi1{ti1}Qi(ti1)χS(i, ti1) ≤
∑
t∈T

µ{t}f(S, t)

∑
i∈I

∑
i1∈Ti1

µi1{ti1}Qi(ti1)χS(i, ti1) ≥
∑
t∈T

µ{t}g(S, t).

Treat the Qi(ti1)µi1{ti1} in this problem as a choice variable to obtain its dual:

min
(p+,p−):2Z→R2

+

∑
t∈T µ{t}

∑
S⊆Z (p+(S)f(S, t)− p−(S)g(S, t))

∀z ∈ Z α(z) =
∑

S⊆Z (p+(S)− p−(S))χS(z).

Thus, since QB ⊆ Q if and only if (7) holds for any α ∈ RZ (Lemma 2), QB ⊆ Q if and

only if for any α ∈ RZ there exists (p+, p−) : 2Z → R2
+ for which (8) holds for all z ∈ Z ,

and ∑
t∈T

µ{t}
∑
S⊆Z

(p+(S)f(S, t)− p−(S)g(S, t)) ≤ max
Q∈Q
〈Q,α〉. (50)
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By the definition of Q and (1),

max
Q∈Q
〈Q,α〉 = max

((qi(t))i∈I)t∈T∈
∏
t∈T (cvXt)

∑
t∈T

∑
i∈I

qi(t)α(i, ti1)µ{t}

=
∑
t∈T

µ{t} max
q(t)∈cvXt

∑
i∈I

q(t)α(i, ti1)

=
∑
t∈T

µ{t}
∑
i∈I

q∗i (t)α(i, ti1)

for any q∗ that satisfies (9). Such q∗ exists because Xt is assumed nonempty and compact

for all t ∈ T . Thus, (50) is equivalent to∑
t∈T

µ{t}
∑
S⊆Z

(p+(S)f(S, t)− p−(S)g(S, t)) ≤
∑
t∈T

µ{t}
∑
i∈I

q∗i (t)α(i, ti1).

Plug (8) into the right-hand side of this inequality to rewrite the inequality as∑
t∈T

µ{t}
∑
S⊆Z

(p+(S)f(S, t)− p−(S)g(S, t))

≤
∑
t∈T

µ{t}
∑
i∈I

q∗i (t)

(∑
S⊆Z

p+(S)χS(i, ti1)−
∑
S⊆Z

p−(S)χS(i, ti1)

)
.

Rearrange terms to rewrite this inequality as∑
S⊆Z p+(S)

∑
t∈T µ{t}

(
f(S, t)−

∑
i∈I q

∗
i (t)χS(i, ti1)

)
+
∑

S⊆Z p−(S)
∑

t∈T µ{t}
(
−g(S, t) +

∑
i∈I q

∗
i (t)χS(i, ti1)

) ≤ 0. (51)

Thus, the existence of (p+, p−) that satisfies both (8) and (50) is equivalent to the existence

of (p+, p−) that satisfies both (8) and (51) for some q∗ that satisfies (9). By (3), q∗i (t) ∈ cvXt,

and the fact that Xt contains all extremal points of its convex hull,

f(S, t) = max
x∈Xt

∑
i∈I(S,t)

xi = max
x∈cvXt

∑
i∈I(S,t)

xi ≥
∑

i∈I(S,t)

q∗i (t) =
∑
i∈I

q∗i (t)χS(i, ti1)

for all S ⊆ Z and all t ∈ T . By the same token,

−g(S, t) +
∑
i∈I

q∗i (t)χS(i, ti1) ≥ 0

for all S ⊆ Z and all t ∈ T . This, coupled with the assumption that µ{t} > 0 for all t ∈ T ,

implies that (51) holds if and only if (10) holds for all S ⊆ Z . �
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D Proving QB 6⊆ Q through Theorem 1

Let us illustrate the necessity assertion in Theorem 1 with an example in Che et al. [7].

Multiple units of a homogeneous object are to be allocated to three bidders, named 1, 2

and 3. Now that the set I2 of objects is singleton, without loss denote I := I1 := {1, 2, 3}.
Each bidder’s type is drawn from the same set {θ, θ}, so T = {θ, θ}3. The set X of feasible

allocation outcomes is defined by (13) such that f{1} = f{2} = f{3} = 3, f{1, 2} =

f{2, 3} = f{3, 1} = 4, f{1, 2, 3} = 6, and f(∅) = g(E) = 0 for all E ⊆ I. One readily

sees that the f in this example is not submodular on 2I . Thus Theorem 2 does not apply.

Che et al. note QB 6⊆ Q in this example based on unpublished computations. Here I prove

QB 6⊆ Q through showing that the universal binding condition, necessary for QB 6⊆ Q by

Theorem 1, cannot be satisfied in this example.

In this example, the set Z of interim states is {(i, ti) |∈ {1, 2, 3}, ti ∈ {θ, θ}}. For all

i ∈ {1, 2, 3}, let

α(i, θ) := 1, α(i, θ) := 3.

For any t ∈ T (= {θ, θ}3), let

q∗(t) ∈ arg max
x∈cvX

∑
i∈I

xiα(i, ti).

One readily sees that q∗(t) = (2, 2, 2) if t = (θ, θ, θ) or t = (θ, θ, θ), and for any other t,

q∗(t) ∈ {(3, 1, 1), (1, 3, 1), (1, 1, 3)} such that one of the bidders whose types are θ is assigned 3

units, and one of the bidders whose types are θ is assigned 1 unit.

By the necessity assertion in Theorem 1, it suffices QB 6⊆ Q to prove that that there

exists no (p+, p−) : 2Z → R2
+ that satisfies both (8) and (10) given any q∗ with the above-

stated property.

Suppose, to the contrary, that there is such a (p+, p−). To prove a contradiction,

observe that, for any S ⊆ Z , (i, θ) ∈ S implies p+(S) = 0.

To prove the observation, without loss, let (1, θ) ∈ S. First, suppose that (i′, θ) ∈ S for

some i′ 6= 1. Without loss, let i′ := 2. Let t := (θ, θ, θ). Then q∗(t) = (1, 1, 3). Meanwhile,

I(S, t) ⊇ {1, 2} and hence f(S, t) is equal to either 4 (when I(S, t) = {1, 2}) or 6 (when

I(S, t) = {1, 2, 3}). In either case, f(S, t) >
∑

i∈I(S,t) q
∗
i (t), because

∑
i∈I(S,t) q

∗
i (t) = q∗1(t) +

q∗2(t) = 2 when I(S, t) = {1, 2}, and
∑

i∈I(S,t) q
∗
i (t) =

∑3
i=1 q

∗
i (t) = 5 when I(S, t) = {1, 2, 3}.

Thus (10) is violated unless p+(S) = 0.
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Thus, if p+(S) > 0 then (i′, θ) 6∈ S for any i′ 6= 1. Let t′ := (θ, θ, θ). Then q∗(t′) =

(2, 2, 2) and I(S, t′) = {1}. Thus f(S, t′) = 3 whereas
∑

i∈I(S,t′) q
∗
i (t
′) = q∗1(t′) = 2. But then

p+(S) > 0 violates (10): contradiction. Thus p+(S) = 0, and the observation is proved.

By the observation just proved, Eq. (8) for any i ∈ {1, 2, 3} implies

α(i, θ) = −
∑
S⊆Z

p−(S)χS(i, θ) ≤ 0,

which contradicts the fact that α(i, θ) = 1. Thus, there exists no (p+, p−) : 2Z → R2
+ that

satisfies both (8) and (10) given any optimal dispatch solution q∗, as asserted. �

E Eq. (15) Solves the Optimal Dispatch Problem

The (q∗i (t))i∈I defined by (15) belongs to Xt because Xt is defined by (ft, gt) according

to (13), and the ranges of ft and gt, by (11) and (12), are contained in R and Xt ⊆ RI .

To prove that this q∗ solves maxx∈cvXt
∑

i∈I xiα(i, ti1), it suffices to prove that q∗ solves

maxx∈Xt
∑

i∈I xiα(i, ti1), because every extremal point of the convex hull of Xt belongs to Xt.

For any (i, ti1) ∈ Z , denote ι(i, ti1) := i, ι1(i, ti1) := i1, and τ(i, ti1) := ti1 . For any

t := (ti1)i1∈I1 ∈ T , define:

Zt := {(i, t′i1) ∈ Z | t′i1 = ti1}.

Note: for any t ∈ T there is a bijection ρt : I → Zt such that ρt(i) = (i, ti1) for all i ∈ I
(hence ι(ρt(i)) = i). Thus, for any E ⊆ I, ρt(E) := {ρt(e) | e ∈ E} ⊆ Zt and

ft(E) = ft
(
ρ−1t (ρt(E))

)
= ft {i ∈ I | (i, ti1) ∈ ρt(E)} = f(ρt(E), t),

and likewise gt(E) = g(ρt(E), t). Symmetrically, for any E ′ ⊆ Zt, ρ
−1
t (E ′) ⊆ I, f(E ′, t) =

ft(ρ
−1
t (E ′)) and g(E ′, t) = gt(ρ

−1
t (E ′)). Consequently, by (13),

Xt =

{(
xι(z)

)
z∈Zt
∈ RI

∣∣∣∣∣ ∀E ′ ⊆ Zt

[
g(E ′, t) ≤

∑
z∈E′

xι(z) ≤ f(E ′, t)

]}
.

Thus, for any t := (ti1)i1∈I1 ∈ T , the problem maxx∈Xt
∑

i∈I xiα(i, ti1) is equivalent to

max
(xι(z))z∈Zt

∈RI

∑
z∈Zt

xι(z)α(z) (52)

s.t. g(E ′, t) ≤
∑
z∈E′

xι(z) ≤ f(E ′, t) (∀E ′ ⊆ Zt).
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Note that the elements z of Zt can be arranged as a subsequence (zn1 , zn2 , . . . , zn|I|) of (14),

in descending order of α(z). Also note that (f(·, t), g(·, t)) is paramodular on 2Zt because

(ft, gt) is paramodular on 2I and there is a bijection ρt : I → Zt. Thus, the greedy-generous

algorithm applies (Hassin [13, Theorems 4 & 5]),11 and hence a solution to (52) is

q∗i (t) =

 f (Snk ∩Zt, t)− f (Snk−1 ∩Zt, t) if nk ≤ n∗

g (Snk ∩Zt, t)− g (Snk+1 ∩Zt, t) if nk > n∗

for any i ∈ I such that (i, ti1) = znk (i.e., ι(zn) = i). By the definition of Sn and Zt, we have

Snk−1 ∩Zt = Snk−1 ∩Zt if nk−1 < n∗, and Snk+1 ∩Zt = Snk+1 ∩Zt if nk+1 > n∗+ 1. By the

definition of f(·, t) and g(·, t) (Eqs. (3) and (4)), f(E ∩Zt, t) = f(E, t) and g(E ∩Zt, t) =

g(E, t) for all E ⊆ Z . Plugging these equalities into the above-displayed formula to obtain,

for any i ∈ I such that (i, ti1) = znk ,

q∗i (t) =

 f (Snk , t)− f (Snk−1, t) if nk ≤ n∗

g (Snk , t)− g (Snk+1, t) if nk > n∗.

Replace the superscript nk by n to obtain (15). �

F Non-Paramodularity of the Matching Model

By (26) and (27), the set X of feasible allocation outcomes is defined by (13) for which

∀i2 ∈ I2 : f(I1 × {i2}) = 1, (53)

∀i ∈ I : g{i} = 0, (54)

∀i ∈ I : f{i} = 1, (55)

∀M ⊆ I : |M | ≥ 2⇒ f(M) = 2, (56)

and either

∀i1 ∈ I1 : g({i1} × I2) = 1 (57)

in the full assignment model, or

∀i1 ∈ I1 : f({i1} × I2) = 1 and ∀E ⊆ I : g(E) = 0 (58)

11The compliance condition in Hassin’s Theorem 4 is meant to be assumed for all subsets rather than only

those related by set inclusion.
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in the partial assignment model. The full assignment model violates the compliance condi-

tion. To see that, label the bidder-object pairs as a, b, c and d as in Figure 1. We have

f{a, b} − f({a, b} \ {a, d}) = 1− f{b} = 1− 1 = 0,

with the first equality due to (53) and the second due to (55). Whereas, by (57),

g{a, d} − g({a, b} \ {a, b}) = 1− g{d} = 1− 0 = 1,

where g{d} = 0 by (54). Thus (f, g) violates compliance. The partial assignment model

violates the submodular condition for f : f{a, b}+ f{b, c} = 1 + 1 by (53) and (58), whereas

f({a, b} ∪ {b, c}) + f({a, b} ∩ {b, c}) = f{a, b, c}+ f{b} = 2 + 1,

where f{a, b, c} = 2 by (56) and f{b} = 1 by (55). Thus f is not submodular. �

G Proof of Lemma 3

Proof of (i) Let z ∈ Z. First, we prove U(z) ∈ S+. Pick any t := (t1, t2) ∈ T . By (3)

and the fact that the set of feasible matchings is {{a, c}, {b, d}} in this model,

f(U(z), t) = max {|I(U(z), t) ∩ {a, c}|, |I(U(z), t) ∩ {b, d}|}

= max {|I(U(z), t) ∩ {a}|, |I(U(z), t) ∩ {b}|}

∈ {0, 1},

with the second line due to the fact I(U(z), t) ⊆ {a, b} by the definitions of U(z) and Z.

If f(U(z), t) = 0 then
∑

i∈M∗(t) χU(z)(iti1) = 0, because
∑

i∈M∗(t) χU(z)(iti1) ≤ f(U(z), t)

by (3) and the fact that M∗(t) is a feasible matching. Thus, let f(U(z), t) = 1 and we shall

prove
∑

i∈M∗(t) χU(z)(iti1) = 1. Suppose, to the contrary, that
∑

i∈M∗(t) χU(z)(iti1) = 0. Since

f(U(z), t) = 1, U(z) contains at1 or bt2. Without loss of generality, let U(z) contain at1.

Since
∑

i∈M∗(t) χU(z)(iti1) = 0, the definition (34) of M∗(t) implies that bt2 � at1 and bt2 6∈
U(z). But since at1 ∈ U(z), we have at1 � z, and hence the transitivity of � implies that

bt2 ∈ U(z): contradiction. Thus
∑

i∈M∗(t) χU(z)(iti1) = 1, as desired. The reasoning true for

all t ∈ T , we have shown that U(z) ∈ S+.

Second, we prove L(z) ∈ S−. Pick any t := (t1, t2) ∈ T . As in the above reasoning,

g(L(z), t) = min {|I(U(z), t) ∩ {a}|, |I(U(z), t) ∩ {b}|} ∈ {0, 1}. (59)
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If g(L(z), t) = 1, then
∑

i∈M∗(t) χL(z)(iti1) = 1 as well, as
∑

i∈M∗(t) χL(z)(iti1) ≥ g(L(z), t)

by (4). Thus, let g(L(z), t) = 0. We shall prove
∑

i∈M∗(t) χL(z)(iti1) = 0. Suppose, to

the contrary, that
∑

i∈M∗(t) χL(z)(iti1) = 1. Then M∗(t) ∩ I(L(z), t) is either {a} or {b}
(I(L(z), t) ⊆ {a, b} by the definition of Z and L(z)). Without loss of generality, let M∗(t) ∩
I(L(z), t) = {a}. Then, by the definition (34) of M∗(t), at1 � bt2. Since at1 ∈ L(z) and hence

z � at1, the transitivity of � implies z � bt2 and hence bt2 ∈ L(z). But then I(L(z), t) =

{a, b} and hence g(L(z), t) = 1 by (59): contradiction. Thus,
∑

i∈M∗(t) χL(z)(iti1) = 0, as

desired. The reasoning true for all t ∈ T , it follows that L(z) ∈ S−.

For any ζ ∈ Z∗, the proof for U(ζ) ∈ S+ and L(ζ) ∈ S− is symmetric to the above. �

Proof of (ii) We handle the case where z = at′1 for some t′1 ∈ T1. The other case,

z = bt′2 for some t′2 ∈ T2, is analogous. Now that z = at′1, {z, ψ(z)} = {at′1, dt′1}. For

any t := (t1, t2) ∈ T , if t1 6= t′1, then I({at′1, dt′1}, t) = ∅ and hence f({at′1, dt′1}, t) =

g({at′1, dt′1}, t) =
∑

i∈M∗(t) χ{at′1,dt′1}(iti1) = 0. Otherwise, t1 = t′1, then I({at′1, dt′1}, t) =

{a, d}; thus f({at′1, dt′1}, t) = g({at′1, dt′1}, t) = 1 by (53) and (57). Meanwhile, M∗(t)∩{a, d}
is a singleton by (53) and (57), and hence

∑
i∈M∗(t) χ{at′1,dt′1}(iti1) = 1. Thus, f({at′1, dt′1}, t) =

g({at′1, dt′1}, t) =
∑

i∈M∗(t) χ{at′1,dt′1}(iti1) for all t ∈ T , and so {at′1, dt′1} ∈ S+ ∩S−. �

H Proof of Lemma 4

For any z ∈ Z, denote W (z) := {z, ψ(z)}. By Lemma 3, the condition in Theorem 1 is

satisfied if there exist p+ : {U(z) | z ∈ Z t Z∗} ∪ {W (z) | z ∈ Z} → R+ and p− : {L(z) |
z ∈ Z t Z∗} ∪ {W (z) | z ∈ Z} → R+ that satisfy Eq. (8) for every z ∈ Z t Z∗. For any

such (p+, p−), the instance of (8) for any z ∈ Z and that for ψ(z) (∈ Z∗) are (cf. (37)):

α(z) = p(W (z)) +
∑
z′ z�z′

p+(U(z′))−
∑

z′′ z′′�z

p−(L(z′′)), (60)

α(ψ(z)) = p(W (z)) +
∑

z′′ z′′�z

p+(U(ψ(z′′)))−
∑
z′ z�z′

p−(L(ψ(z′))), (61)

where p(W (z)) := p+(W (z)) − p−(W (z)). Now suppose the hypothesis in the lemma. For

any z ∈ Z, plug the values p+ and p− on the various U(z′) and L(z′′) (z′, z′′ ∈ Z) into (60)

to obtain the value for p(W (z)). Let p+(W (z)) := max{0, p(W (z))} and p−(W (z)) :=

max{0,−p(W (z))}. Thus p+ and p− are fully constructed. By the choice of p+(W (z))
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and p−(W (z)), Eq. (60) is satisfied. Subtract (60) by (38)—which is true by the hypothesis

of the lemma—to obtain (61). Thus (8) holds for both z and ψ(z). This true for any z ∈ Z,

Eq. (8) holds for all interim states z ∈ Z t Z∗, as desired. �

I Proof of Lemma 5

Claim (i) is obvious. Claim (ii) is analogous to Lemma 3.ii. As for Claim (iii), the case

where U(z) = ∅ or U(ζ) = ∅ is trivial, as empty sets satisfy the universal binding condition

vacuously. Thus, consider any z ∈ Z for which α(z′) > 0 for all z′ � z. Then U(z)

contains all the z′ ∈ Z for which z′ � z, and the proof that it satisfies the universal

binding condition is the same as that in the full assignment model (Lemma 3.i), because

z′′ � z′ ∈ U(z) ⇒ α(z′′) > 0 ⇒ z′′ ∈ U(z) by the choice of z here. The reasoning of

U(ζ) ∈ S+ for all ζ ∈ Z∗ is the same. �

J Proof of Theorem 5

List and label the elements of Z tZ∗ as in (39), except that the � here is defined according

to the δ defined in (44). Define

n∗ := max
{
n = 1, . . . , |Z|

∣∣∣ n′ ≤ n⇒ α(zn
′
) > 0

}
, (62)

n∗ := min
{
n = 1, . . . , |Z|

∣∣∣ n′ ≥ n⇒ α(ψ(zn
′
)) > 0

}
. (63)

Lemma 6 For any n ≤ n∗ − 1, δ(zn) ≥ 0. For any n ≥ n∗ + 1, δ(zn) ≤ 0. If n∗ < n < n∗

then δ(zn) = 0.

Proof For any n ≤ n∗ − 1, δ(zn) ≥ δ(zn∗−1) by the labeling (39). Plug into the inequality

the definition of δ (Eq. (44)) to get

δ(zn) ≥ max{0, α(zn∗−1)} −max{0, α(ψ(zn∗−1))} = max{0, α(zn∗−1)} ≥ 0,

with “=” due to the fact α(ψ(zn∗−1)) ≤ 0 by the definition of n∗. Thus the first part of the

lemma is proved. To prove the second part, pick any n ≥ n∗ + 1. Then δ(zn) ≤ δ(zn
∗+1)

by (39). Plug into it the definition of δ to obtain

δ(zn) ≤ max{0, α(zn
∗+1)} −max{0, α(ψ(zn

∗+1))} = −max{0, α(ψ(zn
∗+1)) ≤ 0,
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with “=” due to α(zn
∗+1) ≤ 0 by the definition of n∗. Thus follows the second part of the

lemma. The rest of the lemma follows directly from combining the first and second parts.

Lemma 7 The condition in Theorem 1 is satisfied if, for any n = 1, . . . , |Z|,

δ(zn) =
n∗∑
k=n

p+(U(zk))−
n∑

k=n∗

p+(U(ψ(zk))) (64)

(we follow the convention that m > m′ ⇒
∑m′

k=m yk = 0 for any (yk)k∈Z).

Proof We shall construct a (p+, p−) : 2Z → R2
+ such that the support of p− consists

of {z} for which z ∈ Z t Z∗ and α(z) ≤ 0, and {z, ψ(z)} such that z ∈ Z, α(z) > 0 and

α(ψ(z)) > 0, and the support of p+ consists of U(zk) such that k = 1, . . . , n∗, U(ψ(zk)) such

that k = n∗, . . . , |Z|, and S = {z, ψ(z)} such that z ∈ Z, α(z) > 0 and α(ψ(z)) > 0. By

Lemma 5 and the definitions of n∗ and n∗, it suffices the condition of Theorem 1 to prove

that the (p+, p−) so constructed satisfies (8) for z and ψ(z) for any z ∈ Z. To that end, pick

any n = 1, . . . , |Z|. The instance of (8) for zn is α(zn) = −p−{zn} if α(zn) ≤ 0, and (by

U(z1) ⊂ U(z2) ⊂ · · ·U(zn
∗
))

α(zn) =
n∗∑
k=n

p+(U(zk)) + p{zn, ψ(zn)}χα(ψ(zn))>0 (65)

if α(zn) > 0, where the notation p{zn, ψ(zn)} is

p{zn, ψ(zn)} := p+{zn, ψ(zn)} − p−{zn, ψ(zn)}.

Analogously, the instance of (8) for ψ(zn) is α(ψ(zn)) = −p−{ψ(zn)} if α(ψ(zn)) ≤ 0, and

α(ψ(zn)) =
n∑

k=n∗

p+(U(ψ(zk))) + p{zn, ψ(zn)}χα(zn)>0 (66)

if α(ψ(zn)) > 0. The case where α(zn) ≤ 0 and α(ψ(zn)) ≤ 0 is trivial to satisfy. Consider

the case where α(zn) > 0 and α(ψ(zn)) > 0. Then proving (8) for zn and ψ(zn) is equivalent

to proving (65) and (66). Assign a value to p{zn, ψ(zn)} by

p{zn, ψ(zn)} := α(zn)−
n∗∑
k=n

p+(U(zk)).

Plug this into the right-hand side of (65) to see that it is equal to the left-hand side, α(zn).

Thus (65) is satisfied. Plug the same value of p{zn, ψ(zn)} into (66) to see that (66) is
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equivalent to (64), as δ(zn) = α(zn) − α(ψ(zn)) when both α(zn) > 0 and α(ψ(zn)) > 0.

Thus (66) is also satisfied.

The only case left is that one of α(zn) and α(ψ(zn)) is positive and the other nonpos-

itive. Without loss, suppose that α(zn) > 0 and α(ψ(zn)) ≤ 0. Then δ(zn) = α(zn) by

the definition (44) of δ, and the right-hand side of (64) is equal to
∑n∗

k=n p+(U(zk)) (since

α(ψ(zn)) ≤ 0⇒ n < n∗ by the definition of n∗). This, coupled with

p{zn, ψ(zn)} := 0,

implies that (64) is the same as (65). Thus (65), the instance of (8) for zn in this case, is

satisfied. The instance of (8) for ψ(zn), α(ψ(zn)) = −p−{ψ(zn)}, is satisfied by assigning

−α(ψ(zn)) to p−{ψ(zn)}. Thus the instances of (8) for both zn and ψ(zn) are satisfied.

Proof of Theorem 5 By Lemma 7 and the notations n∗ and n∗, it suffices to construct

a p+ :
(⋃n∗

k=1 U(zk)
)
∪
(⋃|Z|

k=n∗
U(ψ(zk))

)
→ R+ that satisfies (64) for all n = 1, . . . , |Z|.

There are only two alternatives: n∗ < n∗ or n∗ ≥ n∗.

Case 1 n∗ < n∗. For any n ∈ {1, . . . , n∗} ∪ {n∗, . . . , |Z|}, define:

p+(U(zn)) :=

 δ(zn)− δ(zn+1) if n < n∗

δ(zn
∗
) if n = n∗,

p+(U(ψ(zn))) :=

 −δ(zn∗) if n = n∗

δ(zn−1)− δ(zn) if n > n∗.

The p+ defined above is nonnegative-valued: First, δ(zn)− δ(zn+1) ≥ 0 and δ(zn−1)−
δ(zn) ≥ 0 because zk’s are listed in descending order of δ(zk). Second, δ(zn

∗
) ≥ 0 and

−δ(zn∗) ≥ 0 by Lemma 6, which applies because n∗ < n∗.

We shall verify (64). For any n ≤ n∗ and hence n < n∗, the right-hand side of (64) is

n∗∑
k=n

p+(U(zk)) = δ(zn)−δ(zn+1)+δ(zn+1)−δ(zn+2)+ · · ·+δ(zn
∗−1)−δ(zn∗)+δ(zn

∗
) = δ(zn),

which is the left-hand side of (64). Thus (64) is satisfied for this zn. Symmetrically, for any

n ≥ n∗, we have n > n∗ and hence the right-hand side of (64) is equal to

−
n∑

k=n∗

p+(U(ψ(zk))) = δ(zn∗)− δ(zn∗) + δ(zn∗+1)− · · · − δ(zn−1) + δ(zn) = δ(zn),
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which is again the left-hand side of (64). Thus (64) is satisfied for this zn. For any n such

that n∗ < n < n∗, δ(z
n) = 0 by Lemma 6. Since n∗ < n, the first sum on the right-hand side

of (64) is equal to zero; since n < n∗, the second sum thereof is also equal to zero. Thus (64)

is satisfied for this zn. In sum, (64) is satisfied for all n.

Case 2 n∗ ≥ n∗. To construct p+, first define:

p+(U(zn)) := δ(zn)− δ(zn+1) if n < n∗ − 1;

p+(U(ψ(zn))) := δ(zn−1)− δ(zn) if n > n∗ + 1.

Second, define p+(U(zn)) for all n∗ − 1 ≤ n ≤ n∗ recursively as follows:

p+(U(zn∗−1)) := min
{
δ(zn∗−1)− δ(zn∗), δ(zn∗−1)

}
,

p+(U(zn∗)) := min
{
δ(zn∗)− δ(zn∗+1), δ(zn∗−1)− p+(U(zn∗−1))

}
,

p+(U(zn∗+1)) := min
{
δ(zn∗+1)− δ(zn∗+2), δ(zn∗−1)− p+(U(zn∗−1))− p+(U(zn∗))

}
,

...

p+(U(zn
∗−1)) := min

{
δ(zn

∗−1)− δ(zn∗), δ(zn∗−1)−
n∗−2∑

k=n∗−1

p+(U(zk))

}
,

p+(U(zn
∗
)) := min

{
δ(zn

∗
)− δ(zn∗+1), δ(zn∗−1)−

n∗−1∑
k=n∗−1

p+(U(zk))

}
.

Third, for any n = n∗ − 1, n∗, . . . , n
∗ − 1, n∗, define

p+(U(ψ(zn+1))) := δ(zn)− δ(zn+1)− p+(U(zn)). (67)

Thus, we have defined p+(U(zn)) for all n ≤ n∗, and p+(U(ψ(zn))) for all n ≥ n∗. By the

above definition and Lemma 6, one readily sees that p+ is nonnegative-valued.

Claim:

n∗∑
k=n∗−1

p+(U(zk)) = δ(zn∗−1) (68)

n∗∑
k=n∗−1

p+(U(ψ(zk+1))) = −δ(zn∗+1). (69)

To prove the claim, first observe

δ(zn∗−1)−
n∗−1∑

k=n∗−1

p+(U(zk)) ≤ δ(zn
∗
)− δ(zn∗+1). (70)
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To prove (70), note that it holds if p+(U(zn)) < δ(zn) − δ(zn+1) for some n such that

n∗− 1 ≤ n ≤ n∗− 1. That is because p+(U(zn)) < δ(zn)− δ(zn+1) implies, by the definition

of p+(U(zn)), that p+(U(zn)) = δ(zn∗−1) −
∑n−1

k=n∗−1 p+(U(zk)). Then it follows from the

above construction that p+(U(zk)) = 0 for all k = n + 1, . . . , n∗ − 1 and hence δ(zn∗−1) −∑n∗−1
k=n∗−1 p+(U(zk)) = 0. Thus, the left-hand side of (70) is zero. Meanwhile, its right-hand

side is nonnegative because n > n′ ⇒ δ(zn) ≥ δ(zn
′
).

Thus, we need only to consider the case where p+(U(zn)) = δ(zn) − δ(zn+1) for all

n = n∗ − 1, . . . , n∗ − 1. Then the left-hand side of (70) is equal to

δ(zn∗−1)−
(
δ(zn∗−1)− δ(zn∗) + δ(zn∗)− δ(zn∗+1) + · · ·+ δ(zn

∗−1)− δ(zn∗)
)

= δ(zn
∗
) ≤ δ(zn

∗
)− δ(zn∗+1),

with the last inequality due to the fact that −δ(zn∗+1) ≥ 0 (Lemma 6). Thus (70) is true.

Then combine (70) with the definition of p+(U(zn
∗
)) to obtain p+(U(zn

∗
)) = δ(zn∗−1) −∑n∗−1

k=n∗−1 p+(U(zk)), namely, (68) is satisfied. Consequently, (69) follows from

n∗∑
k=n∗−1

(
p+(U(zk)) + p+(U(ψ(zk+1)))

)
(67)
= δ(zn∗−1)− δ(zn∗) + δ(zn∗)− δ(zn∗+1) + · · ·+ δ(zn

∗−1)− δ(zn∗) + δ(zn
∗
)− δ(zn∗+1)

= δ(zn∗−1)− δ(zn∗+1).

To complete the proof, we verify (64): For any n ≤ n∗ − 1, the right-hand side of (64)

is equal to

n∗∑
k=n

p+(U(zk))

= δ(zn)− δ(zn+1) + δ(zn+1)− δ(zn+2) + · · ·+ δ(zn∗−2)− δ(zn∗−1) +
n∗∑

k=n∗−1

p+(U(zk))

(68)
= δ(zn)− δ(zn∗−1) + δ(zn∗−1) = δ(zn),

the left-hand side of (64). For any n ≥ n∗ + 1, the right-hand side of (64) is equal to

−
n∑

k=n∗

p+(U(ψ(zk)))

= −
n∗+1∑
n∗

p+(U(ψ(zk)))− δ(zn∗+1) + δ(zn
∗+2)− δ(zn∗+2) + δ(zn

∗+3)− · · · − δ(zn−1) + δ(zn)

(69)
= δ(zn

∗+1)− δ(zn∗+1) + δ(zn) = δ(zn),
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which is the left-hand side of (64). For any n for which n∗ ≤ n ≤ n∗, the right-hand side

of (64) is equal to

n∗∑
k=n

p+(U(zk))−
n∑

k=n∗

p+(U(ψ(zk)))

=
n∗∑
k=n

p+(U(zk)) +
n∗+1∑
k=n+1

p+(U(ψ(zk)))−
n∗+1∑
k=n∗

p+(U(ψ(zk)))

=
n∗∑
k=n

(
p+(U(zk)) + p+(U(ψ(zk+1)))

)
−

n∗∑
k=n∗−1

p+(U(ψ(zk+1)))

(67),(69)
= δ(zn)− δ(zn+1) + δ(zn+1)− δ(zn+2) + · · ·+ δ(zn

∗
)− δ(zn∗+1) + δ(zn

∗+1)

= δ(zn),

which is the left-hand side of (64). Thus (64) is satisfied for all n in the case n∗ ≥ n∗. Both

cases considered, the theorem is proved. �

K Proof of Theorem 7

Lemma 1 already has QB ⊇ Q. The proof of QB ⊆ Q is a passing-to-limit argument: Given

any arbitrary type space T and any constraint structure (f, g) that satisfies the hypothesis

in the theorem, pick any Q ∈ QB, so Q is an interim allocation satisfying (5). We shall

construct a sequence (Qm)∞m=1 of finite-type interim allocations converging to Q so that, for

all sufficiently large m, Qm ∈ QB given constraint structure (f, gm) for some gm defined

below. Then the hypothesis of the theorem implies that Qm ∈ Q, and we shall see that

the convergence of Qm → Q and gm → g implies that Q belongs to the Q given constraint

structure (f, g). Since Q can be any element of QB given constraint structure (f, g), we have

QB ⊆ Q given T and (f, g).

Recall that I1 is the set of bidders, and I2 the set of objects. A cell in RI2 is a set{
(xi2)i2∈I2 ∈ RI2 | ∀i2 ∈ I2

[
yi2 ≤ xi2 < y′i2

]}
for some real numbers yi2 < y′i2 (∀i2 ∈ I2).

LetQ := (Qi1,i2)(i1,i2)∈I1×I2 ∈ QB given any type space T and constraint structure (f, g).

Write Q as (Qi1)i1∈I1 such that Qi1 := (Qi1,i2)i2∈I2 for each i1 ∈ I1. For any m = 1, 2, 3, . . .,

partition RI2 into a collection Cm of cells each of which has diameter at most 1/m. For

each bidder i1 ∈ I1 and each cell C ∈ Cm that has nonempty intersection with the range

of Qi1 , denote ([minC]i2)i2∈I2 for the coordinate-wise minimum among all elements of C,
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with [minC]i2 being its coordinate in the i2th dimension, and define

Qm
i1,i2

(ti1) := max {0, [minC]i2}

for all i2 ∈ I2 and all ti1 in the inverse image Q−1i1 (C) of C. Thus,

max {0, Qi1,i2(ti1)− 1/m} ≤ Qm
i1,i2

(ti1) ≤ Qi1,i2(ti1)

for each m, each (i1, i2) ∈ I (= I1×I2) and each ti1 ∈ Ti1 . (The second inequality follows from

the definition of Qm
i1,i2

(ti1) and the fact that there is no loss to restrict the range of Qi1 to RI2
+ ,

as f and g are both nonnegative-valued.) Since Q ∈ QB with respect to (f, g), Q satisfies (5)

with respect to (f, g). Thus, by the above-displayed inequalities, Qm := (Qm
i1,i2

)(i1,i2)∈I

satisfies the (5) with respect to (f, gm), where gm is defined by (49).

Since there is no loss to restrict the range of Qi1 to a bounded set (as f and g are each

finite-valued), for each m there are only finitely many cells in Cm that intersect with the

range of Qi1 . Thus, Qm
i1

is equivalent to a function defined on the finite type space

Tmi1 :=
{
Q−1i1 (C) | Q−1i1 (C) 6= ∅;C ∈ Cm

}
.

It follows that for any m, Qm ∈ QB given type space Tm :=
∏

i1∈I1 T
m
i1

and constraint

structure (f, gm). Thus, by the hypothesis in the theorem, for all sufficiently large m, Qm

belongs to the Q given Tm and (f, gm). For any such m, by the definition of Q, there exists

an ex post (feasible) allocation qm given Tm and (f, gm). Consequently, one can extract a

subsequence (qmk)∞k=1 converging to some ex post (feasible) allocation q given the original

type space T and original constraint structure (f, g). Furthermore, following the reasoning

(and topologies) in Border [2], limk→∞Q
mk is the reduced form of q, and Q = limk→∞Q

mk .

That is, Q ∈ Q given T and (f, g), as desired. �

L Proofs of Corollaries 1, 2 and 3

Corollariy 1 We shall prove that, for any sufficiently large integer m, −gm is submodular

and (f, gm) is compliant. (Since R = R by the assumption of the corollary, the gm defined

in (49) is a legitimate constraint function.) Submodularity of −gm means

gm(E) + gm(E ′) ≤ gm(E ∪ E ′) + gm(E ∩ E ′) (71)
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for all E,E ′ ⊆ I. Since 2I is finite, it suffices to show, given any E,E ′ ⊆ I, that (71) holds

for all sufficiently large m. If g(E) > 0 and g(E ′) > 0, then (49), the definition of gm,

implies that, for any large enough m, gm(E) = g(E) − 1/m and gm(E ′) = g(E ′) − 1/m;

meanwhile, the right-hand side of (71) is never less than g(E ∪ E ′) + g(E ∩ E ′) − 2/m

(by (49)). Thus (71) follows from g(E) + g(E ′) ≤ g(E ∪ E ′) + g(E ∩ E ′) (submodularity

of −g) for all large m. If g(E) = 0 and g(E ′) = 0, then gm(E) = gm(E ′) = 0 by the

definition of gm, and (71) follows trivially because its right-hand side is always nonnegative

(by the definition of gm). Else, one of g(E) and g(E ′) is zero, and the other positive. Then

g(E ∪E ′) > 0 and g(E ∩E ′) = 0 (monotonicity of g, due to submodularity of −g). Without

loss of generality, say g(E) > 0 = g(E ′). Then for any m sufficiently large, (71) becomes

g(E)− 1/m ≤ g(E ∪E ′)− 1/m, which is true by g(E ′) ≤ g(E ∪E ′) (submodularity of −g).

Thus, (71) is true for any sufficiently large m.

Compliance of (f, gm) means

f(E ′)− f(E ′ \ E) ≥ gm(E)− gm(E \ E ′) (72)

for all E,E ′ ⊆ I. Suppose that (72) does not hold no matter how large m is. Then, it

follows from the fact f(E ′) − g(E) ≥ f(E ′ \ E) − g(E \ E ′) (compliance of (f, g)) that

gm(E \ E ′) = g(E \ E ′)− 1/m and gm(E) = 0 for any m. Then by the definition of gm we

have g(E) = 0 < g(E \E ′), contradicting the monotonicity of g noted previously. Thus, (72)

holds for all sufficiently large m. Since there are only finitely many subsets of I, (72) holds

for all subsets of I when m is sufficiently large. Thus, for any sufficiently large m, (f, gm) is

paramodular. Then the conclusion follows from Theorems 2 and 7. �

Corollary 2 In the partial assignment model, there is no nonzero floor constraint. Thus (12)

implies that g(E) = 0 for all E ⊆ I. Then gm = 0 = g for all m. The conclusion therefore

follows from Theorems 5 and 7. �

Corollary 3 Recall that in the two-person bargaining model, I1 = {1, 2} and I2 is singleton

(single object). Thus we can identify I with I1 and denote I := {1, 2}. The constraint

structure is: f(E) = 1 if ∅ 6= E ⊆ I; g(E) = 0 if E is singleton, and g(E) = 1 if E = {1, 2}.
In addition, we have the standard assumption f(∅) = g(∅) = 0 for any constraint structure.

By Corollary 1, it suffices QB = Q to prove that (f, g) is paramodular on 2I . Submodularity
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of f follows directly from f{1, 2} = f{1} = f{2} = 1, and submodularity of −g directly

from g{1} = g{2} = 0 and g{1, 2} = 1. We claim that (f, g) is compliant, namely,

f(E ′)− f(E ′ \ E) ≥ g(E)− g(E \ E ′) (73)

for all E,E ′ ⊆ {1, 2}. Note, from the g defined above, that g(E) − g(E \ E ′) ∈ {0, 1}
and f(E ′) − f(E ′ \ E) ≥ 0. Thus, if g(E) − g(E \ E ′) = 0 then (73) follows trivially.

Suppose that g(E) − g(E \ E ′) = 1. Then by the definition of this g, E \ E ′ is either

singleton or empty, and E = {1, 2}. Thus, E ′ 6= ∅ and E ′ \ E = ∅. Consequently,

f(E ′)− f(E ′ \E) = f(E ′)− f(∅) = 1, so (73) holds. Thus, (f, g) is compliant, as desired. �
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